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ON CUBIC FIELDS*. 


By A. ARWIN. 


I have in this short sketch set myself the task of investigating two 
problems. The first of these concerns the “auferwesentlichen” primefactors 
for any given cubic and also higher irrationality. They are, as is known?, 
characterized by the fact that with a given equation F(~) = 0 


(1) F(a) = [[@+p-M@ 


where [](x) is the product of all irreducible factors of F(a) (mod. p) and 
for some rational b 


[Il®=0, [][@®=0, Me=0 (moa. p). 


The general method for determining the ideal primefactors fails for such 
primes. We shall see how, by modification, it can be used in this case 
also. The other task is to find any systematic way to decide when two 
ideals are equivalent, and to construct units. This is done by the con- 
struction of chains. It will be seen that each equivalence from the chain 
gives rise to an equivalence of ideals. The converse theorem is not 
necessarily true. It is indeed connected with some difficulty to give a method 
of forming periodic developments with higher irrationalities than quadratic, 
and therefore it will be necessary to leave the domain K(1), where only 
the quadratic irrationnalities are periodic. It is however possible,to form 
a continued set of inequalities of approximation in three dimensions and 
construct chains with coefficients from the cubic field K(@) itself, which 
really are periodic or have, as we shall say, periodic convergence. 
As to the former problem we start from the fundamental equation 


(2) F(x) = 2+ A,27'+ 447+ A, = 0, 


and have to treat the cases when F(x) = 0 (mod. p) has a double or 
a triple root. In the first case 


F(a) = (a—a) (x—b)? + p’- M(a), 





* Received March 19, 1928. 
+ Bachmann, P.: Allgemeine Arithmetik der Zahlenkérper, p. 277. 
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where for example M(b)=0(p”). By substituting «—b = y we have 
the equation 
p+ Biy + piBoy+ pm By = 0 


where B; $0(p). Multiplying by p?”-*/y* we have 
yr + p™tt B, (p™/y) -- B, (p™/y)? - B; (p™/y) = (). 


Hence, if ¢d is a root of (2), p”/d—b is an algebraic integer relative to p 
and, since 


F(x)(x—b) = (w—a) (x@—b) + pi (eo x + e1) + pi (p™/(w@—b)) (doe + dh), 


we infer that (6—a)(d—b)/p' is an algebraic integer. Assuming m = i, 
we transform 

pre =P +Biytp™ Bs 
and have, since 
ey = —p™Bs, 
the equation 


(3) o— Boe?+B, Bs z—p™ Bs a= @, 


Let, for example, 1, 7,0 = (77+ Bi 4+ Bsp™)/p™ be a base of the 
field defined by (2); then we compute the discriminant A (XK) of the field 














‘1,7, e ? |1, p™Bs/e, @ | we a (ae ? ? 
4(K) = |1, 7, | = |1, p™ Bile’, ef |= (er) fT x 
1, n'’, 0" | i‘. p™ B;/o”, 9" ” ial 


and 


A (e) = Bs A(K), 


whence index of A(e), Z(e) = Bs, is free from p, and (3) is regular. 
Without any restriction in the method we presume 7 = 1 and have m > 1. 
For @ = (d—a) (6—b)/p it is 


1, e @ ? ' /1, (6—a) (6—b), (6—ay (6 —b)|? 
’ 12 | 
A(e) = 1, @, @ pe | | 
1, o”, Q”” | 





and, putting (a) = 2° +2A,2°+(4j} + 42) x2+ A; d4o— As, we compute 


1(@)-A(K) = 4@ = [POT ae) = [PFT 18) acm, 
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from which we see that here also the exponent can be reduced in index 
as in the following example. 
z’—az*+129 = 0, —A(d) = 7*-3.43-71, 
z§—g?+129 = (x—2)(4#—3)?+7-[(a@—3)xa+7-3], 
whence J(é) = 7°. Transforming 
Tz = 2*—527+6, 
having J = (6 —2)(é—3)/7 we compute the equation 
2—2 22—33 2-—57 = 0, 
2®—2 22—33 2—57 = (e—1) (e+ 2) (e—3)—7-(424+ 9), 


which relatively 7 is regular and, since w(5) = —49, the prime 7 shall 
not be in index J(e). Next, let us assume that also the transformed 
equation in @ is irregular and therefore has p as factor in index. Trans- 
forming d—b = y, d—a=z we find 


Yt Biy+ Bopyt+Bsp™™ = 0, 


(4) na 
2+ 2+0C22 +C3p' = Q, 


where m,>1. Consider the ideals [p; d—a], [p; d0—b]. They are this 
time not both primeideals, and this is just the disadvantage iu this case. The 


product , : 
(6) [p5 8—al [5 8—B] = [pl |p; @— a; 83; P= OE—9)] — fy 





shows that the product [p; d—a] [p; d—}] contains all primeideals of p, 
and forming the norm 
N(p; §—a] 


< [p*; p?>D (6 —a); p(6—a) (6 —a); (6—a) (8’ —a) (6"—a)] = [pl, 


since in (4) C;0(p), and hence [p; d—a] is a primeideal. As for 
[p; 9—b}] its norm is p®, whence [p; d—}] is divided in two equal or 
different ideals. If the equation y(uw) — 0 having @ as a root, is not 
regular, then we have in 


N(e) = I] (d—a) (6—b)/p = BsCgp"™ 


m+m,>3. Further, x(u) = 0 has in « = 0(p) one, two or three equal 
roots. In the first case [p;e] is also a primeideal, since N[p; e] = p; 
the two ideals [p; @] and [p; d—al] are not identical, since by means of 


[p] [6 —b; e] = [6—}d] [p; d—al] 
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the norm 
N[é—b; eo) = —Bs p™t+1-5 


must for m>1 contain a factor p. In the same way we infer from 


[p] [6 —a; e] = [6—a] [p; 6—}]) 
and 
N[dé—a; e] = —Csp™"” 


that this first case is characterized by m, 1. The other root of x(u) =0 
is double «= k(p) and N[p; e—k] = p® as before N[p; d—b] = p’*. 
As these two ideals are not identical, the “cutideal” [p; d6—b; e—k] 
gives the third primeidealfactor of p, if the two already found, written 
in three elements, are [p; d—a;e—k| and [p;e;d—b]. In the second 
case wu = O(p) a double rout we see that N[p; e] = p*, N[p;e—k]l =p 
and, since therefore [p; d— a] and [p; @] are not relatively prime, m,>1. 
Hence the three idealfactors of p, determined as “cutideals’” are this 
time [p; d—a; e], [p; 6—b; oe], [p; e—k; d—b]. There remains then the 
last case with three equal roots, which is impossible. We have namely 
o*/p an integer and from 


[p; ellp; el = [pl lp; @; @?/pl 


we conclude that N[p; 0] = p®, N[p; 0; e*/p] = p and hence [p; 0; e*/p] = P, 
is a primeideal. Further we obtain p = P, P:, [p;e]—= Pi Ps, but as 
[p; d—a] and [p; e;0?/p] are not identical, as before, [p; d—a] = P; 
and therefore [p; d —b] = P, P,; = [p; e], leading to a contradiction. Hence 
the case of two equal roots of (2) is disposed of. 

Assuming three equal roots of (2) in, for example, x = O(p), and 
assuming that the transformed equation x(u) = 0 (e = 6°/p since a = b = 0) 
has two equal roots, p must contain two primeideals and hence from 


[p; 4] (p; 6] = [p] [p; 4; 6*/p] 


we once more conclude p = P; P;, [p; 6] = P, Po, [p; 6; e] = Py. Hence 
[p; e] is primeideal and N[p; e—k] = p*, [p; o—k] = Pi that is 
|p; 6; o—k] = P,. There remains only the last case with three equal 
roots in x(w) = 0. As now [p;e] is a primeideal, y(u) — 0 is regular 
relative to p and (p) = [p; e]’. 

Example. F(x) = z'—2x?—2xr—8 = 0, —A(d) = 2?. 503. 


a — a*§—27—8 = ax* (x —1) —2(x+ 4), 





a, 





a 
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co 


hence g@ = 6(6—1)/2 and the equation in u 
w—2u?+3u—10 = u(u—1)*+2(u—5) 


and therefore the three primeideals in (2): [2; 0; oe], [2; 6; e—1], 
(2;d—1;e—1]. 
Example. F(x) = a°+627+8, —A(d) = 2°.3*, where @ = 67/2 and 
the equation in u 
w+ 6u?+9u—8 = u(u+3)?—8.-1 
whence (2) = [2; 0; g] [2; 6; ¢+ 1}. 
Example. F (x2) = 2°+4a2—4. A(d) = 4°-43, with 9 = 6*/2 and 


w+ 4u?+4u—2 = w+ 2(2u?+ 2u—1), 


which ‘is regular, whence (2) = (2; e]* = (@)°*. 

Higher irrationalities than cubic are treated in the same way and with 
advantage in the concrete examples, but it will be necessary to use cuts 
of more than two ideals.* This method can also be used, if it is desired 
to determine a base of the algebraic field. 

We shall now consider the problem of deciding when two ideals are 
equivalent. In quadratic domains this problem is fully solved by means 
of periodic chains. In order to obtain a closed formation of chains in 
a cubic field it is necessary, as already indicated, to use the coefficients 
in the cubic field itself. We shall first prove that each equivalence of 
fractions must give an equivalence of ideals. Let therefore [R; w()], 
where (w) = aw*+fo-+y with «, 8 and y in K(1), denote any ideal, 
@, any algebraic integer, and let the chain be 











aw*+ Boty 1 1 
= + = + ————_—__,, 
R o="aet+hotn "> wl) 
R,; R, 
We form 


YW, (w)[R; w(o)] = [Ry (@); w(o) Y, (@)] 
— Rly, (w); 0; W, (w) + R,] —_ R[R,; Wr (w)], 


from which we see the equivalence of the ideals [R; vol and [R,; y ()). 
Let once more 


(2) F(x) = a+ A,2*°+ A,x+ As = 0 


determine a cubic field with two conjugated real roots. Let 





* See, Berwick, W. E. H.: Integral Basis, 1927, 
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——« gh) oat (2) 8) = m® w? (2) (8) 
B= eto t re, — % = mPa mie +m), 
2 |2 
1, ®% @ | 
D in? 1, wo’, wo”? 
7 ” 
1, », @ 


// 


and call the conjugate quantities w’, w’, Bn, Bn ete. Set generally 
a Sane (a w+ bY w+c)/Ri; Qn+1 = Qn—1— On Qn =+ (an @,—Bn), Qo = @1, 
Q: = 1, Batt = enBn+An—1 and quite formally 











a™ w*® + b™ @ + a ia @y— By—1 | 
Rr 1s — Gn, + By 
then 
a Bn on + Bn—1 


@; ’ Bn Qn—1— Bn—1 ~~ — (—1)"" . 


an Wn + a&n—1 


We start from a known theorem concerning approximation in integers,* 
which specialized to three variables says: The inequalities 


| ey 2 + ay Y + a2 | < M; 
(6) ‘Bx+thythe| < M, 
lyocttnytree| S Ms 


has always integer solutions x, y, z when M, M, M; > \d|, where d is the 
determinant of the three forms. The theorem is true for 4; and 0; con- 
jugated complex. This says that within ore on the sides of the parallel- 
epiped, determined by the inequalities (6), there exist always lattice-points 
if M, M, My = \d\). 

Let us then form the following system of inequalities 


|Qn1—Qn (xo? + yo +2)| < Cn |Qn 
(6) | Qn—1— Qn(ao!”™ + yo! +2)| < Cn |Qn| 
| sina (co! +4 w"’ + 2)| < c® | Qi 


with the determinant 4 = |Q,Q,Q/' |UD |. The parallelepiped F, as 
we briefly say, being on both sides divided by Qn, Qn, Qn respectively, 
does not here belong to the origin but is transformed out in the space. 
The theorem is yet true if the new middlepoint is an integer-point; if not, 
there must lie at least one lattice-point within a sphere of radius 1, and 
it is always possible to dilate F by means of the constants C\? so as to 
obtain further lattice-points on and within F. Let us take the first 
lattice-point xn, yn, 2n On F' and set en = %, w* + yn w+ 2,, whence 


IA 








* Hecke, E.: Theorie der algebr. Zahlen, p. 116. 
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| Qn+1| = | Qn—1— On Qn| S » | Qn| 
(6”) | Qnti| = | Qh —* soe < Cr IG 
Qn+i) = | Qra— < Cn Qi. 


The equations in x, y, 2 Qnis (xyz) = 0, Qnis(zyz) = 0, Qhis(xeyz) = 0 
represent the equations of the three diametral planes in F and the three 
quantities in (6”) 


| Qn41/Qn|-1/s, | Qn+i/Qn|-1/s, | Qn 4:1/ Qn | -1/s, 





where s = V w*-++w?+1, are the expressions of the three distances to 
the diametral planes above. If this procedure (6’) with, for instance, the 
least C\? gives us expressions in Qn, Q), Qj which are limited, the 
periodically convergent formation is deduced, as we shall see. Let us 
therefore assume, that at least one of them might increase for n>~; 
then and only then we are constructing sets of Q, which will be done as 


follows. Suppose therefore that for a given n 
1Qn| > |Qn| >| Qn 


Take in (6’) C” = CY = 1, C® arbitrarily large in order to bring suitable 
lattice-points, within F. since to (6”) we have 


(7) | Qn | < 1Qn', |Qn+al < |Qn|, | Qn+1| < 1Qn| Cr” 


with the least possible C®. If the order remains | Qnii1| >| Qh+i| >| Qvasl, 
we repeat the process. If Qn, Qn, Qn remain limited, 7® in 


k,Q, = 4,07 +b,@ +c, = 2, 
R,Q, a, wo” +b, wo! +, = Tn? 
R, = @. a” +. b, wo” + C= q®, 


where Qn, bn, cn are rational integers, are limited for all m. Subtracting 





these relations two by two we have, since + w’+ wo” = —A,, 
bn es q? — - 
@ A; + ‘An — An (w’ eae w”) 


and likewise for »’ and w”’. This is impossible when |a,|—0, so that 
Gn, bn, Cn are limited, the formation is periodic and at least one 7 +> 0. 
Thus it is also necessary that a change in the order in (7) shall 
follow, and we now form the next order of approximation with, say, 

. = Ch” =1 and Co free ete. By this proceeding it is excluded that 
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any one of the elements |Qn|, |Qn!, |Qn| shall remain the greatest after 
a certain index n, whence the two conjugates >2 with |Q,|!. Moreover 
it is possible to find by dilation lattice-points such that Q,, as entering 
in the expression of the distance to the diametral planes, will take 
a previously given sign + or —. Supposing | @, @,— Bn' = | Qn|> «© we 
are able for n> N to continue with the sign + for all Qn. If now Qn is 
limited, the chain is periodic, as already proved. If Q,—° we infer from 
Qn = + (a, @,— By) that |e@,| or |Bn| or both >o. From the proved 
existence of an infinitely repeated change of order in the size of Qn we 
infer the existence of an infinite set of inequalities Qn, < Qn,—1, which we 
say belong to an 7,-set. Then we have 


y(l) 


- sy) gt 
0< Qn,+1 =r Qn, - 1— @n, Qn, ~ Ch, Qn, ’ 0< @n, — On, ~ Un, 
and 


; 1 
i men, - its 
ll 


= 
i 


If in the general formula @» +1 = @n, @n,+@n,-1 (n—-i, 7 = 1, 0, —1, 
three successive integers) the @,, and e+: are of the same sign, this 
Qn, Will be accepted. If not, let us for instance have an, >0, en, >O but 
Gn i1<0, and therefore —|en+41| = @n, @n,—|en—1| and make the 
approximation p» —1— @n,—1<Chn,-1 (= 1) with decreasing Cp1. Thus, 


w, is arbitrarily increased and, since the following approximation 


1): : 1) 
@n, — On, < is made by our general rule, by which C,” = 1 or a con- 


stant dependent only on the discriminant D of the field, @, will be in- 


creased as w, and positive. We remark incidentally that by decreasing 


1 ° . * e . . 
a the Qn, is diminished. Further, Qn,—1 is, as we see, not affected in 


its order of size, for it is varied with a quantity yn—1, |9n,.1|<1 and 
hence ep, = @n,—1 @n,—1+ @n,—2 With yn—1@n—1. If now e@,, is changing in 
sign, we have already ety / en, +1 > 0; if not, it must result from continually 
decreasing i that @n, @n, >| en,—1|, and @»,+1 is compelled to take the 
same sign aS ¢,. Reasoning in the same manner, if a, <0 and 
Cn +1 = —On,|Gn,| + n—1, We are permitted to presume that ap, /@n +1 >0 
in the new ,-set. The existence of infinite sets of lattice-points for our 
purpose is certain, since there already exists an infinite set of lattice-points 
on or in the neighborhood of each vector in the space.* After the above 
construction it follows that either Q, is limited or Q,->0. In the latter 
case we repeat the same construction and shall finally have either Qn 
limited or an infinite »,-set. Let us then assume this latter possibility. From 





* Perron, O.: Irrationalzahlen, p. 153. 
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aa Bn +1 On +1 + Bn, 


? 
@n+1 @n,+1 + &n, 





n 
@, Bn +1 og tg Bn, SEH = (— 1) ‘ 






and 
+ Qn = En 1 — Bn ti 


ae (— ti ee ane ( 1)" , oe 
On +1 (Wn, 41+ Gn, / On +1) Bn +1 (@n.+1 + Bn/Bn,+1) 















we deduce, since ,+:>0, tty, /tn 41> 0, Gn +1,70, the contradiction 
Qn 20. Consequently it is possible by means of the approximation (6’) 
to form in three lines the periodically convergent chains. In the case of 
a real root w, and »’, w” conjugate imaginary we replace the two last 
equations in (6’) by 1/2 [Qh (ayz)+ Qn (xyz)], 1/2¢ [Qh (yz) — Qu (xy2)] 
and approximate as before. 

It is remarkable that epressions for units are deduced from the periodic 
chains (6’), almost as in the quadratic field. From the equivalence 














woz (1) == Ao) 0 (0) bes (w) 
" Sr (w) Wr (w) tt 8r-1 (w) 





ly (W) 8p—1 (@) — ley (w) Se (w) = (—1)° : 

















we compute 
8, —— (1, + 8,_1) Fl, = 0, 
— A+ or—1 te V (1 F Sra)? + 4s- be (— Vee) | 
re. 2 Sr i 2 sr ait 28, ‘ 
hence 





+ V D, (w) = 28, 0, — (Ie + Sr—1). 
For X-; = /lr+sr_-; we find 
Xz — De = (le + 8¢—-1)?— (le F 82-1)? F 4 8¢ les 
= +4 (lp sr1— lei sr) = +4; 






hence 


(8) 


and therefore always a unit, when the ideals in 2 are not principal or (2) 
itself is primeideal; otherwise it is not sure but possible that 2 can be 
divided off, and a unit must perhaps be computed with help of more than 
one expression (8). 

We shall illustrate with an example. 

Example. x*—7x+3 = 0, A = 1129, 6~ 0,44, 0’~ 2,40, 0” ~— 2,85, 
3'./3°. V 1129 — 7,5, [2] = [2], [3] = [3; 6] [3; 6 —1][3; 6+ 1) [5] = [5}, 
[7] = [7]. 

Proceeding from the initial values Q — 6, = 6, Q@ = &® = @, 
0 = 6, = 0’, Q, = Qi = Qi = 1 we have to solve the system 






(X,—V Dz) (Xr+V Dr) = +4, 
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1Qo — Qi (vd? +yd +2)| = |b — (eh +yd +2)\<C\Qi|, 
1Q6 — Qi (xd? + yd’ +2)| = |b’ —(ed? + yd +2)/<C}Q |, 
|Qo — Qy (ad? + yd" + 2)| = |0”— (xd? + yd" +-2)|<0/E% |, 


where as a first trial we take C? = V1129, C = 3,226 in virtue of the 
general theorem. The middlepoint of F is determined by solving the 
equations in x, y, z, and it leaves as result x = 0, y=1,2=0. 
Starting from this point we find as a suitable lattice-point x= 0, y = 0, 
z= 1,i.e., 0, = 1, and hence 


Q, = d—1 = — 0,56, Q@ = d—1= 1,40, QY = 6’—1 = —3,85. 
Next we approximate in 


1Q1 — Q: (7 d?+ yd + 2)| <C\Qe|, ete, 


compute the new middlepoint « = 1/3, y = 1/3, z = — 2 in F, use the 
lattice-point « = 0, y = 0, z = — 2, oe. = — 2, and form Q; = Q:— 02 @ 
= 14 2(6—1) = 26—1 = — 0,12, Q = 26’—1 = 3,80, Q; = 26”—1 
= —6,70. From the next approximation 


Qs — Qs (x d*+ yd + 2)|<C\Qs|,  ete., 


we have the middlepoint « = —2/3, y = —1/3, z= 5 and an integer 
point z=0, y= 1, z= 1, 03 = d—1, since 1/Q; {Q: —Q; (6 + 1)} ~3,29 
and the conjugates —3,04, 2,38 respectively; hence Q, —= —26*, ete. In 
the same way we compute in order 9, — 1, Q; = 20+ 2d—1; o, = —1, 
Qe = 26—1; 96 = 6+2, @ = —9+1; = —), Q = —0?+3d—1 
and, since N(Qs;) = —1, the chain is in this case closed. The successive 
links in the chain are 


1 1 
ea Ae: NUR = 11 -sye—6 


d—1 3 


1 1 , 1 
fe eee cei eS Bt 


2d6—1 3 











é—1 _, 1 ea 1 
Be + ae eae? ee 


25—1 
— 25 —18 
2d—1 1 ik 1 
ea = 1+ yap ed—10 
25° 26—1 39 
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Een. = —J]+ 1 = -—1+ 1. 
26°+2d—1 267+ 26—1 207+ 45—9 ” 
25—1 3 
we ee oe ee 
ve Se—1 +d’ 
—éF1 3) 
26—1 1 
—é+1 din? —é+1 
—+36—1 














26*+ 2d—1 
2d6—1 

















Hence in virtue of 


a es 1 
é EP 


o+1 





| a 
+7 f+ mata = 


and 


+ al4 4) 4 











res seat - 


there follows for # = 6*-+-d—5 the equivalence 


__ (26?—3d —6) »—(d*—4) 
(2—d)o—1 





and therefore 
V D; (6) = 2(2—¢6) o—(26?—3d6—5) = 36—9, 
Xz (8) = t, (6) + 8-4 (6) = 206°?—3d—7. 
Hence 
X-+V Dr — 2(d*— 8), 


nab 6*— 8) (6®—3d6+1) = +1. 
—VD, = 2(6?—36+1), d 7m i 


We have already found this unit. In order distinguish ideal equivalences 
we have by our theorem above 


[3; 6? + 6] = [3; 6] [3; 6+ 1)~1, 


whence for the remaining ideal [3; d—1]~1, and likewise from [3; 26°+-d] 
= [3; 6] [3;d—1]~1 there follows [3; 6)~1, and finally [3;é6+1)~1. 
Further from the second row of the chain we deduce 1°—7-.1.2?+3.2° = —3, 
and from the easily found solution 2°—7-2-1°+3-1% — —3 belonging 
to the same congruence root we deduce according to a general rule the 
unit —4(1— 20) (2— 0’) (2— 6”) = 6*+2d6—1 and as the conjugate 
4(2—96)(1—20’)(1— 26”) = 26? d—14 with (6?+- 2 6—1)(26°++-6 —14)=—1, 
and the two units «, = d*—3d+-1, « —6*+26—1 leave two independent 
units in K(0). 


Mautmé, SwEDEN. 
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THE IMPOSSIBILITY OF A SEPARATION OF 
TYPES OF LINEAR ODD DIVISORS OF 
BINARY QUADRATIC FORMS.* 


By Ratpu G. ARCHIBALD. 


1. Introduction. It is the object of this paper to develop theorems 
on quadratic congruences in two unknowns and to utilize these results in 
proving the impossibility of a separation of types of linear odd divisors 
of binary quadratic forms. 

In A. M. Legendre’s Théorie des nombrest and in his Zahlentheorie 
(a German translation, 1893, by H. Maser of the third French edition) 
tablest are given of the quadratic divisors and of the linear odd divisors 
of a form ¢?+ au? for certain integral values of a. Moreover, in many 
eases the forms of the linear odd divisors are paired off in sets with 
a single quadratic divisor of ¢?+au*. The present paper is concerned 
with the remaining cases in Tables IV-VII in which the forms of the linear 
odd divisors of #?+ au? are paired off in sets with more than one quadratic 
divisor. In the construction of the tables of odd divise’s of #+ au’, 
only those odd divisors relatively prime to a are considered. 

Consider a to be a positive integer. Let 4az-+@ be one of the forms 
of the linear odd divisors of a given quadratic form + au*. Let y and z 
as well as ¢ and wu be relatively prime. Then, when pr —q? — a, every 
odd divisor of ¢#?-++ au? contained in the arithmetic progression 4az+ a 
is represented by a quadratic divisor py*+ 2qyz+ rz’ of + au*. Suppose 
the linear odd divisor 4ax-+-« corresponds to two or more quadratic 
divisors of ¢?+au*. Since, for any positive integer n as modulus, every 
integer x is congruent to one of 0, 1, 2,---, (~—1), the question is raised 
whether it is possible to find a positive integer m such that all the divisors 
of ¢?+au® contained in each of 





* Received February 7, 1928. 

+ First edition, 1798; second edition, 1808; third edition, 1830; fourth edition, 1900. 
For errata in these tables see Bull. Amer. Math. Soc., vol. 8, pp. 401-2. ; 

t Merely the linear forms of the odd divisors of the quadratic forms ¢?+ au? are given 
by P. L. Tschebyscheff in his Theorie der Congruenzen (Elemente der Zahlentheorie), 1889. 
These tables of Tschebyscheff are reproduced in E. Cahen’s Eléments de la théorie des 
nombres, 1900. 
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4any+ae, 
4dany+(4a+ a), 
4any+(8a+a), 





(1) 


sang +te— 2)4a+a], 
4any+[(n —1)4a+ ea], 











are represented, respectively, by one and only one of the quadratic divisors 
of ##-+au*. Let d be an integer, positive or zero, such that d4a+a is 
represented by a quadratic divisor of #?+-au*. Now, if, for every positive 
integer n, 4any+d4a-+e contains a number represented by another 
(distinct) quadratic divisor (to which 4ax-+-e@ corresponds), then such 
a separation as indicated in (1) is impossible. By the general method 
employed in §§ 3, 4, the above query is answered in the negative for 
Legendre’s Tables IV—VII. 

2. Theorems on quadratic congruences in two unknowns. 

THEOREM 1. If p is an odd prime dividing neither a nor b and if k is 
any integer, ax*+ by*® = k(modp) has integral solutions.* 

CoROLLARY. If no one of a, b, k is divisible by the odd prime p, 
ax* + by* =k (modp) has integral solutions with x and y not both divisible 
by p. 

THEOREM 2. Let p be an odd prime, k any integer, a and b integers a 
both relatively prime to p, and c an integer satisfying the congruence ac = 1 
(mod p). Jf —be is a quadratic residue of p when k is divisible by p, 
then ax*+ by? =k (mod p) has integral solutions with x and y not both 
divisible by p. 

Since a is relatively prime to p, c can always be found. If kx is relatively 
prime to p, the theorem follows by the above Corollary. If k= 0 (mod p), 
we obtain x? = —bcy® (mod p) on multiplying the given quadratic con- 
gruence by c. If ¢* = —bc (mod >p), ¢ is relatively prime to p; hence 
we get «* = (Cy)® (mod p). Taking for y any arbitrary integer relatively 
prime to p, we have solutions with neither x nor y divisible by p. 

THEOREM 3. Let n be an arbitrary positive integer. Then, under the 
hypothesis of Theorem 2, ax*+ by? = k (mod p”) has integral solutions 
with x and y not both divisible by p. 

By Theorem 2 there are solutions when m = 1 such that a and y are 
not both divisible by p. To prove the theorem by induction on n, let 




















EPS RAE PONE GAP S18 EDI IE Oe ORS Ne a ee, ee 
, " . “nn 














“This follows from a theorem given by Lebesgue, Journ. Math., 2 (1837), pp. 269-270. 
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ax*+ by* =k (mod p”) have a solution §, 4 such that § and 7 are not 
both divisible by ». Where q is an integer, write 


a&*+-by? = k+ pq, av = &§+p"X, y = gtp™y, 
Then,* for m>1 
ax*+by*? = k+p™g+ 2p™(aSX+ bg Y) + p™(aX*+ bY?) 
= k+p™q+2p"L (mod p™**), 


where L = a§X+b7Y. -X and Y can be chosen so that g+2L=0 
(mod p). For example, if § is not divisible by p, take Y=0O. Then 
ax*-+ by? =k (mod p™*") has a solution with x and y not both divisible 
by p. The induction is therefore complete. 

CoROLLARY. Jf p is an odd prime not dividing b, and if —b is a quadratic 
residue of p when k is divisible by p, then for arbitrary k and n, x*+by? =k 
(mod p") has integral solutions with x and y not both divisible by p. 

THEOREM 4. Let p be an odd prime, a any integer not divisible by p, 
and b any integer different from zero and divisible by p; moreover, let k 
be any integer which is a multiple of b in case k is divisible by p, and 
let c be an integer satisfying the congruence ac=1 (mod p). Jf ck is 


a quadratic residue of p when k ts not divisible by p, and if < is a quadratic 


residue of p" when k is divisible by b, then 
(2) ax* + by? = k (mod p") 


has integral solutions when n is any positive integer. 

If k is divisible by p, k = br and the theorem follows at once. On 
the other hand, let & be relatively prime to p. For n = 1 the quadratic 
congruence on multiplication by c becomes x*+ bcy*® = ck (mod p). Since 
ck is a quadratic residue of p and 0 is divisible by p, x*+ bcy* = ck 
(mod p) has, when y is an arbitrary integer, an integral solution with x 
not divisible by p. Hence ax*+ by? =k (mod p”) has solutions when 
nm = 1 such that x and y are both relatively prime to p. To prove the 
theorem by induction on n, let az*-+ by? = k (mod p™) have a solution &, 7 
such that § and y are both relatively prime to p. Where q is an integer, 
write 

aS*+- bg? = k+p™qg, «= E+p"X, y= q+p™Y. 


* The method of proof used here in that employed by Professor L. E. Dickson in proving 
a similar theorem in his paper “Ternary Quadratic Forms and Congruences”, Annals of 
Math., 28 (1927), pp. 333-341. 
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Then, for m= 1 
ax®*+ by? = k+p™q+2p"™akX (mod p”*), 


since b =0 (mod p). Choose Y arbitrarily. Since § and a are both 
relatively prime to p, choose X so that 2a¢X+q = 0 (mod p). Then 
ax*®+ by? =k (mod p™*) has solutions with x and y both relatively 
prime to p. Therefore the induction is complete. 

CoROLLARY. Let p be an odd prime, t any integer, and u any integer 
relatively prime to p. If k is a quadratic residue of p when it is not 
divisible by p, and if k = tpu* in case k is divisible by p, then 2*+ tpy?=k 
(mod p”) has integral solutions for any positive integer n. 

THEOREM 5. Let a and b be integers and k an odd integer. If ax*+by*? =k 
(mod8) is solvable in integers, then ux*+ by? =k (mod2”) has integral 
solutions when n is an arbitrary positive integer.* 

CoroLLary. Let b be any integer and k an odd integer. If x*+by’? = 
(mod 8) is solvable, then x* + by? =k (mod2") has integral solutions when 
n is an arbitrary positive integer. 

THEOREM 6. Let q be any prime number, k an odd integer, a an integer, 
relatively prime te q if q is odd, b any integer different from zero; more- 
over, let ax*® + by? =k (mod8) have integral solutions if q=2. In case 
q is odd, let c be an integer satisfying the congruence ac = 1 (modgq) and 
let condition (3) or condition (4) be satisfied according as q does not or 
does divide b. 

(3) —be is a quadratic residue of q when k = 0 (modgq). 


If k =0 (modgq), k = 0 (modb) and £ is a quadratic residue of q"; 


if k=0 (modq), ck is a quadratic residue of q. 

Under the restrictions stated, the congruence ax*+ by? =k (modq") has 
integral solutions when n is any positive integer. 

If q = 2, the theorem follows from Theorem 5. If g is odd, Theorem 3 
or Theorem 4 can be ‘applied according as b is not or is divisible by q. 

The following theorem can now be readily proved. 

THEOREM 7. Let N be an arbitrary integer expressed as N= qr"... w"”, 
where q, 7, --+, w are distinct primes and 11, M2, +--+, Ny are positive integers. 
If the definitions and restrictions of Theorem 6 hold true for each of the 
primes q, 7,-+-,w, the congruence ax*+ by? =k (modN) has integral 
solutions. 

The following theorem follows as a corollary of Theorems 6 and 7. 


(4) 





*This theorem follows at once from a known theorem on the number of roois of 
a congruence. Cf. Bachmann, Die Arithmetik der Quadratischen Formen, I, p. 483. 
A simple proof can also be given by induction. 
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THEOREM 8. Let n be the index of the highest power of an arbitrarily 
chosen prime factor q contained in the arbitrary integer N (different from 
zero), k an odd integer, and b any integer different from zero; moreover, 
let 2*-+ by? =k (mod8) be solvable in integers when N has a factor 4. 
In case q is odd, let condition (5) or condition (6) be satisfied according 
as q does not or does divide b. 

(5) —b is a quadratic residue of q when k = 0 (modgq). 


(6) If k=0 (modq), k =v (modb) and 4 is a quadratic residue of gq"; 


if k0 (modq), k is a quadratic residue of q. 

Under these restrictions for each prime factor q of N, the congruence 
x*+ by? =k (mod) has integral solutions. 

THEOREM 9. Let a,b, k, N be any four integers such that k and N are 
relatively prime. Then, if ax*+ by? =k (mod N) has any integral solution, 
it has one with x and y relatively prime. 

Let x = &,, y = 7 be any solution. Let the greatest common divisor 
of §,, 7, be «,, and let the greatest integer dividing §, and relatively 
prime to a, be § Then 2 = §,—faa,, y=7,—=—7,. Hence §& is 
relatively prime to each of the integers a,, @, 7, and every prime factor 
of @ is contained in «,. Consequently, k and N being relatively prime, 
every divisor of @, (and @) is relatively prime to N, and a = §, = faa, 
y¥=mt+NE—7a,+ NE is a solution of the congruence with x and y 
relatively prime. 

The next two theorems are fundamental to §§ 3, 4. 

Consider the following Gefinitions and conditions: 

(7) b, k, N are integers such that N is greater than one, k odd, b different 
JSrom zero and relatively prime to k. 
(8) 2*+by? =k (mod8) is solvable in integers when N has a factor 4. 
For every odd prime factor q of N, condition (5) or condition (6) of 
(9) Theorem 8 is satisfied according as the arbitrary odd prime factor q 
of N does not or does divide b. 
THEOREM 10. Under the foregoing restrictions (7)-(9), 


(10) ao? + by? = k(mod N) 


: has an integral solution with x and y relatively prime. 
It is to be noted that N is an arbitrary integer greater than unity. 
By Theorem 8, the congruence (10) has integral solutions. 


Let each of A,, 42,++-, 4, 1, ¥2,+++, % be a positive integer or zero; 
moreover, let the greatest common divisor of k and N be qi dis vee ae , 
where d,, dz, ---, dy are distinct primes. If, »2,---, , are the exponents 


of the highest powers of d,, ds, ---, dy, respectively, contained in WN, 
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write N = di! dy... d)" N,. If all 4, = 0 @ = 1, 2, ---, v), the present 
theorem follows immediately from Theorem 9. Henceforth it is assumed 
d 


ds 
(¢ = 1, 2,---, 7). Since 6; is relatively prime to d;, e's can be found to 
satisfy the r congruences 6; ge, = 1 (mod d;‘), where i= 1,2,---,7r. By 
Theorem 3, the r congruences 


(11) a+ by? = k (mod d;') 


than at least one 4,>0. We now define d = dj: dy... dl"—' &, 6, = 


have integral solutions 2 = @;, y = 8; (i = 1, 2,---, r), respectively, with 
a; and 4; both relatively prime to d;(¢ = 1,2,---,r). Then 


(12) Xo = 91 0; & + bg Q2 @g-+ +++ +4; 0 Gr, 
Y = 9; 01 By + 5s 2 By + -++ + 0,0, By 


satisfy the + congruences (11), and hence satisfy the congruence 
(13) x*+by®? = k(modd). 


Moreover, X, and Y, are both relatively prime to d == d}} dj? .-. d’. 
Next, consider 
(14) x*®+by? = k(mod I,). 


Congruence (14) has solutions since (10) has. Sinee k and J, are relatively 
prime, it is seen from Theorem 9 that congruence (14) has an integral 
solution « = §, y = 4, with x and y relatively prime. Since N, and d 
are relatively prime, let o and ¢ be integers such that 


N,« = 1(mod @), dv = 1(mod N,). 


Then X = N,¢6Xo+dc&, Y = No Y,+dry is a solution of both (13) 
and (14) and hence of (10). X is relatively prime to d since neither N, ¢ 
nor Xp is divisible by d. Similarly Y is relatively prime to d. A common 
divisor of X and AN, must divide €, and a commen divisor of Y and N, 
must divide 7. Hence a common divisor of X and N = dN, must divide &, 
and a common divisor of Y and N = dN, must divide y. But, since 
€ and 7 are relatively prime, a common divisor (greater than one) of 
X and Y is not a divisor of NV. 

Let Y = p;' p)-- De; where p,, P.,---, P, are distinct primes and 
€;, €2,°++, @ are positive integers. If X and ¥ are relatively prime, the 
theorem is proved. On the other hand, if X and Y are not relatively 
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prime, let p,;, say, divide X. Then X, = X+WN, Y,; = Y is a solution 
of the congruence (10) and X, is relatively prime to p,. If ps, say, 
divides X,, then X, = X,-+p,N, Yz. = Y is a solution of (10), and X, 
is relatively prime to p, and p,: for, if ps is a divisor of Xz, it is a divisor 
of N, and hence of X—a contradiction. Again, if ps; divides X,, then 
X; = X2-+p, pp N, Ys = Y is a solution of the congruence (10) and X; 
is relatively prime to »,, ps, ps. Continuing in this way, we eventually 
obtain a solution x = X;, y = Yj; (where 1 <j <s) of (10) with x andy 
relatively prime. 

THEOREM 11. Let N be an arbitrary integer and p, q, r be integers such 
that d = pr—gq® contains no odd square factor greater than one; moreover, 
let p. be 2, a power of an odd prime, or double a power of an odd prime, 
and, in case q + 0, let the greatest odd divisor of p be equal to the greatest 
odd divisor of q when p and q have a common odd divisor greater than one. 

If § and yx are relatively prime integers such that pN == &*-+dn?*, then 


(15) pat+2Qgay+ry" 


represents N with x and y relatively prime.* 
By hypothesis, §*-+ d*=0 (mod. p), whence §*—gq*”? = (§—qy) 
(§+q7) =0 (mod. p). If p is even, §—qy and *+ qy are both even. 


ne ; ; E—gqy 
If p = 2, N is represented by (15) for x = 2 y= If p>2, 
let p, == yp in case p is odd and let p, = < in case piseven. Now p is 


relatively prime to q since § and 7 are relatively prime. When p, is 
relatively prime to g, one of $—qy, §+qy is divisible by p, and the 
other one is not. When p, and g have a common divisor greater than 
one, both q and §& are divisible by p,. Hence, in view of the identity 


9 ! 1 1 
px+2qrytry® = ri [(px+qy)*+dy'l, 


place px+qy = §&, y = 4 or —y according as §—qy = O (mod. p) 
or §+q7 = 0 (mod p). Consequently, N is represented by (15) for these 
(relatively prime) values of x and y. 

3. The impossibility of a separation of cases in Legendre’s 
Table IV. In Legendre’s Table IV (Zahlentheorie, Maser’s translation, - 
I, pages 402-406; see also I, nos. 216-218, pages 282-285), at least one 
set of the linear odd divisors of ¢#?+au*®, where a = 17, 29, 41, 53, 61, 
65, 69, 73, 77, 89, 97, 101, corresponds to two or more quadratic divisors 


*The theorem is obviously true in the trivial casc p = 1. 
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of the particular quadratic form #+au?. It will be found, either by 
direct numerical computation or by the application of Theorems 10 and 11 
of § 2, that a separation (in the sense of §1) of types of linear odd 
divisors of these forms ¢#-+- au? is not possible. We shall consider through- 
out representations in which y and z are relatively prime.* 
Form ?/?+ 29’. 
Quadratic divisors. Linear odd divisors. 

(16) y?+2yz2+302*= (y+z)?+ 292* 1162+1, 5, 9, 13, 25; 33, 


1 45, 49, 53, 57; 65, 81 
2 a 2 2 ? ’ ’ ’ ’ ’ 
(17) 5y?+2yz2+62? = 5 [(5y + 2)? + 292*] 93, 109. 


1 
(18) 2y°+2ye+ 1524 = | [2y +2) +292] | 116243, 11, 15, 19, 27; 

31, 39, 43, 47, 55; 75, 
(19) 10y?+2yz2+32 = 4 lBety)* +2944 79, 95, 99. 


Treating first the forms (16) und (17), we find the least numbers given by 
the forms 1162+ 1, 5, ---, 109, respectively, which are represented properly 
(that is, with y and z relatively prime) by either (16) or (17). If it should 
happen that the least number of any one of these linear forms represented 
by one of the forms (16), (17), is represented by both forms (16), (17), 
then no further theory is necessary to show that a separation is impossible 
for that linear form. 

116-0-+1 = 1 is represented by (16) for y = 1, z = 0, but not by (17). 
By Theorem 10 with k = 5, N = 2?.5.29n (where n is a positive integer 
definite but arbitrary), the congruence X*-+ 29Y* = 5 (mod 5807) has 
a solution X¥ = &, Y=—y, where & and 7 are relatively prime. Let 
§°-+ 297? = 5 (116nM+1). Then, by Theorem 11 with p= 5, g=—1, 
‘=6, N= 116nM+1, it is seen that 5y?+2yz+62* represents 
116nM-+1 with y and z relatively prime. Hence, for this form 1162+1 
a separation is impossible. In this case, as in some of the others, a separa- 
tion can be seen by easy computation to be impossible since 116.1-+1 = 117 
is represented by forms (16) and (17) for the values y=—1, z= 2; 
y = 3, ze = —A4, respectively. 

Again, 116-0-+57 = 57 is represented by (17) for y= 3, z= 1. By 
Theorem 10 with k = 57, N = 2*?.29n, the congruence X*+ 29 Y* = 57 
(mod116m) has a solution X = §, Y = y in which & and 7 are relatively 
prime. Letting §*+ 297? = 116nM-+57, we see by Theorem 11 with 


*It is to be noted that although these tables were obtained on the supposition that 
y and z and also ¢ and wu are relatively prime, the same forms of linear odd divisors are 
obtained if y and z have a common odd divisor greater than one (see Legendre’s Zahlen- 
theorie, I, nos. 207-208, pp. 270-273; I, nos. 210-211, pp. 275-278). 


oe 
- 
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p=1, q=1, r= 30, N= 116nM+57, that y®+2yz+302* represents 
116m M-+57 with y and ¢ relatively prime. For this form 1167+ 57 
a separation is impossible. By trial it is found that the least number of 
the form 1162+ 57 represented (properly) by both (16) and (17) is 
116-3+57 = 405, which is represented by (16) and (17) for y = 15, 
2=2;y=1, ¢= 8, respectively. 

Consider, next, forms (18) and (19). In order to apply the foregoing 
theory directly to the forms (18) and (19), it is necessary to obtain for 
each of the corresponding linear odd divisors a number represented by (18), 
since the k of Theorem 10 is to be odd. We can, however, transform (18) 
into an equivalent quadratic form 


’ 1 , 
(20) 2yi + Gy, 2, +192 = <5 [(192, + 3y,)?+ 2944] 


by the transformation y, = y——z, 2, == z. We can now apply the theory 
directly to the forms (20) and (19) by obtaining from the particular form 
of the linear odd divisor the least number representable (properly) by 
either (20) or (19). It is seen that for each linear odd divisor a separation 
is impossible. Theorems 10 and 11 are applicable in each case where 
a congruence in X, Y is tabulated. 


Linear odd Values for Values for Congruence solvable with 

divisor (16) (17) X, Y relatively prime 
1146-0+ 1= g=t 2-8 X?+29Y*= 5(mod580n) 
116-0+ 5= y= 1 X?+29Y?7= 5(mod116n) 
1146-0+ 9= go] X?7+29Y?= 9(mod1ll6n) 
116-0+ 13= 18 y=1 X*+29Y?= 13(mod116n) 
116-0+ 25> 25 y=1 X?+29Y? == 25 (mod 116n) 
116-0+ 33= 33 y=1 
116-0+ 45= 45 | y=3 
116-1+ 49=165 | y=83 
116-0+ 53> 53 y=1 
116-0+ 57= 57 y=3 
116-0+ 65> 6 y= y=1 
116-0+ 81= 81 y=8 
116-0+ 93> 93 ; y=1 
116-0+109 = 109 y=! 


we RN 
_ 

= 

bm 


— 


~ | bo 
=] os 


X*+99 Y? 53 (nod 116) 
X?+29 Y? 57 (mod 116 n) 


wo om 


X?+29 Y2= 81 (mod 116n) 


Hunn nneaa nd 
‘ 


xn NeRARARAR RAR RN 


xX 
| 
” 
a 


X?+29 Y? = 109 (mod 116n) 


Linear odd Values for Congruence solvable with 
divisor (19) X, Y relatively prime 
116-0+ 3= 3 y=0 z=1 X?+29 Y?= 657 (mod 2204 n) 
116-0+11=—11 y=1 z=—1 X7+29Y?= 19-11 (mod 2204n) 

116-0+15 = 15 y=1 S43 
116 -0+19= 19 = X?4+29Y?= 57 (mod 348n) 
116 -0+27 = 27 == X7+29Y?= 81 (mod 348n) 
116-0+31 = 31 y=—12z=3 X?*+29 Y? = 589 (mod 2204 n) 
116 -0+39= 39 ; y=—2 z=1 





BINARY QUADRATIC FORMS. 21 


Linear odd Values for Values for Congruence solvable with 
divisor (20) (19) X, Y relatively prime 

116 -0+43 = 43 y=1 2=3 X?+29 Y?= 43-19 (mod 2204n) 
116 -0+47 = 47 y=2 s=1 X*+29Y?= 47-19 (mod 2204n) 
116-04+55=55 y= y=—22=8 
116 -0+75 = 75 = y=—12=5 
116 -0+79 = 79 y=2 2=3 X*4+29¥?= 79-19 (mod 2204n) 
116-0495 = 95 y=1 e=5 X?+29 Y?= 95-19 (mod 2204n) 
116-0+99=99 Y%=5 al y=38 e=1 

As an illustration of the utility of the method here employed as compared 
with the method of direct computation, we note the following results: 

The least number of the form 1162+ 3 represented (properly) by both 
(20) and (19) is found by trial to be 116.2+3 = 235, which is 
represented by (20) and (19) for y, = 9, 4 = 1; y= 1, z = 9, respectively; 
that of the form il6z-+11 is 116-8-+11 — 939, which is represented 
by (20) and (19) for y, = 20, 2, —=1; y= —8, z= 13, respectively; 
that of the form 1167+ 31 is 116-4-+31 = 495, which is represented 
by (20) and (19) for y, = 14, 2, = 1; y= —2, 2 = 138, respectively; 
that of the form 1162+ 95 is 116-2+ 95 — 327, which is represented 
by (20) and (19) for y, = 11,2, = 1; y= —5,z=—T, respectively. 

4, The method extended to Legendre’s Tables V, VI, VII. The 
methods of §3 will now be extended to Legendre’s Table V. As a 
typical case consider the form ¢?-+ 39u°. Two of the quadratic divisors are 


(21) _ ot 892%, 
(22) By? + 18e* = (By) +392] = [(132)* + 3994); 


and the corresponding linear odd divisors are 782+ 1, 25, 43, 49, 55, 61. 
Since 3 and 13 are divisors of 39, the form (22) is to be replaced* by 
an equivalent form. Under the transformation y= y—z, 24 = —y+2z 
the form (22) becomes 


(23) 25y? + 38y, 2, +162 = = [(25y, + 192,)? + 3922]. 

*If e, f,g are integers having no common divisor greater than one and if not both e 
and g are even, the quadratic form ex?+2fxy+gy’ contains infinitely many primes 
for integral values of the variables (see paper by G. Lejeune Dirichlet, Journal fir 
Mathematik, vol. 21 (1840), pp. 98-100). If the form represents the prime p, let 
p=ee’?+2fas+g . Since « and £ are relatively prime integers, there exist integers 
y, such that «7 —fSd=1. By means of the transformation x —=«X+dY,y=—sX+yY 
the quadratic form becomes pX*+ 2(eda + fay+fsd+gqBy)X Y+(ed*+2fyd+gq7) Y?. 
Now, since the coefficients 3,0, 13 of the form (22) have no common divisor greater than 
one, (22) contains an infinite number of primes of which 61 is one. We therefore know 
that there is a transformation of determinant one which transforms (22) into an equivalent 
form in which 61 is the coefficient of a square term. 
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The theory of § 3 can now be applied to the two quadratic forms (21) 
and (23). For forms ¢-+ au* in which a is of the form 8m-+ 3, the theory 
of § 3 is applicable only after modification of Table* V. 

As a typical case of Table VI consider the form #?+ 34u?. The first 
two quadratic divisors are 
(24) y*® + 342’, 


(25) 2y? +172? = “a [((17 2)? + 34y’]. 


The corresponding linear odd divisors are 136a +1, 9, 19, 25, 33; 35, 43. 
49, 59, 67; 81, 83, 89, 115, 121; 123. Since 17 is a divisor of 34, we 
shall transform (25) into an equivalent form (26). Under the transformation 
Yr == yz, % =z the form (25) becomes 


(26) 2+ 4y, 2 +192, = Fo [92, + 2m)? + 34yi]. 


The theory of § 3 can now be applied to the quadratic forms (24) and 
(26). Legendre’s Table VII can be treated in a similar manner. 

The writer has considered in detail the forms #+ 17u*, #+ 29u?, 
@+41u®, f+ 65u*> of TableIV; + 19u?, f+ 397? of Table V; ? + 34x? 
of Table VI; and #+ 38x? of Table VII. 


* See Legendre’s Zahlentheorie (Maser), I, nos. 219-224, pp. 285-290. 
+ In this case, for the second pair of quadratic divisors, y, = y—z, 2: = 2; y: = y—2z, 
2, =z, respectively, will be found suitable transformations. 
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A PARAMETRIC PROBLEM OF THE CALCULUS OF 
VARIATIONS AND ITS TREATMENT AS 
A PROBLEM OF LAGRANGE.* 


By Lee H. McFarvan. 


Introduction. The simplest problem of the Calculus of Variations 
stated in parametric form with are length, s as parameter is the following: 
Of all curves of a certain class connecting two points P, P,, we are to 
determine that one, « = x(s), y = y(s) along which the integral 


"8, 
I= J S(u, y, x,y’) ds, 


between the two points is a minimum. The minimizing are joining P, P, 
will be called Z,,. It is well known that the functions 2 (s), y(s) must 
satisfy the Euler equations 

—ffe . 


pl a 
(1) fe~—“G— = 0 fy Ek me 0. 


The above problem may be restated as a special case of the Lagrange 


Problem in the following manner. 
Given the integral 


Xs 
iL= I I (a, y, 2, y', 2) dx, 


a fixed point (a, y;, 2) and a fixed curve x = X(t), y= Y(t), 2 = Z(d), 
let us determine among all sets of functions y (x), z(), satisfying conditions 
of the form 


g(z,y,2,y,2)=0, yad=—n, 2m) =A, 
m=X@, yIXO=YO, -iXO)=Z0, 


one which gives J; a minimum value. This is a Problem of Lagrange 
with one variable end-point. It may be reduced to the parametric problem 
in the plane, described above, as follows. Let f(z, y, z, y’, 2’) be 
independent of 2 and suppose that the are X(t), Y(¢), Z(¢) has the form 


(2) X(@ = ¢ = z, Y (t) = ys, Z(t) = 2g. 





* Received December 21, 1927. 
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Let the equation » (x, y, z, y’, 2’) = 0 be replaced by y? +27—1=0. 
Furthermore suppose that the function f(y, z, y’, 2’) satisfies the “homo- 
geneity” condition with respect to y’, z 
of the parametric problem in the plane, 


/ 


customarily imposed in the theory 


(3) Sy, 2, *y', x2) =%-fly,z,y,2). 


The problem of minimizing J, in xyz-space under these conditions is now 
equivalent to the problem of minimizing J in sxy-space as described above. 
The general curve L, defined by the functions X(f), Y(4, Z(é for the 
integral J, is replaced by a straight line passing through the point (0, x2, ys) 
and parallel to the s-axis in the problem of minimizing the integral J. 

The object of this paper is to identify some of the known necessary 
conditions, arising in the special case of the Problem of Lagrange as stated, 
with those which are found in the plane problem in the parametric form. 
One of the most interesting results is the reduction of the determinant 
defining the focal point of the curve LZ on £2, to the determinant whose 
zero give the parameter value of the conjugate point of P, on #,, for 
the plane parametric problem. 

1, Necessary conditions on the arc £,,. The work in this paper 
will be based upon the following assumptions: 

(A) The functions y(x), z(x), defining the minimizing are £,,, are con- 
tinuous on the interval 2,2, and have continuous first derivatives on this 
interval. It will also be assumed that y” and 2” exist everywhere on 
this interval. 

(B) For values of (x, y, z, y’, 2’) in the neighborhood of those defining Ej», 
Jf and g have continuous derivatives of at least the first four orders. 

(C) The derivatives gy and g- shall not vanish simultaneously along Ej», 

It is well known that for such a minimizing are £,, there exists a function 
F=1,f+4(x)-g such that the functions y(x), z(x) and 4(x) are solutions 
of the equations 
I. F,— “fv =0, F-— an = 0, o(z,y,z,7,2) = 0. 

Let us assume that the extremal arc E;, is normal, according to the 
definition in a previous paper by the author* in which case the constant 4, 
may be taken equal to unity and the function 4(x) is then uniquely 
determined for this arc. We shall assume that Ej, is normal on every 
subinterval of 2, 2,. The further assumption will be made that 





*The focal point for the problem of Lagrange with one variable end point, Annals 
of Math., vol. 28 (1927), p. 184. 
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| Fyy Fyv y' 
(4) Re, y2,y,¢,0) =| Fry Fe 2 

| z’ 0 | 
does not vanish along Zj,. 

The are #,;, must satisfy further necessary conditions, the Analogue of 
the Weierstrass condition and the Clebsch condition. These conditions 
are given in section 3, where use is made of them. 

Equations I have a four parameter family of solutions which may be 
written in the form 


(5) Y oe y(“,m, as, ag y Ms), f= 2(x, N, Ug, Us, a), } —_ A(x, ai, Ae, ds, a) 


and which contain #y, for particular parameter values a9, dso, dso, Gso-* 

The conditions mentioned are for the case of fixed end-points and must 
still be satisfied for the case of variable end-points. For the end-point 2 
restricted to the curve L, the transversality condition must hold, namely, 
at the point 2 the condition 


I. (F—y Fy —?2 Fy) X'+Y'Fyt+ZF ? = 0 


must be satisfied.t 
The determinant whose zero gives the focal point on Fy, of the curve L 
tor « =a, may be written 
A A As Ag Ay 
—@1 Ya, (2) Yya,(%2)  Ya,(%2) Ya, (x2) | 
H (x, x2) = | —@2 2a,(%2) 2a, (%2) 2a, (%2) Za, (%2) | 
0 Ya, (x) Ya, (x) Ya, (x) Ya, (x) 
0 Za,(7) 2a,(@) 2a,(x) 2a, (x) 


ss Y’ ta: y XxX’ ir 0. ieee } y ae 2’ X’ ? 


= (F—y Fy —2 Fy) X"+ Y"Fy t+ 2" Fy +(Fe— y Fy —¢ Fp) X” 
+2F XY'+2RXZ+ EF, +0,0(Fy +P +GFy,| 
= Fyy @.ya,t+ Fyv (2 ya, + @1 2a,) + Fr 02 2a, 
+ py Q1 Aa, + G2 Oe Aa, | 


We may state the new necessary condition on 4, as follows 


* Bolza, Vorlesungen iiber Variationsrechnung, pp. 592-594. 
+ McFarlan, loc. cit., p. 187. 
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Ill. Jn order that Ey, shall render I, a minimum value, it is necessary 
that the focal point 3 on Ey, of the curve L, whose abscissa is the zero 
of H(x, #3), shall not be on the interval a, x2.* 

The proof of the above statement depends upon the fact that at least 
one of the quantities 0,, e, is different from zero. 

2, First necessary conditions for the problem in the yz-plane 
where z is arc length. Equations I for our problem are 


ba a Fy 
dx 


d Fy 


where 


=0, F, ae, 5+ 1) = 


F=sttyt+e—p. 


The numerical factor 4 has been introduced to simplify our work. The 
assumption of § 1, that the determinant R + 0 along £,,, has been shown 
by Bolzat to be sufficient for the existence of y”, 2” and 4’. By use of 
this fact and the assumptions B and C of the first section, one may write 
the first two of equations I in the differentiated form. To these have been 
added the result of differentiating } (y+ 2”*—1)=0 with respect to x. 
We thus obtain 

y" Fyy te" Fyrt+Vy = L, 
(9) y" Fry +s” Fey And 2 rae M, 

yy te" 2 sitions 0 

where 
(10) L= fy—VYfyy—2% Sys 
M = fi—o' fry— 2 fee. 


Equations (9) may be solved for y”, 2” and 4’ since the determinant 
of the coefficients in these equations in R, which is different from zero. 
Thus we have 

“re 2 (My — Lz’) wy — ¥(Lé—My) 
R . R , 
eon L(é Fyz— y Frz) ERG Fye— 8 Fre) ii Ss 
R 








(11) 





where S is merely a notation for the numerator jon the right. 
The projection Ki, of EZ, in the yz-plane has the equations y = y(z), 
z= 2z(x). Since x is the are length along the projected curve, we have 





* McFarlan, loc. cit., p. 192. 
+ loc. cit., p. 589. 
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dw +3 yf 2" — ey" an Le'— My 
dx is (y/” 4 7/0? Sine R 


/ 


y = cosy, 2 = siny, 





where yw is the angle which the tangent to Ki, makes with the positive 
y axis. The last equations (11) therefore take on the form 


dy _ ee 
yd cos W, ~ sin y, 


dy _ Lié—My a4 _ 8 


dx R ?’ dx  R° 


(12) 


It is easily shown that these equations are equivalent to the original 
system (8). They may be given, however, a more simple form if one 
makes use of the following properties of /, due to its homogeneity property 
expressed by means of equation (3), 


(13) f=yfytth, 
(14) ty = Y Svy te fey, Se = oY Syste fez; 
(15) Y' fury +e fy = 0, ¥fyotefer = 0. 


By virtue of the last two identities, there exists a function f, defined by 
the expressions 


(16) fi = feely = —fyrly'? = fyy/2”- 
The use of the above identities gives the two relations 
L = e(fy —Sy:); M = y'(fy:—Svz); 
y L+2M = 0. 


and 


Also one obtains for S the expression 


S=y(—y2M—y Df—Ze*M+y2/ DL) f—alyL+2 mM) 
= —[f+4)yL+2/M) = 0. 


Hence 4 is a constant along E,,. The value of 2 may be obtained from 
the Transversality condition II. If that expression is solved for 2, one has 


ya — Sry fy—?f)X+V'HtZp - 
X'’—y y ..¢ 2’ + 





The denominator is seen to have the value 1, by referring to equations (2). 
Equation (13) shows that the coefficient of X’ in the numerator vanishes. 
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Since Y’ and Z’ vanish also it follows that the numerator vanishes and 
4 has the value zero for « = x. Hence 4 has the value zero along Ej. 
The determinant R(x, y, z, y, 2,4) is easily shown to have the value 
—(f, +4) of —f, since 4 is zero. The non-vanishing of R along Ej: 
amounts to the assumption that the problem is a “regular” one.* Equations 
(12) are readily reduced to the systemt 
oe = cos ¥, ee = sin y, = as ae ca 

since 4 and d4/dx are now zero. 

3. The Weierstrass and Clebsch conditions. Let us designate 
by the term admissible set (7, y, z, p,q), a set of values which satisfy 
the equation »(zx, y, z, p,q) = 0 and lies in the region for which the 
continuity properties (B) on f and ¢ hold. 

The analogue of the Weierstrass Condition is then as follows. 

In order that Ey, shall render I, a strong minimum with the adjoined 
condition p = 0, it is necessary that the inequality 


E(x, y,2, y's 2, Pp, 4) = F(a, Y,2,Y); q, 4)— F(a, Y,2,y; 2’, A) 
—(p—y) Fy (a, Y; z,y'; ‘£ 4)—(q—2’) Fe (x, Y, 2; ws s, i) = 0. 


holds for every element (a, y, 2, y', 2) of the arc Eyz and for all admissible 
sets (x, Y;2,); q) = (2, Y; 2; y; 2’). 

The Clebsch necessary condition on the minimizing arc Ay, may be 
stated as follows: 

For every point of the minimizing arc E\, the inequality 


(16a) Fy: t+ 2K, 1, 1, + Fy, % = O 


yy’ ° 


must be satisfied for all pairs of functions (m,, 12) not both zero which are 
solutions of the equations, 


(17) Py U1 + pr % = 0. 


The determination of 40 enables one to write the analogue of the 
Weierstrass condition in the form 


SY, 2,0, D—-FY, 2,9; 2)—phy Y2,y,2)+y fy y,2,y, 2) 
— afer (y, z, y’, Z)+2' fr (y, 2; y’, 2’) = 0. 
* Bolza, loc. cit. p. 123. 


7 Bliss, G. A., A generalization of the notation of angle. Trans. Amer. Math. Soc., 
vol. 7 (1906), p. 188. 
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This readily reduces to 
PL fy (y, z, p; q)—Sy y, z, y', 2’)) + aL fy ty, Z,)P; Q)—Sz (y, 2; y, 2’)] = 0, 


which is the well known form of the Weierstrass condition for our para- 
metric problem in the plane. 
In considering the Clebsch condition, we note that the equation (17) 


becomes 
y +2 nm, = 0. 


Hence one has 7, == oz’, 1, == —oy’. The inequality (16a) becomes, by use 
of expressions (16) for f,, 


e” fy mi —2y/ 2 fim, me + yt m3 > 0 


which reduces to f,o7 >C. Hence the Clebsch Condition reduces to 
Ai = C,* which is the well known Legendre condition for our parametric 
problem in the plare. 

4, The focal point condition. In order that we may interpret the 
focal point determinant for the special case where L is represented by 
the equations 

X() = ¢, Y(t) = gw, Z(t) = ée, 


we note that X¥’=1, Y’=0, Z’=0, 0, = —y' (x), @2 = —2z’ (ap). 
The solutions of the Euler Equations may be written in the form? 


y = y(@, «, B, A), 2 = z(z, a, B,4), =A, 
or since f and ¢ are free of x, these may be written 
(18) y = y(w@—2az, @, B, 4), 2 = 2(4—2, @, B, A), A= Ah, 


The four arbitrary parameters are 2,, «, 8 and 4. In the expression (7) 
for A; in H(x, x), one can easily show by use of the known properties 
(14) and (15) of f that A,, Ag, As are all zero. The only remaining 
term A,, contains the non-vanishing term 


0A Ul 1) 
54 ey + ese')* = —1 


since @,, @: have the values —y'(2,) and —z’(ay) respectively and 
y” +2’ =1 for all x. The expression for A vanishes identically by 
virtue of (14) and (15) and f, = 0. In differentiating with respect to the 





*The factor o is not zero since otherwise 7, and 2, would both vanish. 
+ Bolza, loc. cit., pp. 464 and 490. 
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parameter x,, we note that the derivatives of the functions (18) with 
respect to x and x, are numerically equal but opposite in sign. 

The determinant of the focal point of the line x = t, y = yz, z = 2 

becomes 

0 0 0 Ly) —j} | 

y'(%) = — Y'(%) Yel) Yl) ~—- yg (a2) | 

2) —2(@) tale) ee(@,) (a) | 

0 —Y@) Yale) glx) ys) | 

0 — 2’ (x) 2 (x) 23 (2) 2, (x) | 


which reduces readily to 


6; (x) - Os (x2) — O(a) + Os (x) 
where 


1 (x) = 2'(x)- ye(a)— y' (x) - 2a (x), 
O2(x) = 2 (x) - yg(x) —y' (x) - 28 (2). 


Hence the above determinant for the focal point is identified with the 
well known expression 6(x, 2,)* whose zeros determine the conjugate 
point of x, on Eis. 





* Bolza, loc. cit., p. 233. 
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ON THE FUNDAMENTAL EXISTENCE THEOREMS 
FOR DIFFERENTIAL SYSTEMS.* 


By Wiiu1aM M. Wuysurn.t+ 


It is the object of this paper to treat existence theorems for systems 
of first order differential equations where both the equations and the initial 
conditions differ from those that occur in the ordinary theory. The 
equations are different in that the quantities that appear on the right- 
hand side of the equations do not, as a whole, satisfy a Lipschitz condition 
or a condition of uniform boundedness by a summable function.t The 
boundary conditions differ in that they apply to more than one point of 
the interval. 

Throughout the paper we work entirely in the real domain and treat 
the system of ordinary, first order differential equations 

dyi ~" - 
(1) a = Fy Yr +s Yn) + a, Ajj(x, 1, +++, Yndyy (= 1,+++, 0) 
where the following conditions are imposed:§ 

1. For each fixed x on X¥: as.x<b, the functions /; and Aj are 
continuous in (y1,---, yn) for all real values of yw, ---, yn. 

2. For each fixed (y:,---, yn), the functions f; and A;; are summable 
in x on X. 

3. There exists a summable function M(x) on X such that for all x 
on X and for all (yj,---, yn): Ayi, |\fil < M(x), (7 —1,---, n). 

4, There exists a function L(x) that is summable on X such that for 
each x on X and for every (y1,---, yn) and (21, ---. 2n) 


r=n 


\ < Liz) > \Yr—2r', (4,7 =1,++-,m). 
r=) 


a alas Zn) | 
| Sila.m, ***, Yn) — Si (x, 21, +++, 2n)| 


By a solution of system (1) we mean a set of absolutely continuous 
functions y:(x),---, yn(x) that satisfies (1) almost everywhere on X. When 





* Received January 25, 1928. Presented to the American Mathematical Society, 
December 28, 1927. 

+ National Research Fellow in Mathematics. 

{ Summable is used in the sense of Lebesgue, i. e., f(x) is summable on axa<b if 
the Lebesgue integral f- S (x) dx exists. 


$It is to be noted that conditions 3. and 4. are not met by Ay y. 
31 
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no confusion arises from so doing, we use the notation F(x, y™) to denote 
F(a, y\ [a], ---, y[x]). We state that a property holds on S,, to signify 
that that property holds for 7 = 1,2,---,, each « on X, and for k = 0,1, 
2,---,m. We use S to denote the presence of this property for k = 0, 
1,2,---, 2=1,---,m, and for every x on X. 

1. An existence theorem. 

THEOREM I. Jf x =c is any point of X and a@,---, &, are arbitrarily 
assigned constants, there exists a unique solution of (1) satisfying the 
conditions 
(2) yi(c) = a; (¢ == 1, .-+, 9). 


Proof. A theorem of Carathéodory’s* shows that under our hypotheses 
the functions Aj and fj (¢,7 = 1,---,m), are summable functions of x 
on X when 1, ---, Yn are replaced by any continuous functions of x on X. 
It follows from the summability of the product of a continuous function 
by a summable function that the functions Ajjy; are summable on X 
when y1,---, Ym are continuous in 2 on X. If system (1), (2) has a solution 
it will therefore satisfy the integral system 


j=n 


(3) yi(x) = wtf [ic y)+ 2 Ault, duo] ar (¢=1,---, m), 


and conversely, as a consequence of the properties of indefinite integrals, 
it is true that any solution of (3) is also a solution of system (1), (2). 
Hence we may establish theorem I by proving a corresponding theorem 
for system (3). 

Let the absolutely continuous functions y, (¢ = 1, ---, n), (k =0,1,--+), 
be defined as follows: 


y (x) = @, (@=1,---+, m) 
y® (2) = ait fly (t, yD) + > A, (t, yt D) "iia (| dt. 
c j=1 


(§ a= 1, ++, 


n), (k=1, 2, 38,---). 








Lemma. There exists a constant G such that |y (x)| << G on 8. 
Proof of Lemma. Let a constant K be chosen greater than unity and 


i=n 


b 
so that K > Zz | a; +f M(t) dt and then consider the inequality 
7=1 J fi 


(4) (a) < Ky nj f moar | in, 


* Cf.: Vorlesungen iiber Reelle Funktionen, Leipzig, 1927, p. 665. 
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This inequality is valid on S,, where if x = c we replace the righthand 
side of (4) by K. Let m be the smallest positive integer such that (4) 
fails on Sp». For the sake of definiteness, suppose this occurs for an x 
such that 2 >, since obviously no essential difference exists between the 
argument for this case and the case x < c¢. : 


| (x)| <\a,| + ffi, ym) att SF Ay te, mlm | a 
Je j=1¥0¢ 


xr ox r=m—1 r 
<iae, 1\ 
cia + [PM odt+K ("|r Z [nf ae@asl it}ac. 
Integrating the last term 


y (2)| < K(1 +3 {n f “M(t) ad Ur +p!] = >| f “mcoat[| r! 


and hence (4) is valid on S,. This contradiction establishes the validity 
of (4) on S. The inequality (4) is strengthened if we replace the lower 
and upper limits of integration respectively by a and b. Also, since the 
series of positive constants thus obtained converges — as k becomes 
6 
infinite — to a limit @ = Ke’ eee we have jy (x)| << @ on 8. 
Proof of Theorem 1. Let 2 (x) == yO (x), 2 (a) = y® (x) —y*-” (a), 
(¢@==1,--., n), (k = 1,2, ---). Let N(x) be the summable function that 
is equal to the greater of M(x) and L(x) for each » on X. The inequality 


(5) 2 (x2)\ < K| (n? @+2n) f N(pdt | ik! 
f ie 


holds on Sp. Its truth on S, follows from 


#(2)| < [ [ne y+" 4, (t, YY (o\|ae 
i Je j=i 


<| [Wo +nnejar <K\[ Nit) dt\[n2G+2n], 
while the inequalities 
| (7S 


2 (ax) Ay (te y*P) 2 + y®® [Ay (t, y*—D) — Ay (t, y*®)] 


| ¢ Fs 


+LACt y*)—filt, yah at 
<K [le n+Gn) N(t) [en + Gn’) [xo as\ | "“a—1)h dt 


< Kn G+2n) f Nit) at| [7 
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show that its validity on S,—: implies its validity on S;, (k = 2, 3, ---). 
It follows by an application of inductive reasoning that (5) holds on 8. 
The inequality (5) is strengthened if ¢ and x as limits of integration 


are replaced by a and b respectively. Furthermore, since the series of 
k=0 


constants thus obtained converges as k becomes infinite, the series >) 2 (x), 
K=0 3 


(¢=1,.--,m), converge absolutely and uniformly on X to continuous functions 
r=k 

y;(z). Also, since y (x)= > 2 (x), we have that lim, ,,, y (x) = y,(2). 
r=0 


From the continuity of the functions Ay and fj, (¢,7 = 1, 2,---,), we 
have lim, ,,, A, (x, y™) y? = A, (x, y) y, and lim, ,,, f; (x, y) =f, (x,y). 
for i= 1,.---,m, and for every x on X. Since these limit functions are 
summable on X and the sequences are uniformly bounded by the summ- 
able function GM(x), we may apply Lebesgue’s theorem* concerning the 
limit of the integrals of a sequence of summable functions to get that © 
the set yi: (x),---, yn(x) is a solution of (3) and consequently of the 
system (1), (2). 

The uniqueness of this solution is established by assuming the existence 
of another solution #,---,%, and showing that this assumption leads to 
a contradiction. Since y1,---, Yn, t1,-++, Um are continuous on X these 
functions are all bounded in absolute value by a constant H which we 
take greater than 1. The functions Ajy; and jf; satisfy the Lipschitz 
condition 4) where L is replaced by H N(x). The argument given by 
Carathéodory+ may now be applied to obtain a contradiction. 

2. A more general system. Let 7 be any constant such that 0<r<1. 


Since I M(t)dt is absolutely continuous when x and ¢ both lie on X, 


we can determine a positive constant d, such that the absolute value of 
this integral is less than or equal to r/m when |2—c <d,. Also, from 


‘re 
the absolute continuity of J = f [2+ (nB+r)/(1—r)] N(@ dt, where 


the constant B is greater than 1, |«;|, (i= 1,---,m), and N(z) is the 
summable function that is equal to the greater of M(x) and L(x) at each 
point of X, it follows that if R is any constant such that O< R<l, 
a positive quantity d, can be determined so that |7| < R/n whenever 
#—c|< dz, and x and ¢ both lie on X. Let r, R, d,, dz be so chosen 
and let d be the smaller of d; and dy. 

THEOREM IJ. If a,---, dn are points (not necessarily all distinct) all 
of which lie on a single sub-interval D: cx < ad of X of length less than 


* Lebesgue: Lecons sur l’intégration etc., Paris, 1904, p. 114. 
* Loe. cit., p. 673. 
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or equal to 0, there exists a unique solution of system (1) satisfying the 
conditions ; 
(6) Yi(ai) = @% (¢@ = 1,---, 2). 


Proof. We first prove that this theorem is true on D and then extend 
it to X by means of theorem I. Let the variable x be confined to D. 
The argument that was used in proving theorem I establishes the equi- 
valence of system (1), (6) and the integral system 


= j=n 
(7) yi (x) — at E (t, u)+ 2 Aj; (t, y) wio}ae G = 1, +++, m). 


Proceeding as before, we define the absolutely continuous functions y™ (x), 
(i= 1,.---,n), (k= 0,1, 2,--., by the equations 


y? (a) = «, 
jan 
(0) =o +f LA +S 4, wen lar 
(k = 1, 2,3,-->), Gi = 1,--+,m 


Lemma. The functions |y (x)| are bounded on S by a constant G. 
Proof of Lemma. Reasoning similar to that used in establishing the 
lemma under theorem I establishes the inequality 


j=k 
y® (a)| < (B+ r/n) x, y, 


Our lemma follows when we note that the positive increasing sequence 
on the right-hand side of this inequality converges to G == (B+ r/n)/(1—r) 
when k becomes infinite. 

Proof of Theorem II. Let 2 = y%, 2° = y® — yy, (i = 1,--+, n), 
(k = 1,2,3,---), and note that the inequality | 2 (x)|< BR* is valid 
on S). That this relation also holds on S; follows from 


| fepj=n 
|e (x) = [= Ay (t, y)ay-+git, y|ae| 
\ Ja, It | 


CH 
“i <|[° [n B N(t) + N(O)] dt| <BR 
' ‘ 
while the inequalities 


|e (x)| < 4} [Siave, y*)| |e? | + Ly? | | Aut, y*-) 


— Ay(t, y*)| + Ait, yY*) —filt, yilar 
<n BR Pr eene.s 
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show its validity on Sz, (k = 2, 3,---), as a consequence of its truth on 


— «0 
S,-1. Since the absolute value of each term of the series >) 2™(z) is 
3 k=0 


k=00 


less than the corresponding term of the convergent power series B > R*, 
k=0 


it follows that these series converge absolutely and uniformly on D to 
continuous functions yi(~). An application of Lebesgue’s theorem as in 
the proof of theorem I yields the result that y:(x), ---, yn(x) is a solution 
of system (1), (6) on the interval D. 

This solution is unique. For suppose wm,---, uv, is another solution 
of (7). For at least one value of x on D the continuous function 


i=n 
v(x) = > |yi— ui is greater than zero and hence its maximum on D is 
i= 


greater than zero. Let x =h be a point of D where v(x) assumes this 
maximum. As a consequence of the above lemma and the convergence 
of the sequence (x), (k = 0,1, 2,---), to yi(x), we have |y(zx)| 


<(B+r/n)/(1—r) on D. 


| *h j=n 
yi (h) — ui (h)| = | {Litt y) —filt, w] +2 [Ault ») 


a; 


— Ay(t, W) yj O+ Aut, w [yi — wlfae 


S (ace +-(Bn +r) L(t)/(A—r)+ LO) v(h) dt < Rv(h)/n. 


Summing for 7= 1,---, ~ yields v(h) < Rv(h) or 1 < KR. This however 
contradicts A< 1 and yields the uniqueness theorem.* 

It remains to show that this solution can be extended over X. Let 
yi(c) = 8;. By theorem I there exists on X (or any subinterval of X) 
a unique solution a, ---, u, of system (1) such that u;(c) = 4; This solution 
must therefore coincide with y:,---, Yn on D and hence must satisfy the 
conditions (6). w(x), ---, uw(a#) is the solution whose existence and 
uniqueness was to be established. 

CoroLuary I. If Aij(x, 0, 0, ---, 0) = 0, f(a, 0, 0, ---, 0) = 0, a4 = 0, 
(i,j = 1,--+, 2), then the unique solution of system (1), (6) ts y, (x) = 0, 

"5 Yn (x) 0. 

CoRoLLARY JL.4 = =There do not exist two non-identically equal solutions, 
(yis**+, Yn) and (i, +++, Un), of (1) such that yy — Wm, +++. Yn— Un all have 
roots on a sub-interval of X of length 4. 


* This proof is similar to one given by Carathéodory (loc. cit., p. 673). 
+See a theorem of Fite, Trans. Amer. Math. Soc., vol. 19 (1918), p. 351. 
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Corouuary IIL.* If Ay =0, (i, 7 = 1,---, n), theorem II is valid if 6 
is chosen so that [xwat < R/n when \x—c| <4. 
3. The solution as a function of the initial values. Consider 







yi,°**, Yn aS functions of (x, a1, ---, Qn, 1, +--+, @n) in the (2n+1)- 
dimensional domain T: cl a<d, cS xd, —ESa<+H, 0<E<B 
(¢=1,---,n). 

THEOREM III. The functions yi(x, a1, ---, dn, @1,-°-+, @n) are continuous 





in all of their arguments throughout T. 

Proof. Examine the functions y, (k = 0,1,2,---), used in proving 
theorem II. Certainly y has the continuity asserted in our theorem. 
We show by induction that y must also be continuous throughout 7 
if y*— has this continuity. 







bf j=n 
y= a,+ f : Pp Ay(t, yy + Flt, y»)| at 





x j=n 
Ae { | 2 Ay (t, y®)y* + Flt, y-»)| at. 
Jb Lj=1 





where x = b is any fixed point of D. Since A,,(t, y*~?) y* and f(t, y*) 
are continuous in (y\*-, ..., y*-») for ¢ fixed and since (y¥*—», ..., y*—») 
are continuous throughout 7’, it follows from well known theorems in 
function theory that the functions A,(¢, y*») ian and f,(t, y*-”) are 
continuous in (a@,---, Gn, @1,---, @,) for each fixed ¢ on D and summable 
in ¢ for each fixed (a1, ---, Qn, @1, ---, @,) in the domain under consideration. 
From condition 3) on A, and f, and the continuity of y/*~» follows the 
boundedness of A,,y/*- and f, throughout 7 by a summable function of ¢. 
We may therefore apply a theorem due to Carathéodory that has recently 
been isolated by Ettlinger+ to each of the integral terms (2n-+ 2 in number) 
in the above expression for y® to get that y” is continuous throughout T. 













Since the sequences of continuous functions y™, (i = 1,---, n), 
(k = 0, 1, 2, ---) converge absolutely und uniformly on T7 to 
Yi(X, G1, ++", An, %1,+++,@n), (¢=1,---,m), it follows that these limit 





functions are continuous throughout 7’. 

4, Remarks. It is worthy of note, perhaps, that the length of the 
interval over which the points in theorem II are distributed may be in- 
creased in the neighborhood of any particular point of X. The nature 














*This follows when we observe that in this case theorem II can be established without 
the aid of the lemma. 

+ Bull. Amer. Math. Soc., vol. 33 (1927), pp. 37-38. 
{This is established implicitly in the proof of theorem II. 
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of the limitation on the length of this interval is well exhibited by the 
system yi = kyo, ys = —ky:, where k is a constant different from zero. 
Theorem II is valid for this system if y, and y. are assigned at any two 
points of the real axis whose distance apart is less than 7/2k. If these 
points are at a distance apart equal to 7/2k the uniqueness fails and it 
is easily verified by solving the system that there is at least a one para- 
meter family of solutions. 

No difficulties arise in treating systems of the type (1) where 4A;; and /; 
depend upon one or more parameters. The methods of this paper can be 
used to establish Carathéodory’s theorem* where A, and jf; are assumed 
to satisfy the same hypotheses that his functions /; satisfy. In theorem II 
of the present paper 6 will in general depend upon the parameters but 
this can be avoided in case the constant B can be chosen greater than 
a, .-++, | @,!| for all values of the parameters under consideration. 

In connection with this work it is of interest to read an article of 
Niccoletti’st in which he treats a single equation of the mth order, and 
by making explicit use of the fact that his equation is of the nth order, 
he is able to establish an existence theorem where the solution and some 
of its derivatives are assigned at more than one point of the interval (it 
being necessary, however, that y, y’,---, y“~-» be assigned at a point 
where y® is assigned). Niccoletti does not get uniqueness. There seems 
to be no overlapping of his theorems and those of the present paper. 

A system of the type (1), (6) would arise in a consideration of dynamical 
systems where all of the coédrdinates are not assigned initial values 
simultaneously but this assignment is distributed over a time interval of 
length less than or equal to 6. Theorems IJ and II shed some light on 
the effects of such variation from the systems ordinarily considered. . 





* Loc. cit., page 678, Satz 5. 
7 Atti della R. Accademie Delle Scienze Di Torino, vol. 33 (1897), p. 746 ff. 
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ON A CLASS OF TAYLOR’S SERIES. 


By P. L. Srivastava. * 


1. In this paper I propose to study the analytic continuation of the 
function represented by the series Ss o(n) 2”, where ¢(z) is an integral 
0 


function of z, of order e”, where k<a. The paper contains several 
interesting results, the chief of which is embodied in Theorem II. 

My thanks are due to Prof. G. H. Hardy, under whose guidance these 
results were obtained. 

2. First of all, I shall establish the following theorem: 

THEOREM I, Jf a(z) = peas is an integral function of z, and satis- 

0 . 
fies the relationt 
a(z) == O(é&'*'), 

where k <a, everywhere in the plane, then, if s— o+it, and \t|< 


F(s) = > a(n) e~* 


c 1 1 








] Ss) Cy  y 
= got 2 ont 2 2 *(eriecyr + pase) 


'< n=1v=0 


where the single series converges absolutely for |s|>>k, and the double series 
is absolutely and uniformly convergent in the strip t< 7. 

The Dirichlet’s series is absolutely and uniformly convergent in the 
region o >k-+06>k, |t} <7; and making use of a formula of Lindeldf,§ 
we have the equation 





1 ™ “® a(ie) ese — a(— ig) e% 
(2.1) F(s) = = fo ae ax | , —deo, 
——— ame] o 
* Received July 20, 1928. 
+k must necessarily be positive, if a(z) does not reduce to a constant. 
tS. Wigert, Sur une certaine classe de séries de puissances, Arkiv fir Mat., Ast. och 
Fys., vol. 12, no. 7, 1918. Wigert obtains this result in a different way. 
§ Le calcul des résidus, ch. III. The formula referred to is the following: If (i) 
eo 
I (2 is an analytic function of z in the half-plane R(z) = 0; (ii) S f(r) is convergent; 
1 
(iii) f(z) is subject to the condition 
n 
lim f eee lsiny i f(oe™) dw—>0; 
1 


oe 


drm =- 1 ro+ f f adetif LE0 tO at. 
1 o 0 AU v — 
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We now wish to find expressions for the functions represented by the 
integrals on the right side of (2.1) in the form of series. 


First consider the integral ' a(x)e-**dx. We have, by a theorem 


of Cauchy, 
(2.2) ty == O((k+ «)”), for every «>0. 


Therefore, supposing s real and >k, in the first instance, 


[S2z) rue $5 


2) 
% Cy 
2 eK dz = —, 
0 2 grt 


y! 2J0 
since 


1 6 ad 
| >» hed | |e-8@ | dar 
pee Be 


converges like y O(e—S-*-9)2) da. 
oo 
The series >'c,/s’+! is absolutely convergent outside the circle |s| = k, 
0 


and represents there a regular and uniform function of s. 

Consider next the second integral, whose integrand is regular at the 
lower limit. It is easy to show that this integral represents an analytic 
function of s=-o+i¢ in the strip |¢|< a. Suppose then, in the first 
instance, that s is purely imaginary and is equal to it, where |¢|/ < 7. 
We have 

ine if a(io)e—*” — a(— ie) ee Se 
0 





ee — | 
a ae 2 
= 1p Fa acti | ene ( 
—] 0 
= h+B+h 


o0 ee 
oo 
—~§ if ere 
J 0 
say. Now 


iL,= ia |, (e— se — este) (> me) deo 


[2] 2) 
(2.3) Co > |, {e—@nm+sie@ _ ¢—@nn—si)e} dp 


n=1 








1 1 | __ §__ 2as 
=a 2 saan + (s+2nni){ 1 8?+4n'?x?®’ 


the expansion of 1/(e?”@—1) in infinite series and the subsequent integration 
term-by-term being justified by the fact* that 





* Bromwich, Infinite Series, 2nd ed., pp. 500-502. 
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is) 
{ jlevie — —ee| Se -tne|ae = 2 f Sante de 


is convergent. 
Consider next J3. 


= sf om SEF 0) alt i$ Seema 


v= 


-23—* 
MA ML (8 — 2nni)’t!’ 








the inversion of the order of summation and integration being justified by 
the fact that the double series 


Zi te | le e~2n7+s0| do 


2) 


is convergent and converges like > > lcy|/(2na— t)’*!, cy satisfying 
=1 


the equality c, = O((k+ «)”). es 
Similarly 





o © 


p> pa ie Pet oe 


ln=1 
i aerefore 
is] 


4) B+h= 2 2D) ‘exraueet rae 


=1 





Now to show that the double series is uniformly convergent in the 
strip |¢| <<, and hence represents an analytic function of s there, we 
observe that 

lst2nmi| > (2n—1)a forn=>1, |t)|< a, 
so that 
| cy | 
1 (2m — 1) ay’ 





which converges by virtue of (2.2). Also the right side of (2.3) represents 
an analytic function of s in the strip |t| <7. 
Therefore the equality 


= oe 2a 0 0 1 1 | 
T= h+h+h = 2 2eoleranays t Gina 





is true for all values of s in the strip |¢|< 7, and we have the desired 
result 
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Cy 


1 a 
F(s) = got 2 oa 


(2.5) a es 1 1 ) 
+ 2A \otinayt + Gainey lS. 


0 


This completes the proof of the theorem. 
The most obvious consequence of the relation (2.5) is that F(s) has no 
singularities in the strip |¢| < a other than those of the function represented 


oo 
by the Laurent’s series > ¢,/s’*. 
0 
Remarks. (a) A particular case of Carlson’s theorem,* viz., that if a(z) 
is an integral function, which satisfies everywhere the relation a(z) = O(e'*!), 
k<a, and vanishes for positive integral values of z, then a(z) = 0, follows 


from (2.5). 
For if a(z) =E 0, we have from (2.5) 


> 0 


which is impossible, unless all the c’s are zero, since the function represented 
by the first series must have a singularity either on or within the circle 
's| == k, and the double series represents a regular function in the strip 
'¢] < a. Therefore, all the c’s are zero, i. e., a(z) = 0. 

It also follows from this that 7f a(z) is an integral function, not identically 
zero, and satisfies the relation 


a(z) = O('7!), k<a, 


then the Taylor’s series S a(n)x" can not represent an integral function of x. 

This result is no longer true if a(z) be taken to be regular in the half- 
plane R(z) >0 only. Thus, for example, the Taylor’s series Sx/T (+n) 
represents an integral function of z. Here g(z) = 1/r(1 a2 is regular 


(Tt 
in the half-plane R(z) = 0, and = ola _—s ) throughout this region, 
provided |z| exceeds a certain finite limit, « being an arbitrary positive 
number. 


* Sur une classe de séries de Taylor, Thése, Upsalla, 1914, p.58. Also see Wigert, 
Sur un théoréme concernant les fonctions entiéres, Arkiv for Mat., 1916. 
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(8) The equation (2.5) has been obtained on the assumption that |¢) — a. 
But the right side represents a regular and uniform function* of s all over 
the plane outside the circles of radius k round the singular points s = +2 nz, 
n = 0,1, 2,3, 

Hence (2. 5) niailane for all — values of s for which the right side exists. 


3. THEOREM 2. A necessary and sufficient condition that f(z) = San em 
0 


should be regular and uniform in the region exterior to the curve 


(3.1) (log) = y>— o, O<;7< a), 


and including infinity, and have this curve as a barrier of singularities, 
oo 
is that there should be an integral function a(z) = > cy 2”/v! which assumes 
0 
the values a,, Ag, d3,-++- for = 1,2,3,---, and for which the associated 
Taylor’s series So 2” has the circle of its convergence |z| = 1/y as a barrier 
0 
of singularities. 
First I shall show that the condition is sufficient. 
If the circle of convergence of the series >'c,z” is precisely 1/y, then 
oo 
the integral function a(z) = > e2’/v! = O(exp.(y+e)\2\), for every 
0 
¢>0, and all sufficiently large values of |z|. 
Now 


(3.2) F() = (m—a) + & (SX Saver 


n=0 0 
Putting z = e~*, s = o+it, and supposing |¢) << a, we have from (2.5) 


ied) ao @& 


1 1 1 
(8.8) fe) = (w—54) +2 gut p> 2," isan (s— Fare 
where the first series on the right side represents a regular and uniform 
of s, outside the circle s| = y, and for which the circle is a barrier of 
oo 


singularities, since bs c’2z” has the circle z= 1/y as its singular line; 
0 


and the double series represents a regular function of s in the strip |¢, < 7. 

Transforming these results to the z-plane, we observe that the double 
series represents a regular and uniform function of z, when a cut has been 
made along the negative real axis, with the possible singularities at 
0 and oo. The first series also represents a regular and uniform function 
of z in the cut plane, with the possible singularities at 0 and for this 
function the curve, 


*This is in accordance with Cramér’s Thécréme V, pp. 30-33, Sur une classe de séries 
de Dirichlet, Thése, Upsalla, 1917, 


- — . —- 
. : ) 
; 
dy a a ite i i ih eae 
’ wlll teniealinsitig 
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2 
\s| = 7, or (loz) = 7*— 8, (2 = re), 


forms a barrier of singularities. 

We have thus proved that the curve (3.1) is a barrier of singularities 
for the function f(z). 

Now we proceed to show that f(z) is regular and uniform in the region 
exterior to the curve (3.1), and including infinity. 

We can write, following Wigert,* 

Co < c” 4 

(3.4) f(@) = (@—%)+ 7 > + date Pw+1 (=) yt 
where 


Posy (t) = (t(—1) > (—1)" m!_ CR #", 
m=1 


and Cy. is the coefficient defined by the development 


1 S (—m) 
(i—ax) (1—22) --- l—mz) = a 

Now each term of the series on the right side of (3.4) is a uniform 
function of 1/(1—z), and the series converges uniformly in any finite 
region exterior to the curve (3.1); its sum is zero both at the origin and 
at infinity, hence it represents an analytic function of 1/(1—z) outside the 
curve (3.1). It follows, therefore, that f(z) is a regular and uniform 
function of z outside the curve (3.1) and assumes the values (a9>—co) and 
a for z= and z = 0, respectively. 

The first half of the theorem is, therefore, proved. 

Now we shall show that the condition is necessary. That is, we shall 
now suppose that f(z) is uniform and regular throughout the region 
exterior to the curve (3.1) and including infinity; and further that the 
curve (3.1) forms a barrier of singularities for the function f(z). In these 
circumstances, we have to show that there is an integral function 





a(z) = >> c,2”/v! which assumes the values, a,, a3,--- for z= 1, 2,---, 
0 


oo 
and for which the associated series > c, 2” has the circle of its convergence 
0 


| 2 | = 1/y as a barrier of singularities. 
In what follows, I proceed on lines of argument used by Prof. Hardy.t 
We have 





* Loe. cit., pp. 10-11. 

tT This result can also be obtained by using theorem V (p. 30) of Cramér’s thesis, loc. cit. 

} On two theorems of F. Carlson and S. Wigert. Acta Math., vol. 42, pp. 337-38. 
The results of this paper bear a close connection to those obtained here. 





TAYLOR’S SERIES. 


(3.5) pa tieri 201 {ee as, 


the path of integration being a closed contour surrounding the origin but 
leaving the curve (3.1) entirely to its right. It is evident that if m > 1,* 
we may deform this contour into that formed by (i) the right portion of 
the circle r = e~%, where 6 > y, and (ii) the parts of the radii 6 == +4, where 





y<l<n. 


Let us now effect the transformation z= e~*, s = log where that 


value of the logarithm is chosen whose imaginary part lies between 
—zn and z. 

The contour in the z-plane becomes a contour in the s-plane formed by 
three sides of an infinite rectangle whose vertices are 6+47, —o+dAi, 
and we have 


' 1 
(3.6) an = Sue 8) ds, 


the integration being effected along this contour, which now lies entirely 
outside the circles |s} = y and |s+2kai|=—y, (k = 1,2,3,---). Now 
J (e-’) is regular in the region exterior to the circles just referred to. It is 
obvious that the contour may now be deformed into the circle s = |I|, 
where />y but <2a—y. Also we can express f(e~*) in the form of 


a Laurent’s series 
(- 2) 


2, Grit 4S inet, 


v=0 n=0 


where the first series is convergent for |s|>y and has the circle |s| = 7 
as a barrier of singularities, and the second series is convergent for 
ls|<2u—y. 

We ra therefore, 


oe >Se) i 
= on fe(s ott} =F ass: ii Pp 


|s| = \s|=-0 





That is, a(z) = Sy dy41/v!, which is an integral function? of z, and 
0 


is such that the associated Taylor’s series S dvas 2” has the circle of its 
0 


*The argument fails for n = 0, unless f(o) = 0. 
+ The function a(z) is unique in virtue of the result established in remark (a), § 2. 
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convergence z= 1/y as a barrier of singularities, since the series 
Pik chivas has the circle |s| = y as a barrier of singularities. 
. This completes the proof of the theorem. 

As an example, consider the integral function a(z) = ps (kz) /n®! where 


0<k<a. Then the associated Taylor’s series Sez has the circle 
0 


\g| = 1/k as a singular line, and f(z) = > (cemy*/ot}e is a regular 


n=0\v=—0 ; 


and uniform outside the curve 


Sy 2 2 
(log =) = k*— @, 


which is the barrier of singularities for f(z). f(z) = 0 at infinity, and 
f(0) =1. 
On the other hand, if a(z) = Sckz)/ n!, the associated Taylor’s series 


0 

S (key has the same circle of convergence, viz., |z| = 1/k, but the 
0 
function f(z) = 1/(1—e*z), and has a simple pole at z =e. 

4, Only trivial modifications in the proof of the last theorem are required 
to prove the following well-known theorem of Wigert.* ea 

THEOREM 3. A necessary and sufficient condition that f(z) = > ane" 

0 


should be an integral function of 1/(1—z) is that there should be an integral 
Junction a(z) of order 1 and type 0 which takes the values ay, dg, dg --- 
for z=1,2,3,---. 


In my thesist I have shown that the alternative necessary and sufficient 
°.2) 


condition that f(z) = Sanz", not reguar for z= 1, be an integral 
0 


oo 
function of 1/(1—z) is that the associated integral function a(z) = > anz"/n! 
0 
should satisfy the asymptotic equality 


‘aloe 
lim sup Jogiatee™)| 


= cosw (w| <a). 
ew Q —_ 


As this is a particular case of a general theorem which I wish to con- 
sider in another paper, I content myself with only mentioning it here. 





*See, G. H. Hardy, loc. cit. References to the extensive literature connected with this 
theorem will be found in this paper. 
+ For the degree of Doctor of Philosophy, Oxford, 1927, (not yet published). 












QUARTIC EQUATIONS WITH CERTAIN GROUPS.* 


By RayMonp GARVER. 


Seidelmannt has given expressions for the most general rational quartic 
equations having certain prescribed groups for the field of rational numbers. 
His article is simply a summary of his Erlangen Dissertation, and does 
not describe his methods in detail. However, they involve manipulations 
on rational functions of the roots of a quartic equation which belong to 
the desired group. His principal results are the following: 

I. A general expression for the rational quartic (with second term re- 
moved) whose group for the field of rational nusabers is the group G, = 
(12) (34), (13) (24), (14) (23) is 


(1) at—22* (e+ f+ efg*) — 8efgx+(e—f—efg*)—4ef*g? = 0, 


where e, f, g are rational parameters. For this equation to be irreducible, 
none of e, f, ef may be the square of a rational number. 
Ii. A similar expression corresponding to a cyclic group C, is 


xt— 22? (1+) (+9) —4fol+e)az 
+ (1+ e*) [(i +e) (f?—g)?—g"] = 0. 
In this equation g must be +0 and (1-+-e*) must not be the square of 


a rational number. 
Ill. A similar expression corresponding to a group Gs of order 8 is 


(2) 


(3) xt — 2a*(e2 f+ 9) —4efx+ (2 f—g)?—f = 0. 


In order that this equation may be irreducible, and that its group may 
not reduce to G, or C,, it is necessary that none of the quantities /, 
g*—f, f(g°?—S) be the square of a rational number. 

The purpose of this paper is to obtain the above results in quite 
a different manner, by use of the Tschirnhaus transformation. This method 
seems to be worth presenting for two reasons: first, it acts as a unifying 
influence in the present work on the quartic equation, since a considerable 
part of the process can be carried through for all three cases simultaneously 


* Received February 27, 1928. 
+ Math. Annalen, vol. 18 (1918), pp. 230-3. 
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and, second, it promises to be of some value in considering similar problems 
for equations of higher degree. 

The method of the present paper may be summarized in a few words: 
to obtain a general expression for the equation of mth degree with rational 
coefficients having a given group for the field of rational numbers, proceed 
as follows. 

1. Obtain a simple normal form to which all equations with the desired 
group can be reduced by means of a Tschirnhaus transformation with 
rational coefficients. 

2. To this normal form, apply the general Tschirnhaus transformation 
of degree (n—1) with rational coefficients. 

By Lemmas 1 and 2 below the transformed equation thus obtained will 
be an expression of the type sought. A number of details will always 
have to be taken care of before the result is obtained in the most con- 
venient form; these apparently will have to be worked out separately 
for different cases. 

The required details for the quartic equation are given in the following 
six lemmas. The first two are general, yet easily proved, properties which 
really form the foundation of the method of this paper. The third and 
fourth are simply restatements of known theorems, the former furnishing 
the normal form which we shall make use of. The fifth and sixth are 
theorems which seem to be given here for the first time; it is necessary 
to use them in order to obtain the results in the simplest form. 

Lemma 1. Jf an equation with rational coefficients (without a double root) 
is transformed into another such equation by a Tschirnhaus transformation 
with rational coefficients, the second can be transformed into the first by 
a similar transformation. 

The proof is very simple. Dickson* shows how to obtain a fractional 
transformation leading from the second equation back to the first, and in 
the present case its coefficients will be rational numbers. Further, the 
process of replacing a fractional transformation by the equivalent integral 
(Tschirnhaus) transformation introduces no irrationalities; hence the lemma 
is proved. 

LemMA 2. If an equation with rational coefficients (without a doubl. root) 
is transformed into another such equation by a Tschirnhaus transformation 
with rational coefficients, the group of the transformed equation for the field 
of rational numbers is the same as the group of the original equation. 

Let the group of the given equation be K. Every rational function 
with rational coefficients of the roots of the transformed equation which is 





* Modern Algebraic Theories, Chicago, 1926, p. 211. 
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equal to a rational number is unaltered in value by every substitution of K, 
since it is also a rational function of the roots of the original equation 
which is equal to a rational number. Hence it follows* that K is a sub- 
group of the group of the transformed equation. But by Lemma 1 we can 
go from the transformed back to the original equation and reverse the 
reasoning. Thus the lemma is proved. 

Lemma 3. Any quartic equation with rational coefficients whose group is 
G,, Cy or Gs (as defined above) can be transformed by a Tschirnhaus trans- 
formation with rational coefficients into the form x* + agx*+ a, = 0, where 
fz and a, are rational. 

This theorem seems to be due to Wiman, who proved it in a more 
general form.t I have recently given a direct proof of this particular 
case.} 

Lemma 4. The equation obtained in Lemma 3 has the group Gy in case a 
is the square of a rational number r, provided also that none of the quan- 
tities a2 — 47°, 2r—a,, —2r—a, is the square of a rational number. 
(These last restrictions insure the irreducibility of the equation.) 

The equation has the group C, if a,(a2—4a,) is the square of a rational 
number, while neither separate factor is such a square, And if none of 
the quantities a,, a3 —4a,, a,(aj]—4a,) is a perfect square, the group is G,- 

The criteria which refer to irreducibility re easily enough obtained. 
The others are developed in a paper by Bucht,§ and are stated in a number 
of other places. 

LemMA 5. There are two two-parameter families of Tschirnhaus trans- 
formations which transform x* + a,x*+- a, = 0 into another quartic with 
second and fourth coefficients missing. These are 





(4) z = box? + dex (bo, be arbitrary), 
(5) 2 = b2°+5b,27+5b,(a,+a") a+ “os = 0 (bh, b, arbitrary). 


That transformation (4) satisfies the condition of the lemma is obvious. 
Transformation (5) will not be used in this paper; it is merely given to 
make the lemma complete. It is again easy to show that =z = 32° = 0, 
and that the condition of the lemma is satisfied. 

Lemma 6. Any Tschirnhaus transformation which transforms x*+a,x*+a,=0 
into a quartic whose second coefficient is zero can be expressed as the product 
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* Dickson, Modern Algebraic Theories, Theorem 5, p. 167. 
+ Ark. for Mat. Astr. Fys., vol. 3 (1906-7), No. 28. 

t Bull. Amer. Math. Soc., vol. 34 (1928), pp. 73-4. 

§ Ark. for Mat. Astr. Fys., vol. 6 (1910-11), No. 30. 
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of two transformations z == box*+ bx, y= hoz? +-2+hoks, where kg is 
chosen so that Sy = kyo(Xz*+ 4k) = 0. 

The most general ‘T'schirnhaus transformation which transforms 
xt + a, x*+ a, = 0 into a quartic whose second coefficient is zero is 








(6) 7, = cor +e, 2? + eartes. 









where cz; is chosen so that Sy = q4s,+4cs = 0. If we now form the 
f product of the two transformations of lemma 6 by substituting for z its 
fs ™ value in terms of x and reducing by means of the quartic, we have 


(7) y= b, 2° +k, 2? [b? (a3 —a,) — 2b, b, a,+b3]+b,2+k,[b2a,a, -- 2b,b,4, +hel.- 





Ue To prove the lemma, we now choose by = (@, be = cs. The proof is 
completed if we can show that the two equations in ip, 








ko [bo (ai — 4) — 2 bo be ae + b3] = (1, 
ko [be a2 a4— 2bob2a4+ ko] = cs, 





iat (8) 






pom are consistent. However it is a matter of simple algebra to do this, 
we requiring merely the substitution for k, and c, of their values as given 
ae above, the replacement of Sz* by its value 6?s,+ 2b,b,s,+ b3s,, and the 
Ae use of Newton’s formulas which give the s; in terms of the a. 

Pt, We are now ready to proceed to the main problem of the paper. 
Lemma 3 provides the rational normal form required by our method, and 
we apply to it the most general Tschirnhaus transformation with rational 
coefficients. However, to obtain convenient results, we use Lemma 6. 
That is, we may first apply z = box*+ bex (bo, by arbitrary rational numbers), 
and then y == kyz®-+-2+kok, (22*+-4k, = 0). But by Lemma 5, the former 
of these does not change the form of the quartic in the least. Hence we 
may replace the symbol z by x, and still denote the first transformed 
equation by 2*+a,2*°+a, = 0. To this equation we now apply 
eh y = kypx*®+a+ho ke, where ky is an arbitrary rational number, and 
»* & = «,/2. 

The transformed equation is of the form 


(9) y'+Asy’+Asy+Ay = 0, 


where Az, As, Ay can be computed by any one of several known methods. 
Their values are 











ge 










ae es hh 







! 


a,— (a3 — 4a,) k?/2, 
10) A, — (a2 — 4a,)k,, 
A (az — 4a,) k4/16 + a,(a3 —4a,) k2/4+a,. 
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Equation (9) is an expression for the most general quartic whose group 
is Gy, C; or Gs. 

In conclusion it is desirable to distinguish between the three cases and 
show how Seidelmann’s results can be obtained. Lemma 4 forms the basis 
of this part of the work. 

If the group of the normal form of Lemma 3 is G, it is easy to see 
that it is of the form 2*—2(e+/f)2*+(e—/f)? =0. The irreducibility 
conditions now are simply that none of e, 7, ef be the square of a rational 
number. Also a3—4a,= 16ef, and if we put k, = g/2 equation (9) 
becomes exactly Seidelmann’s equation (1), except that y appears in 
place of x. 

If the group of our normal form is C, it can be written in the form 
xt'—2(1+e*)g2?+(1+e*)g*e? = 0. For when the group is (,, 
a,(aj—4a,) = 7? (r rational), and we have only to take e = 2a,/r, 
g = —a,/2(1+e?). The restrictions that neither a, nor (a3—4a,) be the 
square of a rational number are now both satisfied in case (1+ e,) is not 
such a square, and g+0. In fact, a2—4a,—= 49°(1+e*). Substituting 
these values in (10) and putting k) -- f/g. we find that equation (9) 
reduces to Seidelmann’s equation (2). 

When the group is G, the normal form can be written as 2*—2ga* 
+g*—f = 0. This representation is clearly justifiable. To satisfy the 


three restrictions of lemma 4, none of jf, g?— J, f(g?— Jf) may be the 
square of a rational number. We have a}—4a,= 4/, and putting ky) = e 
Seidelmann’s equation (3) is at once obtained. 











CANONICAL FORMS OF PLANE CUBIC CURVES 
UNDER EUCLIDEAN TRANSFORMATIONS.* 


By R.S. Burtneton anv H. K. Hort. 


1, Introduction. The first systematic classification of plane cubic curves 
was given by Newton in an appendix to his Optiks, first published in 1704.7 
By a difficult analysis, Newton showed that every cubic is included in 
one of the four “canonical forms”: 


ry t+tey = ax’+d2°+cr+4+d, 
ry = axz®+bd2*+cr+4+d, 
y = axv’+be'+ca+d, 
y = axi+be*+cat+d, 
the axes being oblique. 

Pliicker advanced an alternative classification using homogeneous co- 
drdinates.t An exhaustive analysis by Cayley§ is based upon these same 
“canonica: forms” of Newton. The authors have been unable to find any 
canonical forms for the cubic essentially different from those given by 
Newton. 

An essential objection to the “canonical forms” of Newton is the fact 
that they are not canonical forms in the modern sense of the word. That 
is, in not all cases can the coefffcients be obtained from invariants involving 
the original coefficients, or, what is the same thing, the transformations 
which leave a “canonical form” unaltered in form sometimes are more 
than finite in number. 

In the present paper the general non-homogeneous binary cubic poly- 
nomial is reduced to eight canonical forms, and the group of transformations 
which leave each of these forms unaltered is determined. Newton’s method 
does not lead to an easy classification by means of invariants, so an entirely 
different method was used. This may be described roughly as follows: 
the cubic has a quadratic covariant C,, and when C, = 0 is a proper 





* Received March 13, 1928. Presented to the American Mathematical Society, De- 
cember 28, 1927. 

+ See an article by W.W. R. Ball, Proc. Lond. Math. Soc., vol. 22 (1890-1991), pp. 104-143. 

~ System der analytischen Geometrie und der Theorie der Curven dritter Ordnung, 
Berlin, 1835. This paper has not been consulted by the authors, but is summarized in 
the paper by Cayley. 

§ Trans. Cambr. Phil. Soc., vol. 11, Pa. I, (1866), pp. 81-128. Collected Works, vol. 5, 
pp. 354-400. 
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conic in the familiar canonical form, the cubic is defined to be in canonical 
form. Degenerate cases are treated by special methods. 

The authors wish to acknowledge their indebtedness to Professor 
C. C. MacDuffee of the Ohio State University under whose direction this 
investigation was carried out. 

2. Invariants and covariants. We consider the binary cubic 


yg = ax*®+ 38b2%y+ 3cry?+ dy’+ 3e2°+ 6 fryt+3gy?t+ 3haet+ 3iyty), 
with real coefficients, and the real euclidean transformations 
(1) 2 = 2’ cosw —y' sinwo+a, y — « sino+y’ cos@at+Z, 


Transformations (1) induce upon the coefficients of y the transformations 


U 


a = acos*o+3b cos*@sinw + 3ccos@sin®?» + dsin® a, 

b’ bcos* w + (2c — a)cos*w sin w + (d — 2b) cos@ sin?» — csin*o, 
ec = bsin'o + (a — 2c) sin? cos o + (d — 2b) sinwcos* w + ccos* w, 
d == —asin*o + 3bsin® » cos a — 3csinwcos*w + dcos*a, 


, 
. 


~ 





e = (aa+bf+e)cos*o+(ba+cf+/)sin20+(ca+d8+4Q)sin?o, 
Sf’ = (ba+c8+/f)cos2a+(ca+df+g—aa—bfS—e)sinw cosa, 
(2) g = (aa+bf+e)sin?o—(be+c8+f)sin2o+(ca+d8+Q)cos*o, 


h’ = (aa@’®?+2baB+cf2?+2f8+2ea+h) cosa 
+ (be? +2cafB+d?+2fa+2g8+1)sinw, 
i = (ba®+2caf+de?+2fu+298+ i) cose 
—(ace®?+2bab-+cH?+2eat+2fB+h)sinw, 
yj = ae®+3be'*8+3caefh?+dp 
+3ee+ 6fa8+398°+3he+ 3if+). 


The following functions are invariants and covariants of g under (1): 


= (at+o%?+(00+0, = §+q, I= Fg —34, 


E A 7 
I,=|4 q Y|, 
weve 


C, = §a°+2dry+qy?+2ux+2vyt+t, 
Cs = (a+co)x+(b+d)y+(e+9), 


where 
E = ac—B’, = bd—e’, C= eg—f?, 24 = ad—be, 
2u = cet+ag—2bdf, 2v = de+bg—2cf. 
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We obtain the further invariants and covariants J;, J,, J;, Js, Ci, Cs, 
and C, by substituting A, B,---, J for a, b,---,7 in Z,, Le, Is, Li, 9, Ce, Cs, 
respectively, where 

A = §&h—af?+2bef— ce’, 
3B = 24h+8i+2beg—2afg+ bf? — de’, 
8C = 24i+nh+2ceg—2def+cf? — ag’, 
D = qi— df? +2cfg— bg’, 
3E = (ag—cd)h+2(be—af)i+& — Ce, 
6F = (3bg —2cf— de)h+ (Bce— 2bf—ag)i+24j—20f. 
3G = 2(cg—df)h+(de—bg)it+nj—fg, 
3H = 2nj—Ch—a?®+2bhi—ch’, 
3I = 2vj—li— bi®#+2chi— adh’, 
J = Cj —ei#? + 2fhi— gh*. 


We may explain briefly how these functions were obtained.* The 
covariant C, is the hessian of g when g is written in homogeneous form. 
Since C, is likewise cubic, the substitution of its coefficients A, B,.--, J 
for those of g in any invariant or covariant of g produces another invariant 
or covariant of gy. The hessian of g is C,, and this quadratic has the 


well-known invariants, J,;, J; and J,. The method of Liet was now 
employed, and the partial differential equations defining the group (2) were 
actually solved to obtain C,;. The invariant J, follows from C3. 

3. The generic canonical form. We now consider the problem of 
reducing gy = 0 to canonical forms. We shall consider only the cases 
where y is actually of the third degree, i.e., where the invariant 


(4) ,—2 = a+30°'+32+¢4 
is not zero. 
The covariant C, is of the second degree when and only when the 
invariant 
(5) E—2Iy = &4+97+2¥ 


is not zero. In this event, C, = 0 can be reduced to the form 


(6) Sx*t+qyrt+to=—0, &q +0, 
if and only if J, + 0.3 





” 


*The authors have noticed a paper “Euclidean invariants of the plane cubic” by 
P. J. Federico and P. R. Neff read before the Maryland section of the Association, May 7, 
1927, which, however, has not yet been published. 

+ C. C. MacDuffee, Euclidean invariants of second degree curves, Amer. Math. Monthly, 
vol. 33 (1926), pp. 243-252. 

{ MacDuffee, loc. cit., p. 248, 1.8. 
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A transformation which reduced C, = 0 to (6) reduces » = 0 to a form 
in which 
A=pw=v=0, §& +0. 


From these equations it follows directly that f= 0 and that 


(7) a:¢c = b:d = e:—g = —§&:4 =k, 


where k is finite and not zero. 
With 24 = 0, the invariant 17—4J, reduces to (§—¥7)* and hence 
vanishes when and only when § = 7. For our generic case, then, we 


assume that 
2nh+h, 4hth, 140, 


and have the canonical form 
(8) gp=kea'+3kda*y+3cxcy*?+dy —3kg2z*+3gy+3he+3iyt+), 


where the parameters are all independent except that k is neither 0 nor — 1 
and c?— kd? +0. 
Transformations (1) induce upon the coefficients of C, the following 
transformations: 
& = Ecos*w+2/sinw-cosw+y sin*’w, 
‘ — §sinw -cosw + 4(cos*w — sin? w) + 7 sinw - cose, 
§ sin? w — 2A sinw -cosw + 7 cos’, 
(u+Fa+4£)cosa+(v+i4ae+y8)-sinw, 
— (Fa+A8+p)-sino+(v+4a-+ 98) - cose, 
= Fat +2ab+qh+2uat+2QvA+e. 


L=pw=»=0, & +0, 


Since 


we have 
d' = —&sinw-.cosw+y cosw-sinw. 


To keep the property 4’ = 0 we must have 
(§—~y)-sinw-cos» = 0, 


and since §— +0, we must have » = 0, a/2, 1, or 32/2. From the 
relations 


/ 


ew’ = +€&acosot+7Asinow = 0, 
v' = —fasinwo+y7f cosa = 0, 


it follows that §a = 78 = 0, and hence « = 8 = 0. 
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The transformations « — 0, 7/2, a, 3m/2 form the cyclic group of 
order 4 and have » = 7/2 as a generator. It is evident from (2) that 
w = 71/2 leaves (8) formally unaltered, and therefore the other rotations 
do the same. Hence no curve occurs in (7) more than four times. 

4. C, = 0 is a circle. We now suppose that 47; = 27+0. Then 
213+ Iz and the reduction to (8) holds with § = 7 + 0, i.e., with k = —1. 
From (2) we see that 


(10) c’—d' = (c+4d)- tan*w + 3(c— d)- tan? w — 3(c + d)- tanw —(c—d). 


If c+d+0, the equation c’-—d’ = 0 has a real solution. If c+d—0 
it becomes 
3(c — d) tan*w —(c—d) = 0 

which also has a real solution. Hence we can always make c’ = d’. 

If c=d, then c+d+0, for c—d=0 implies § = kc?— kh? d?=0 
and equation (10) becomes tan*w — 3tanw = 0. 

Thus in order to retain the normalization c—d’ — 0, we require that 
o=0, 2/6, 2/3, 1/2, 20/3, 50/6. Just as in the first case, the 
conditions yp’ = »' = 0 with §7+0 require that e— 8=—0. Since the 


‘rotation = 7/6 leaves our normalization Sormally unaltered, we have 


the canonical form 
(11) g = —cx®—3cx*y+ 3ery*?+cy®+ 3927+ 3gy?+ 3hx+3iytj = 0, cg $0. 


The group of this canonical form is the cyclic group of order 6, i. e., no 
curve occurs more than six times in this form. 

5. Cy =0 is a parabola. When 2442:, 0, (= 0 can be 
reduced to the form* 


Sa*+2ryt+0=—0, §&+F0. 


We have §= ac—b*?+0, 4=ad—bc = 0, y= bd—c? = 0, 2u —ce 
+ag—2bf—0. Since the first relation is the determinant of the co- 
efficients of c and d in the second two, it follows that c—d=0O. Our 
conditions become merely 

c=d=0, ag—2bf=0, 640. 


From (9) it follows that ¢’ = §a?+2v8+¢. If ¢ is not already zero, 
it follows that 2v = bg—2cf+0, for the determinant of the coefficients 
of g and fin y =O and 24 = ag—2bf = 0 is precisely — 2, which 
is not zero. The other alternative, g = f = 0, implies ¢ = 0. Hence 
a transformation o = 0, a =0, 8 = —¢/2y will make ¢’ = 0 and not 
destroy the conditions already imposed. 





* MacDuffee, loc. cit., p. 250. 
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The invariant J, now becomes —§v* and hence vanishes if and only 
if y=0. We assume J,+0, i.e, g+0. From (9) we have 


(12) 4’ = §sin’o, pw —+§eacosw+rsinw, C’ = Sa*+2r~. 


Hence to preserve the normalization we must have » = 0,7, «= ~8=0. 
We therefore have a canonical form in which 


e=d=0, a:2b=f:g=k, S$=e—f*=0, b9+0. 


The condition ey—jf*? = 0 implies that the quadratic terms are + 
a perfect square. Let us set 


3ea®+6fay+3qy? = +(pxe+qy)’. 


Since f= gk, 3g = +q°+0, we have p=—kq. Then the quadratic terms 
may be written +q*(kx+y)*, or more simply, r(kx+y)*. The canonical 
form may be then written 


(13) gy = 2kba®+ 3b2%y4+ r(ke+y)?+3hx2+3iy+j = 0, br +0 


where the group is o=0,a, «=0, 8=0. 

6. C, = 0 represents coincident straight lines. A curious result 
of the last paragraph was the fact that we may always make ¢ = 0, 
i.e., there is no cubic curve whose covariant C,= 0 represents distinct 
parallel lines. 

We now return to the point in the last paragraph where we saw that 
JI, vanishes with v, and assume J, =0. We have c—>d=—g=—f=0, 
b+0. We see from (12) that only 4 is at our disposal. From (2) we 
have, with o = 0 and e = 0, 


e = bB+e. 


We can thus make e’ = 0, after which no further normalization is possible. 
The canonical form 
(14) g = az®+3b2*%9y+3he2+3iy+j = 0, b+0, 


is left formally unaltered only by the transformations »=—0,7,a—8=0. 

7. Cy = 0 is a straight line. We now consider the cases for which 
C, = 0 is of Jess than the second degree, i. e., the invariant (5) is zero. 
The degree of C, is an arithmetic invariant, and we first assume that it 
is 1. That is 
(15) §=—-iA=—=7=0, (wu, v) + (0, 0). 
From (9) 

uw’ = poosa+ rvsino, vy = —psinw+ vcoso, 
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so that we can make »’= 0. Geometrically this consists in rotating our 
axes until C, = 0 becomes parallel to the y-axis. 
We now have 
2u = ce+ag—2bf + 0, 2v = de+bg—2cf = 0. 


By multiplying these relations by d and —c, respectively, and adding, 
we find 
24g —2yf = 2ud, 
whence d = 0. It then follows from (15) that b = c = O, and hence 
from « + O that ag + 0. 
From (2) we see that d’ = —asin*w, so that only the two rotations 
w = 0, 2, leave the condition d’ = 0 unaltered. We now have 


e = aa+e, a+0, 


so that we can make e’ = 0, and in order to keep this condition we 
require that « = 0. We now have 


i= +(i+298), 9 $0, 


and, similarly, we can make 7’ = 0, after which # must also equal zero 
to preserve the normalization. 
We thus have a canonical form 


(16) . 9g = at®t+6fayt 3gy?+ 3he+y, ag + 0. 


8. C, is of degree 0. Suppose that C, is of degree zero or vanishes 
identically. Then §=A4=—=y=—pw=—v=0. Since  =—0, we know 
from (4) that J, + 0, and hence that 


3 = (atodr+(b+ay+(e+9); 


is of the first degree. We choose our new axes so that the line C; = 0 
is the y-axis and hence (b+ d) = (e+g) = 0, (a+c) $0. 

If we substitute —b for d in 24 — ad — bc = 0, we have b(a+c) = 0, 
and hence b = d = 0. From 7 = bd—c®? = 0, we have c = O and 
therefore a+. From 2u = ce+ag—2bf = 0, we obtain g = 0 
and hence e = 0. 


From (2) we see that 


a’.= acos?*o, bh’ = —asinwcos*o, a+0. 


Hence to make b’ = 0 and a’ = a, we require that » =O or a. Then 


e = aa, a+0, 


so that @ must be zero to retain our normalization. 








PLANE CUBIC CURVES. 59 


We now suppose that C, is not identically zero, i. e., that £ = eg —f? + 0 
and therefore f+ 0. From (2) 


hWi=+(h+2fh), f+, 


so that we can make h’ == 0, after which no further normalization is 
possible. We have therefore the canonical form 


(1° yg — ax®+6fryt+3iy+), af + 0. 


v. C, vanishes identically. We return to the point where we assumed 
¢ + 0, and consider the alternative possibility, viz., f= 0. The covariant C, 
now reduces to —az*x and the covariant C, reduces to ax. Hence for 
this case the covariant — C,/C, reduces to the constant 7°. 

We first suppose that —C,/C,+0. From (2) we have 


j nei 3iB+), i+0, 


so that we can make 7’ — 0, after which no further normalization is 
possible, and we have the canonical form 


(18) y = ax®+3hx4+3iy, ait, 


whose group is # = 0, 7, a= f=0. 
Next, suppose that —C,/C, == 0 so that i—=0. We have 


(19) yg — ax®+3he+), a+0, 


which is unaltered in form only by the transformations » = 0, 1, a = 0, 
8 arbitrary. From (2) we see that these transformations do not alter (19), 
as may also be seen from the fact that the locus of y =O consists of 
three lines parallel to the y-axis, which are evidently unaffected by 
a translation parallel to this axis. Thus (19) is a canonical form. 

10. Summary. We list the eight canonical forms for the cubic to- 
gether with the invariantive conditions which define them and the groups 
of transformations which leave them unaltered. All are subject to the 
general condition that gy be of degree three. 

Case I. Cy of degree 2, I, +0, 4], + Ie. 


y = kea®+38kd2*?yt+3cry+dy—3kg2?+3gy?+3he+3iy+j =—0, 
o = 0, 2/2, x, 37/2, a= £ = 0, (?—kd*)k +0, k+—1. 


Case II. C, of degree 2, 13 +0, 47, = Eg. 


gy = 2° +32*%y—3rcy*?—y' —392*—3gy?—3hx—3iy—j — 0, g $0; 
wo = 0, 2/6, 2/3, 1/2, 20/3, 50/6, 2 =— B= 0. 
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Case Ill. C, of degree 2, J; = 0, 1, + 0. 
g — 2ha® + 8a ytr(kat+y)*4+3he4+3iyt+y = 0, r + 0; 


wo = 0, 7, e= f= 0. 


Case IV. Cy of degree 2, J; == 0, J, = 0. 
yg = ax®+32%y4+3he+3iy+j — 0; wo = 0, 
Case V. Cy is of degree 1. 


g = +6fryt+3gy+3he+j, 9 $9; 
Case VI. Cy is of degree 0. 
yg = 2 +6fay+3iyt+j, ft; 
Case VII. C, =0, —C,/C, £0. 
y = 2°4+3hre+3iy, 1+0; wo = 0, a, 
Case VIL. C; = 0, —C,/C, = 
y = 2°+3he); e = 0, z, a = 0, & arbitrary. 


THe Case ScHoot oF APPLIED SCIENCE, 
PENNSYLVANIA Minitary COLLEGE. 





eT OS eR 


See eer 
OF LRT REP SRT R24 


WR EERO RD 


ees 






ON FORMS WHICH REPEAT UNDER MULTIPLICATION.* 





By Craisporne G. LATIMER. 










8 
1. Prof. E. T. Bell has recently shown that a certain form p> a, x? 
=1 


repeats under multiplication, the a; being functions of six arbitrary para- 
meters.t This form is an analogue of Lagrange’s self-reproductive form 
xz*+ay*+bz*+abw*. In his paper, Bell suggests that a self-reproductive ! 
octenary quadratic form might be found analogous to Hermite’s quaternary 4 
form.t He also suggests that if such a form is found, a theory of com- 
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position of octenary forms might be developed, similar to the recent dis- ; 
cussion of quaternary forms by Brandt.§ : 
We shall find such an octenary form in this paper. This will be obtained ‘ ; 
as a consequence of a generalization of Hermite’s quaternary quadratic to 3 t 
the corresponding Hermitian form. By proper specialization of the para- ea 
meters in our octenary form we obtain Bell’s form referred to above. i 
2. Prof. Dickson showed that every element of Caylay’s eight-unit iW 
generalization of real quaternions A, may be written in the form ii} 
U = wt+ukF,+uk,+u,H, where the «4 are elements of a field F, at y 


equivalent to the field of complex numbers and the £; are the ordinary 
quaternion units./| He also showed that if «= 7-+se is an element of F, 
where y and s are real numbers and e® = —1, and U = r—se, then 


“ 
Prats 















Eyu= UE, (uk) vE)=—uV, (uk) (vk) = (UV) (Ez), +9), 








where v, V are conjugate elements of F. Let =i, BR=/j, =k 
where i, 7, k are the ordinary quaternion units. Introduce the new units 
Ej = (bc)"? E,, Ez = (ac)? E,, Eg = (ab)? Ey where a, b, c are positive 
real numbers. Then it will be found that the product of two elements 
of A may be written in the form 


(to + 1 Ei + we Ez+ us Eg) (+ Vo+ 11 Ei + v2 Ex+ vs Es) Tan 
= wotw Ej+ we Ei+ ws Ey ail 


where the «u, Vo, % are elements of F' and 











* Received February 27, 1928. 
+ Annals of Math., vol. 27, pp. 99-104. af 
t Bachmann, Zahlentheorie, vol. 4, pt. 1, p. 13. oat 
§ Math. Ann., vol. 91, pp. 300-315. if 
|| Linear Algebras, p. 15, footnote. oth 
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! 


+wh = we ug Vo + (bem Vi + acus Ve+ abus Vs), 

Wy, = Up, + U9 + a(Uzg Vs — Us V3), 

a) Wy = Nore + tty) + b(Us Vi — Ui Vs), 
Ws = Upts + Us to +c (U, V2— U,V;). 










It is understood that every large letter U;, Vi is the conjugate with respect 
to F of the corresponding small letter and that the upper or lower sign 
Pes is read throughout according as the upper or lower sign is taken in + Vo. 
he Ni It is well known that the norm of the product of two elements of A is equal 
ar | to the product of their norms. The norm of U = w+mFitwuE+usk: 
“ee may be written p(w, Uj) = uw Up t+ bem U,+ acugUe+abusU, where 
Bai: | is the conjugate of w.* We have then 


Bi | (2) g (ui, Uj)- evi, Vi) = 9 (wi, Wj) 














where the w; are given by (1) and the W; are obtained from (1) by 
replacing every small (large) letter by the corresponding large (small) 
letter. We shall hereafter disregard our hypotheses that a, b, c are positive 
numbers and that the large letters are the conjugates of the corresponding 
yf small letters since (2) isea formal identity in the letters involved. 

3. If we set every large letter in (1) and (2) equal to the corresponding 
small letter, the resulting formulas are those used by the writer to show 
that Hermite’s quaternary quadratic repeats under multiplication.t We shall 
show in a similar manner by means of (1) and (2) that the Hermitian 










form f(a, Xj) = Xo %+ p> Aj; X;xj also repeats under multiplication; 
j=1 





i) 
where (Ajj) is the adjoint of the general square third order Hermitian 
matrix (aj). Let \aji| = D. In f(a, Xj) let 


aa 5s 
* * lee: 












Lo = Uo; 






Ais Ag 
“ 1 
Ne + —— Ug, 


Aj, Asg 








m4 = uy — 







(3) as 


it 
Bs LS» = Uy + — = Ug, 
H a 














a = lg, 








and let the X; be the corresponding functions of the new variables, Uj, 
except that in the coefficients of the transformation, the subscripts of the 
aij, Ayg are interchanged. The resulting form will be found to be ¢ (a, Uj) 






*It is understood that in the expression for U, the u; represent elements of F and 
in » they represent the corresponding complex numbers. 
+ Amer. Math. Monthly, vol. 34, pp. 363-64. 
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with a = D/A,,, b = A,,;/ds3, c = dss. Apply the same transformation 
to f(yi, Yj), the new variables being 1;, Vj. Then 


S (xi Xj) +f (yi Yj) = 9 (ui, Uj) + 9 (vi, Vi) = & (wi, W)) 


where the wi, W; may be expressed in terms of the 2, Xi, yi, Yi by means 
of (1), (3) and the three sets of equations similar to (3) in X;, Uj; yi, vj; Yi, Vj. 
If we apply the inverse of (3) to y (w;, Wj), the new variables being 2, Z; 
the resulting form is of course f(z;, Z)). The 2 are given in terms of 
the w; by replacing in (3) the 2;, uw by the corresponding z;, w; We may 
then express the z; in terms of the 2, Xj, yi, Y;. It will be found that 
they are as given below. We have then the following generalization of 
Hermite’s result. 

THEOREM 1. If (Ajj) is the adjoint of the general square third order 
Hermitian matrix (aj), then 


8 8 8 
(Xo Xo + =, Ai Xi n;) (¥ Yo + =, Ay Yi u = Ziot = Ai Zi zj, 
y= / yr y= 
where 


3 3 
(4) 2% =% Yo >> Ay Vixi, 2 = Xoyjtajyot+ 2 Mi S: (y =1, 2, 3), 
¢== 


yl 


S, = X, Ys—Xz Vo, S, = Xs Y:—X, Ys, S; = X, Y2—X Ni, 


and the Z; are obtained by replacing in the above formula every small (large) 
letter by the corresponding large (small) letter except that the Ay, ay, are 
unchanged. 

4, In this yaragraph we shall obtain a self-reproductive octenary form 
by making certain substitutions in the form given in the above theorem. 
In the matrix (aj) set 
5) ui = bii (2 = 1, 2, 3), ans = Dis (fh)'? + Cig (dg)'?, 

( the = bye (fg)? +i: dh)”, Ass = Des (gh)"? + ices (A f)*?, 


where the bij, cij, d, f, g, h are arbitrary real parameters, the last four 
assumed to be positive. Since (a;) is Hermitian, its remaining elements 
are determined. Let 
Bi, = hbys beg + Ag Cog —Diz dss, Ciz = dis Coy — g bes Crs + Dss Cie, 
Bis gis bes —d C2 Cogs—bis bes, Cis = —htie bes —f Cos Diet dee Crs, 
(6) Bog = fdiz dis + deys Cig —Dir bag, Cog = hhis Cre —ghis Cis + O11 Gos, 
Bu = babs; —ghbrs —dfcx, Boo = bubss —fhbis —dgcis, 
Bsg = bry dee —f bis —dhds. 
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It will be found that the Ay are obtained from (5) and (6) by replacing 
in the former every small letter with subscripts by the corresponding large 


letter. In f(a;, Xj) let 


(7) 
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w= Yo - i(dfg hy? Yl. 


rg = (fh)? rg +i (dg) re, 


and let each X; be the conjugate imaginary of 2;. 


ay = (gh)? re +2(df)? 15, 
mm = (F9)!" ret i(dh)! ry, 





It will be found that 


the resulting form is the octenary quadratic F(r,) = r+ dfghri+ F, (r;) 


(j = 2, 3,-- 





-, 7), where the matrix of F, is 








Bygh Bifgh Bis fgh 0 —Osdgh —Cs3dgh) 
Byfgh Bay fh Bos fgh Cy dfh 0 —Cy3 fh 
(3) BisS9 h Bus fgh Bssfg Cisdfg Crsdfg 0 ih hed 
0 CQeadfh Csgdfg Buidf Bydfg Biydfh “ 
—Ciz:dgh 0 Cydfg Bydfg Bsdg Byg dgh 
—COsgdgh —Csgdfh 0 hey 3 a e Big dgh Bsg dh 
Gj = m5 


Let F(s;) be the form obtained in a similar manner from /(y, Yj). 

Then by (4) 
F (ri) - F(si) = F(t) 

where the ¢; are expressible in terms of the 7;, s; by means of (4), (7) 
and the two sets of equations obtained from (7) by replacing the .;, rj, 
by the corresponding y;, sj; and 2, ¢;. Let 
Tij == Sas Fy Ky = a Ti+ Sf Ts 8 = AT 6s +h To Le = fTsth Tx, 
ty = ngtrjs Keo=gTet+dTs Lh =hT3+9Te Ls = 9 Tot+fT 25. 
Also let Ki, Li (¢ = 1, 2, 3) be the same as the corresponding unprimed 


letters except that the subscripts of the second 7; are interchanged, and 
let bi = ba, cj = —eyu (7, 7 = 1, 2, 3). Tt will be found that 


tp = ros tdfghris + z Ay 11 8), 
h = ToF[Bu Ten + By Th + Cr 3 + Big Lo + Cis Ke + Boo Tos 
+ Bos Ly + Cog Ki + Bos Tr), 

Top — Af ty5 +11 Ky + Dia f Ke + dis f Ks + Gre dle + C13 dL, 
Tos — dg + bei g Ky + bes Ke + bas g Ks + Co: dL, + C93 dL, 
ty = T4—Ahty; + gi h K, + dgsh Kot bys Kg + Cg: dL, + cgp dL, 
ts = tos tghtet+hi L, +biegle+his hLys—ashKe—asg Ks, 
= To +fhts + bey f Ly + beg Le + deg h Lg — cay hK, — ssf Ks. 
Tor +S otis + bs: SL, + bs2.9 Le + bss Ls — es: 9 K, —¢s2f Ky. 


| 


(9) 


| 


~ 
a 
| 
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We have then 

THEOREM 2. Jf Fi (rj) (j = 2, 3,---, 7+) is a quadratic form with the 
matrix (8), where the By, Cy are given by (6), andif F(r) =r3}+dfghri+ F,(r;), 
then 

F(ri)- F(si) = F(t) 
where the t are given by (9). 

If in F we set f=g=h=1, d=>cy = 0,7 = 1, 2, 3) the identity 
of Theorem 2 becomes Hermite’s identity. If we set one of d, f, g, h, 
bis (¢ = 1, 2, 3) equal to unity and bj = cy = O ( +7), the resulting form, 
aside from notation, is that found by Prof. Bell to be self-reproductive. 
It may be shown that the determinant of F, is equal to (dfgh)*-!| Ay|* 
and hence the determinant of F is (dfghD)*. 
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ON THE MULTIPLE SOLUTIONS 
OF THE PELL EQUATION.* 


By D. H. Lenmer. 


1, Introduction. Most of the literature written on the Pell equation is 
concerned with the discovery and application of its fundamental solution. 
Less attention has been paid to the multiple solutions; in fact, no systematic 
discussion has been made of their many properties. The more fundamental 
of these have been established by means of the hyperbolic functions.+ It 
is the purpose of this note to indicate a method by which a complete 
study of the multiple solutions of the Pell equation can be deduced from 
Lucas’ theory of recurring series of the second order. A number of 
formulas and theorems of particular interest will be found in section 5 and 6. 
These are readily derived from the principle proved in section 4. The 
notation used is that of Lucas’ classical memoir,{ and numbers in square 
brackets [] refer to the equations of this article. 

2. The general recurring series of the second order. Let a and b 
be the roots of the equation 


(1) w?— P2+Q = 0 


where P and Q are any integers prime to each other. We have then 
a+tb=P, ab=Q. 
Let 
(2) (a—b)? = 4 = @? 
so that 


(3) a= i a , 5 = 


a 


Lucas considers two symmetric functions of a and } namely: 


a” — hr 


T= - eae 
Un a—b 


Va = q" + ph” 


and shows that they are recurring series of the second order with (1) for 
scales of relation. That is, they differ only in the choice of initial values: 


0 =0, G4 =1, Ve =2, Vi = P. 
* Received February 9, 1928. 
+ Mathews: Theory of Numbers, pp. 93-95. D.H. Lehmer: Annals of Math., (2), vol. 27, 
pp. 471-476. Cf. also Cunningham: Brit. Assn. Rept. 1907, p. 462. 
; Amer. Jour. of Math., vol. 1 (1877), pp. 184-240, 289-321. 
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In general let W, be the mth term of the recurring series whose scale 
is (1) so that 
(4) Wr+2 = P Wrsi—Q Wr 


and is determined uniquely by the choice of certain values for Wy, and W,. 
Then it is easy to verify that: 


(5) WwW, = W, Un—Q Wo Uy-1. 
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In fact the series W, thus defined satisfies the recurrence (4) and has 
for n = 0 and n = 1 the proper values namely W, and W,. For example 


(6) n —_ PUn—2Q U, = 


3. The Pellian case. Let us consider two functions X, and Y, 
satisfying the recurrences: 


Xn+2 ae 2X, Xn — Xn, Ynie — 2X; n+1 iia Yn; 


with Xo — 1, Yo = 0, and (X, Y;) to be determined later. In the notation 
of section 2, } 
(7) P= $X,, G@ = 1, 
and (5) becomes: 
Xe = ZX, Un — Up-1. 


Comparing this with (6) and (7) and using (4) we have: 


(8) X, — Vn ° Ya = Vy, Ue . 


Consider the expression: 
[46] Vn —AUn = 4Q". 
From (8), (2) and (7) we have 


(9) 


Thus far X, and ), have been left arbitrary. Now we impose the con- 
dition that 
Xi—1 


~ erin 


* 


where LJ) is some integer, not a square. That is (X, Y,) are chosen so that 
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When this is done equation (9) becomes 
(10) Xn —DYn = 1, 


which shows that (X, Y,) are multiple solutions of the Pell equation. The 
initial values (X, Y,) are taken as the fundamental solution of (10) and 
may be found by well known methods. From (3) we have: 


_ 2Xi+ V4x? —4 
2 
—V4ax?—4 oe 
p = PU A * = x —VDY,. 
4, Principle of substitution. Summing up the results of the preceding 
section we kave the following principle: 
For every relation in Lucas’ theory there exists one in terms of the 
multiple solutions of the Pell equation in which: 





= Xi os V DY, . 





Un, Vn; P, Q, d* = A,a,b 


are replaced by 
“a! Vi, 2Xn,2X1,1,4DYi, Yi +VDN, %—VDN 


respectively. 
Thus the equations: 
[6] VatdUn — 2a", Vn—sd Un = 2b” 
become the familar relations: 
Xn t+V DY, = (M+VDY;)", 
Xn—V DY, = (M—VD,". 
The formulas for negative arguments: 
[50] U_»n = —OU,p/@, Vig = V,/Q@. 
become: 
= —— Fu, i—. — ae 
The addition formulas: 
[49] 2 Umin —_— Um Vat Un Vn; 


2 Vin-+n ae Vin Vnt+AUm Un 
become: 
Yimin — Yn Xn+ Yn Xm, 
Xm+n — Xm Xn + D Ym Yn, 
and so on. 
5. Algebraic theory of X, and Y,. A very large number of relations 
may be written down by applying the principle of the foregoing section. 
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The following relations together with those preceding constitute the most 
important ones. 


a1 (84 Xon = 2XA—1 = Xa+DYn, ; 
[3] Yon = 2¥nXn, 
[51] Xm—-n = Xun Xn — DYm Y»; 


4 =e Yel She ge ee ied cecal cake ae 
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Yn—n — Yn Xn = Yn Xm; 


“ Bs +h 
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Xnim Xn—-m+DYnim Yam = Xan, 44 
Xnim Xn—m— D Ynim Yu-m = Xam, ; F 4 
(33) Xntm — Xn = D¥m Yoni-m, ie 
(321 Yatm — Ya = Yu Yantm; aH 
(52) Xn t+ Xm = 2 Xam Xa—mp, 1 
Ya+ Ym = 2 Yan+me Xa—my2, 4 
, Gl ;n [n—i—l j iy 
w= POMS DAs" TT exw. e 
z= \ 2 
(70) ™ qs 
[FI n—i <a 3 
Yen =H DK ("| Oxy, HW 
ee 
x, = > (°) De ¥)*(2X,y"-%, 
n—1 
: > 
-l1yp — VY. i 2% —2i—1 c 
my, =" D (5,0 1) Penrexyr, | 
n—1 rk 
X n—-1 e 334) 
44) SH DIA LAH Xia, (n= 2k +1), ata) 
1 i= <a 
n—1 
y = at 
[42] y= T1t2 2 Xn-aia, (n = 2k+ 1), a) 
1 i= ster 
n—2 tes 
Yy, er a os & 
(41) + =2) X24, (n = 2k). at 
Y; i=0 | 
These are a very few of the hundreds of relations that exist between af 


the functions X, and Y,. A glance at Lucas’ memoir will indicate what 
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is possible in this direction. Relations in terms of determinants, continued 
fractions, binomial coefficients, continued radicals, logarithms, cyclotomic 
functions, infinite series etc. are included in the algebraic theory of Xn, Yn. 

Every formula in X,, Y, or D may be generalised by replacing these 
quantities by Xn, Ynr/ Y,, and DY; respectively. By replacing X, by 
cosn6, Y, by sinn@/sin@ and D by sin®@, every relation in X, and Y,, 
may be transformed into a formula in circular functions. If X, is replaced 
by coshny, Y, by sinhny/sinhy, and D by sin? xy the hyperbolic functions 
may be studied in like manner. 

6. The arithmetic theory of X, and Y,. The equations (8) show 
how intimate the connection is between the number-theoretic properties 
of (Xn, Yn) and (Un, Vn). These equations are sufficient for the most part 
to establish the following fundamental properties of X, and },. As Car- 
michaelt has pointed out, Lucas was inaccurate in certain of his theorems 
by not allowing for the singularity of the prime 2 in his theory. Fortunately 
2 is not such an exception in our discussion. The theorems marked with 
a * cannot be deduced immediately from Lucas’ memoir. The present 
writer in a paper which he hopes to publish shortly has considered an 
extension of Lucas’ theory by which he has been able to strengthen many 
of Lucas’ classical theorems. Some of the theorems marked * indicate 
the effects of this extension on the theory of the Pell equation. 

THEOREM 1. X, and Y, are relatively prime. 

THEOREM 2. Jf the G.C. D. of m and n is d then the G.C. D. of Ym 
and Y, is Yq. 

THEOREM 3. VY is a divisor of Yn if and only if m is a divisor of n. 

COROLLARY: Every Yn is a multiple of Y;. 

THEOREM 4, X,, ts a divisor of Xn if and only if n/m is an odd divisor 
of n. 

THEOREM 5. If Y. is the first Y to contain the factor m then Yy, ts 
divisible by m if and only if n =ko. (The number @ is called the rank 
of apparition of m in the series Yn.) 

* THEOREM 6. The number of terms less than Y, and prime to Yn, with 
the exception of the ever present common factor Y,, is Euler’s p(n). 

* THEOREM 7. If p is a prime factor of D prime to Y,, then Yy- Y2-Y3--+ Yp-1 

—(X,/p)(modp) where (X,/p) is Legendre’s symbol. 

This theorem is an extension of Wilson’s theorem. The converse of 
this theorem is true and gives a theoretical test for primality. Theorems 3, 
6 and 7 exhibit properties of Y,, similar to those of the natural numbers. 
Also compare theorems 9 and 10. 


7 Annals of Math. (2), vol..15, pp. 30-70, 
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* THEOREM 8. If p is an odd prime not dividing DY,, then its rank of 


apparition is some divisor of ip—(2}f- 

This is the law of apparition of a prime p and is an extension of 
Fermat’s theorem. In what follows p is a prime. 

THEOREM 9. If p divides Y, it divides Y,. If p divides D, but not Y, 
then the rank of apparition of p is p, and p occurs to the first power as 
a divisor of Yp. 

THEOREM 10. Jf @ is the rank of apparition of p* and if * is any 
number prime to p, then Y,,,,a contains the factor p*** but no higher 
power of p. 

This is the law of repetition of the prime ». Unlike Lucas’ law it 
holds for p= 2. 

* THEOREM 11. If m = []P*' and if we define a function Wm by 


—Tireb- (Pl 


Yn = 2% 


* ~~ 
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where Legendre’s symbol is taken as zero if p divides D and where x is the 
number of distinct prime factors of m not dividing D, then Yy, = 0(modm). 


This corresponds to Euler’s g-function and his generalisation of Fermat’s 
theorem. Compare Mathewst who replaces Ww, by the L.C. M. of its 
factors. , 

*THEOREM 12. Jf m is prime to D the primitive odd prime factors of 
Ym are of the form 2km+1, and those of Xm are of the form 4km+1. 

*THEOREM 13. (a) If p is a prime of the form 4n+1, then 4Xp,-/X, 
and 4Yp/Y, may both be put in the form ?@—Du*®. (b) If p is a prime 
of the form 4n—1, then 4Xp,/X, may be put in the form t?+- Dpu® and 
4Vpr/Y, may be put in the form Dt? + pu’. 

This is an extension of Gauss’ theorem about the cyclotomic function 
4(x?—1)/(x—1). Attention should be called to certain inaccuracies in 
Lucas’ results on this topic. 

Finally we give three typical theorems for determining the primality 
or non-primality of an integer N prime to 2DY,. The first is of theoretical 
interest only, the secondt is a practical test for a general integer VN. The 
third is not as impractical as it would first appear. Taken with equation (10) 
it becomes a very effective test for the numbers in question. 

THEOREM 14, Jf (N+1)/2 is the rank of apparition of N, then N is 
a prime. 

Tt Mathews, loc. cit., p. 94. 

{ Compare the writer’s note in the Bull. Amer. Math. Soc., vol. 34 (1928), p. 54. 
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*THEOREM 15. If Yvi+i1 = 0 (mod N) and if Ywiyyp =r £0 (mod N), 
and if the G.C. D. of N and r is @, then the prime factors of N/@ are 
of the form kp*+1 where « is the highest power to which the prime p 
occurs as a factor of N+1. 

*THEOREM 16. The number 2"—1 with n odd is a prime if and only 
if it divides the numerator of the convergent of order 2"—' to the square 
root of three. 

In case the reader may wish to verify many of the above theorems 
we subjoin a table giving the first 30 terms Y, of the most fundamental 
series namely D = 2 and also their prime factors. 




































































mn Yn Non-primitive factors Primitive factors 
1/2 an 2 
2/12 2? 3 
3/70 2 5-7 
4 | 408 | 23.3 17 
5 | 2378 2 29 - 41 
6 | 13860 (2?.87.5-7 11 
7 | 80782 19 13?. 239 
8 | 470832 (2¢.3.17 577 
9 | 2744210 (2-5-7 197 - 199 
10 | 15994428 (27.3.99.41 19-59 
11 | 93222358 2 | 23 . 353 - 5741 
12 | 543389720 23.3?.5-7-11-17 (1153 
13 | 3166815962 2 79-599 - 33461 
14 | 18457556052 | 22.3. 13. 239 | 113 - 337 
15 | 107578520350 (2.5?-7-29.41 | 817. 269 
16 | 627013566048 /25.3.17-577 | 665857 
17 | 3654502875938 \2 | 103-137-8297-15607 
18 | 21300003689580 /9?.33.5.7-11-197-199 | 13067 | 
| 19 | 124145519261542 2 | 37 - 179057 - 9369319 
| 20 | 723578111879672 (23.3-17-19-29.41.59 | 241 - 5521 
| 21 | 4217293152016490 '2.5- 72-13? 239 4663 - 45697 
22 | 24580185800219268 2?.3.93-353-5741 | 43 - 89 - 11483 | 
23 | 143263821649299118 2 | 47 - 229 . 982789 - 6771937 | 
24 | 835002744095575440 9*.3?.5-7-11-17-577- 1153 97 - 18729 
| 25 | 4866752642924153522 2-29-41 | 1549 - 29201 - 45245801 
| 26 | 28365513113449345692 | 2?.3-.79-599- 33461 | 22307 - 66923 
27 | 165326326037771920630 | 2-5-7-197-199 | 53 146449 - 7761799 
28 | 963592443113182178088 | 2°.3-13?-17-113-289-337 | 1535466241 















29 | 5616228332641321147898 | 2 44560482149 .63018038201 
30 | 32733777552734744709300 2.3?.5?.7-11-19- 29.91°.41.59.269 601 + 2281 | 





ON CERTAIN HITHERTO UNSOLVED CASES 
OF THE COMPLEX MULTIPLICATION 
OF ELLIPTIC FUNCTIONS.* 


By S. C. Mirra. 


1. Introduction. The object of the present note is to give the solutions 
of a number of cases of the complex multiplication of elliptic functions 
which have hitherto remained unsolved.t+ 

The procedure adopted by me is the same as that of Russell. I have 
obtained in several cases xx’ +42’ and xx’Ad’ in terms of the roots of 
certain cubic equations, from which xx’ can be determined at once. In 
other cases, I have determined 

4 * 8 
J = 
from which xx’ can be determined. 
Notation. 
x == Modulus of the elliptic function. 
x! = View. 
4 = modulus of the transformed elliptic function. 
v= V1—2?, 
J = Klein’s absolute invariant. 
J’ = transformed value of J. 
rv and 7’ are two quantities such that, in the cubic transformation, 


((—1)(9e—1" —, _ __ (’'—1) @t/—1)" 
641 : 7 





and rr’ = 


4 a 
y (w) and w (m) are Hermite’s functions such that V x = » (w), V x’ = w(o). 


m, n are positive integers, 
r, s are integers. 


* Received February 16, 1928. 

+ Many cases of complex multiplication of elliptic functions have been worked out by 
Greenhill (Proc. L. M.S., vol. 19), Weber (Lehrbuch der Algebra, 2nd Ed., vol. 3, pp. 720-26. 
See also Acta Math., vol. 2, and Math. Annalen, vol. 33.), Russel (Proc. L. M.S., vol. 21), 
Mathews (Proc. L. M.S., vol. 21), Ramanujan (Q. J. M., vol. 45) and Kronecker (Berlin. 
Sitz., 1857, 1862). We have also the interesting treatise on the complex multiplication 
of elliptic functions by Fueter, viz., ,Vorlesungen iiber die singuliren Moduln und die 
komplexe Multiplikation der elliptischen Funktionen.“ 

My best thanks are due to Prof. Ganesh Prasad, D. Sc., for his kind encouragement 
and interest. 
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If the modular equations of the mth and nth orders be written in the 
form 






F'n (21, «) are 0, Fy (2, 2,) = 0, 





then 






wn Se. g— *tl6s— 


m n 









Putting 2 — —w + 2t we get 












(A) wo = mnt—8r—8ms4+V — [mn — (mnt — 8r — 8 ms)’. 











ae: 2, Modulus corresponding to » = V —i06. If, in (A), we put 
BRS. | t= 9, m = 23 and n = 5, then » = 3+V—106. The modular 
KA equation of the 5th order is 


— AA eN—2 (4d x2!) = 1, 










Putting (4%2x'2’)/" = x, we get 
—xA+«’ = 1422+. 





78 iM Then 
a (a) (x'A+4 xd’) = 1442+ 42°+ 2%, 






The modular equation of the 23rd order gives 





a Ea _ aes = 

ae Veit Ve? =1—V2z, 

i 4 1 whence 

ie (b) xA+tx’d’ = 1—4V 22 4122?9—10V 22°54 122'— 4V 22+ 2°, 







From (a) and (b) we have 


(x® +“) —8V2 (2° + =) + 56 (2 + 4) —116V2 (e+ —] 






up : +382 («* + ,) —344V2 («+ —) +564 = 0. 





Putting «+1/x — V2y, we get the equation 






y (2y?— 4y+ 3) 2y’—12y?+ 23y —12) = 0. 










The real root of the cubic equation is 


4 | —2—(p—US)"_(1 , Vs8\" 
we N28 6ve! — \2 " 6V6! ” 





COMPLEX MULTIPLICATION. 
and its discriminant is 424. Also 


(xx +12) = Qa"? (8y®—24y* + 26 y*— 10) (2y*— 8y?+ 9y — 2) 
—= —16r"*(4131 y* — 15876 y + 10373), 


and 4%x'22' = x, whence xz’ can be coteramnee in terms of %. 
Since » = 3+ V —106, 

nis 92+ V —106) _ anise P V —106) 
w(2+ V —106) w(V —106) 








y(w) = 9(3+V—106) = 
and 
p= 1 
s oo (3 V — ee 


Therefore 
g*(V —106) 
w 4 
sh tat a w®(V —106) 


4 
In the present notation Vx = 9(o), V x -= W(w). Hence 


g*(V —106) 
w®(V —106) 





Ul 
ia == ¢ 


But in the notation usually employed 


4 4 
Vx = (V—106), Vx = w(V— 106). 


Therefore 
1 wv — - 106 ) 


x gt(V—106) 


3. Some other moduli. In each of the following cases, I shall 
simply indicate the method and give the result. The process is the same 
as in the preceding section. 


Let 


(A4xAx'A/vl2 — gx, r+ i =m V2y, 


r 
for the cases (a) and (b). 
(a) Modulus corresponding to » —V —109. This is obtained by com- 
bining the modular equation of the 11th order with that of the 23rd 
order. We obtain the equation 


(2y*—4y° + 9y—9)(2y* — 12y*+ 9y +5) = 0; 
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of which the first factor corresponds to #o — V —109, and its discriminant 
is 436. 
We get 
(xx! +22!) = (1 — 42°94 42 — 2) (1 —4V 2+ 122*—10V 22° + 1224 
—4V 2254+ 2), 
and the real root is 


“— 2 + = (18V/327 + 226)"* — = (18 V 327 — 226)". 


Thus 
x = g(12+V—109) = »9*(V—109), 
x = wt(12+V—109) = w®(V—109). 
In this way we can get xx’. 
(b) Modulus corresponding to »V —517_ ‘This is obtained by combining 
the modular equation of the 11th order with that of the 47th order. We 
obtain the equation 


(2y°+4y? — 3y —7) (2y*' — 207? —71y — 55) = 0, 


of which the second factor corresponds to # = V —517, and its dis- 
criminant is 2086. We get 


xx’ +A’ =—=V2(1— 42° +42 — x) (22 — 32°4+ 22"), 
and the real root is 
10 , 1/11875+9V 1551 \" 1 (11875—9V 1551 |” 
a dds 3 aa 4 +3 aie 


(c) Modulus corresponding to » = V —235. Let (4x%Ax'2’)2? — a and 
y = V 2z, for the cases (c) and (d). 

In the case (c), the modulus is obtained by combining the modular 
equation of the 5th order with that of the 47th order. We obtain the 
equation 








(y3—2y — 2) (y+ 6y?+10y— 2) = 0. 


The second factor corresponds to o — V— 235. It can be easily 
proved that 


_ ee a S..5\ 499 
Vonx = 4y+2y y — (4% 2y ay 








8V2 8V2 
where 
ee aoe vey | “* rey" 
sie 2+ (3+ 3V3] "\°~ 3Val ° 


Thus we can obtain 2x’. 
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(d) Modulus corresponding to w = V —355. This is obtained by com- 
bining the modular equation of the 5th order with that of the 71st order. 
We obtain the equation 


(y®—2y? + 2y—2) {y®+ (V5 +1) y*+ (10+ 4V5) y—2} 
<{y8+ (V5—1) ¥2+ (10—4V5) y—2} = O. 
The equations 
y+(V5+1)y*+(10+4V5) y—2 = 0, 
y—(V5—1) y2+(10—4V5) y—2 = 0 


correspond to » — V —355 and » — V—71/5. We have 








Weve 4y+2y'—y*\¥2  (4y—2y*—y* \!? 
paar — (sete eey 
and, for the two cubics, the real roots are: 
» = _oare 5 (5V5 +146) + (6+3V 5 ) (1065)""}** 
+ : {(65V 5 + 146)—(6+3V5) (1065)""}"*; 


nae (VEY 4 1 t4g—s5V5)+(8V5—6) (1065)"}"* 


= {(146— 55 V5) —(3V5 —6) (1065)"?}"* 


4. Modulus corresponding to » = !’ —529. In the modular equation 
of the 23rd order, let us put A= 4’ = 1/V2. Let (2xx’)/2 = x: then 


we have 
a ee 
x x’ / 
Ve Via) = 1-8 


whence it is not difficult to get the equation 


(x + 4) 16’ (2* + 4) +112 (x + 4) —282V2 (2° + 4) 


+ 656 (x 74 - =;) — 6883 (w+ +) + 1108 — 0. 


Putting «+ 1/2 — V2y, we get the equation 


(2y* — 16y* + 12y — 3)? — 23 (2y*—y)? = 0 
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5. Modulus corresponding to » — V —89. Greenhill* has written 
6 


that a 12-ic in V2xx’ must be expected, but in the present paper, 
I shall show that the determination of the modulus can be made to depend 
upon the solution of a cubic equation. 

In(A), let us putm=31andn=3. Thenin order that mnt—8r—8ms = 2, 
we may have t= 2 or —6. 

Therefore = 2+V—89 and » = —6+V —57 will come by the 
same transformation. 

The modular equation of the 3rd order is Vx4’ —V x'A —1. Putting 
(xAx'2')¥4 = a, we have x/2-+ x4’ = 1+ 22", and (x4 +x’ 4d’)? = —4z*. 
Therefore x4 + x'A’ = 2ix and 





4 4 
ValA+ViV = ((2in+ 20%? + 2a}, 
The modular equation of the 31st order is 


(P*? —4Q)? = 4PR, 
where 
P = 1+ {(2ix+ 22%)" + 22}, 
Q = r+ {(Qir+2r%)'2+22}12, 
R= 2x: 


substituting in the above modular equation, we get after considerable 
reductions, 


(162° + 1) — (64+ 84) (8x? +2) + (1136 — 16004) (42° + x") 
— (2176 — 63847) (22°+ 2°) + (2248 — 97287) 2* = 0. 
Putting v = V 2a the equation reduces to 
foe 4 4) epee Tene | ee ay ee 
vt + 7) — (82+ 41) V2 (x + |) + (668 — 800%) (v* + 5} 


1 
— (544 — 15961) V2 (v + =] + (562 — 24821) = 0. 


Again putting «+ 1/r — V22i we get the equation 
(e+ 13) {28 — (17 — 322) 2? — (614+ 1672)2 —(11+162)} = 0. 


The linear factor corresponds to # — —6+ V —57. while the cubie factor 
corresponds to » = 2+V —a9. 


* Proc. L. M.S., vol. 21. 
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g(@) = g(2+V—89) = e744 g(V —89), 
W(w) — w2+V—89) = w(V—89). 


6. Modulus corresponding to » = V —171. Here the simplest 
numerical result to obtain is Klein’s absolute invariant J, where 


(1— 16 x*x’”)" 
108x2x 





This is obtained by performing the cubic transformation on J’ = 2° 
corresponding to # = V —19. We have 


_ @=1) Or —1)* _ 


_. 999 
641c’ 2 





J’ = 


and tr’ = 1. Putting c’ = 27/xz, and x— 27 = y’*, we get 


y (y® — 216) = 96(y*+ 27). 
Writing y — 6v, we have 
v*—16v5—v—2 = 0, 
or 
1 2 


shite tas "BT v+—) = 0. 
| > > 


whence 
2v = (8+ 57) + (185+ 18 V 57)”. 
Therefore 
r = (8199+ 1086 V57) + (185 + 18 V57)'” (498+ 66 V 57). 


7. (a) Modulus corresponding to » — V —387. This is obtained 
by performing the cubic transformation on » — V — 43. 
Here the equation for v is 


2 \2 
(v?—80r— 2) —z+. 129 (v+ 5) = 0 


\ 


whence 


1 


(b) Modulus corresponding to » — V —603. The equation for v is 


vt — 8807'— v—110 = 0 
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and 
27 —= (440+ 31 V 201 ) + 3(48071 + 3038 V 201 )*”. 


(c) Modulus corresponding to = V —243. Here 


1. ee ae 
3" pad 

Therefore 
(27r°—187’—1) — 64009 


647’ a) 





It can be seen by solving this equation that 


y= {$en—am—if 


Therefore 


ane oi a 
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ON THE COMPLEX ROOTS OF A TRANSCENDENTAL 
EQUATION OCCURRING IN THE 
ELECTRON THEORY.* 


By James PIeRpPont. 


1. In a recent paper, Prof. G. A. Schotté has considered the equation 


(1) (a+bz)@—z = 0 
in which he takes 


(2) a = 1,6.10-%, b=1+8, B= 7,5-10-%, 


It is important for him to show that (1) has no root z= a#+iy in which 
x >0. His method appears to be as follows. Setting z= x+y in (1) 
gives, on equating reals and imaginaries 


3 [(a+bx) cos y—by sin yJe’—x = 0, 
[(a+bz) sin y+by cos yje’—y = 0. 


If these equations are plotted for the values of a, ) given in (2) we get 
two curves whose intersections are the roots of (1). No method of simply 
calculating these curves being known by the present writer, I was led to 
consider the question de novo. 1 naturally turned to various reference 
works for information but got very little help. Further efforts have led 
to the results incorporated in this paper which I believe will prove of 
interest to others. 

It is well known that the real roots of a numerical algebraic equation 
may be calculated by Horner’s method. Many theorems as Descartes’ and 
Sturm’s give us valuable information as to the location of these roots. 
A still more general method is that devised by Graeffet which gives both 
real and complex roots. This method has been developed by Fourier and 
especially by Carvallo.§ 

Turning to transcendental equations we find quite a different situation. 
In the first place the equation may have no root real or imaginary as the 





* Received April 13, 1928. 
7G. A. Schott F.R.S. The theory of the linear oscillator and its bearing on the 
electron theory. Phil. Mag., 3 (1927), p. 739. 
$C. H. Graeffe. Die Auflésung der Héheren numerischen Gleichungen, Ziirich 1837. 
§ E. Carvallo. Méthode pratique pour la résolution numerique compléte des équations 
algébriques ou transcendantes, 3rd ed., Paris 1910. 
81 


#57 alba 9 anretg atte brace 
BPP RT OR ge OE LT Rn or 





aus *preqwees 


> 
ft . . : = 
<< Sar ere, 


OG 


er 





RGAE ROR ER 


Bats 


ig 
¥ 
s 
= 
i 
1 








J. PIERPONT. 





82 








equation e* = 0 shows. Secondly we have no algorithm like Sturm’s for 
locating approximately the roots. A short time ago I would have said 
that there was no known method of expeditiously finding the complex 
_roots to any assigned degree of accuracy. I now know better but no 
thanks to the current hand books as will transpire later. 

2. Let us now turn to equation (1); we will not take the values of a, b 
given in (2) as this choice of the constants materially simplifies the 
numerical solution. Instead we will choose less special values and con- 
sider for definiteness the equation 


(A) (l+2z2)e—z = 0. 















Our problem is to find all its roots. The methods here employed are 
partly entirely general and partly of special nature. 

We begin by showing that (A) has no real roots. For if 2 = x is a real 
root of (A) we have 







eo” =x 


mem ae 
1+22° 





If we set 





x 


oar. 5: = &, SS em 
y , and y i+ 22 





Site: 





we have two well known curves (exponential and hyperbola) whose graphs, 
we see at once, do not meet in a rea! point. 

We show next that (A) has no purely imaginary roots. For setting 
z= ty, y real, in (A) we get 


(1+2iy)eY = ty. 


ie eRe 


au oe Sein: ee 
o I Sdounuages patel: md 





Bg tae tem tie 





The square of the modulus of both sides gives 





1+4y? = y*, or 3y? = —1, 











7 which is impossible as y is real. Hence all the roots of (A) are complex, 
‘g if any exist. Setting z= a«2+7y in (A) gives w-+iv =O where 






& u = [(1+22) cosy — 2ysiny] & — x, 
Fe v = [1+ 22)siny + 2y cosy] & —y. 











If z is a root, w=0,v=—0. Replacing z by z= x —iy we ge u+iv=0 
: where u = u,v = —v. Hence if z is a root, so is 2, i. e., as in algebraic 
iis equations the roots occur in conjugate pairs. We may thus in the following 
regard y>0. 

We show next that no root z= «+iy hss x= 0. 
x = 0 is impossible, hence take x>0O. If 2 satisfies (A), 







We have seen 
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(B) et = ate, 


since z+0. Let us set 
T = e*, 
Then 


t=2+5-4, r=2 Red ac oe ee 
Thus the two sides of (B) have different moduli and the assumption that 
z=ax-+iy, x«>0 is a root of (A) leads to a contradiction. 

If 2=-—a+iy, x>0 ts a root, then x<1. 

For then T = e* = e—Y gives |T| = @ >e = 2,718 --- for «>0. 


t= 24 gives |¢*| 
« 


lf «1, 
It) < Vb < 2,24, 


We are thus led to a contradiction if > 1. 

We have thus the result: 

All the roots of (A) lie within the band —1<x2<0 parallel to the 
imaginary y axis. 

This band we will call B, which we limit however to y = 0. 

3. To get further information regarding the loca- 
tion of the roots we will consider the graphs afforded 
by the two members of (B). 

If we set w = e~* the graph of the band B is the 
ring about w = 0 whose radii are 1 and e = 2,718 ---. 

Let us set 











wo = 2kn, @ = w+ > B= o+a, 


Bn 


y= @o+ a? 6=—@+27a, 








where k is an arbitrary positive integer. 

The straights y= o, y=a, y= 8, y=y, 
y = 4, give rise to four rectangles in the band B 
marked I, II, IJ, IV, in Fig. 1, to which correspond 
the 4 segments of the ring similarly marked in Fig. 2. 
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We now consider the map afforded by ¢ = 1/z. To the straight 
z=-—a-+iy, a>O0 corresponds the circle 


(u+ <a) +0 = iat. 





ts 





Fig. 2. 


To the straight 2 = «+b, corresponds 
the circle 


u® + (v+ +0) = —p)’, 


As the band B lies entirely in the 2° 
quadrant, its image afforded by 1/z lies 
entirely in the 3° quadrant. Thus the 
graph of the rectangles I, I, III, IV, 
k>0O afforded by 1/z is the shaded 
region in Fig 3. The graph afforded by 
s = 2+1/z is obtained by moving 
Fig. 3, 2 units to the right, parallel to 
the x axis. We have inserted it in Fig. 2. 
Now for z to be a root of (A) it is 



















ra 
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necessary that w and s should represent the same z in Fig. 2. This shows 
that for k>0O there is no root z falling in the rectangles II, III, IV. 
There are an © of rectangles of the type I corresponding to k = 1, 2,---. 


oe . Spiele SEED 
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indicated schematically by (1,2) in 
Fig.4. The point 1 is in the 1° quadrant 
and 2 in the 3°. We show that g 2 
crosses the w axis once in this interval. 


We show there is one and only one root in each of them. 455 
To this end we use Cauchy’s theorem. Setting g = 2+1/z—e-* we have | 
1 1 a4 

onz J, @ eg) = any 4 loge —= 8, ; 

4 
the number of zeros of g in the rectangle I whose edge we call C. Here oth 
log-g is the change in logg after z runs over C. Thus to show that ith 
g has one and only one root in I, we have only to show that the radius ih 
vector joining 0 with the point corresponding to g, describes a rotation TEE 
of 360° about 0. at | 
Now on the segment (1,2) in Fig. 1, v 4 
z=0@ i 
u cosy —2ysiny, 1 
v = sinyt+2ycosy—y. f-plane I ia 
At 1, y=o, ..u=1, v=a@; 1 
at 2, y= a, u= —2a, v= 1—a. Ye 4h 
Hence as z describes the segment (1,2) 0 : ee 
g describes a curve which we have 1 





‘ : 4 

For if u = 0 we have cosy = 2ysiny, 7 
or 2y = coty. The two curves a 
Y = 2y, 4 = coty obviously cut ’ at 
once and only once in the interval 7a 
o<— y "4 a. . . 

- pie Fig. 4. } 

If v=0, sig LET 


2ycosy = ysiny. af 
Let us consider the two curves 


Y = 2y cosy, y = y—siny 









in the interval (w, «). For y=o, Y=20, y=; for y=a,Y=0, 
” = a—1. These two curves therefore cross and as Y is steadily de- 
creasing and 7 steadily increasing, the curves cross just once in (@, @). 
On the segment (2,3) in Fig. 1, y = @, hence 


“u = —2ae*—2z, v = &(14+22z)—ae. 
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At 2, x=0; u=——2e, v= 1—a; at 3, x = —1, u= 1—2a/e, 
v= —a—l/e. 

Thus f at 3 lies in the 3° quadrant in Fig, 4. 

We show that as g goes from 2 to 3 it cuts neither the wu nor v axis. 
For if u = 0, & = —2/2a. Obviously the two curves 

















a/2Qea 





Y = e, and 4 => — 








do not meet in the interval (—1,0). Hence «+0. Similarly if v= 0 
we have 









Hi The curve Y = e* is the exponential curve, the curve 7 = «/(1+ 22) is 
<7 a hyperbola whose graph shows at once that it does not meet the Y curve. 








eee Hence v+0. Thus as z ranges over (2, 3) in Fig.1, g describes a curve 
pe 4 which neither cuts the w nor the v axis, as schematically indicated in 
a Fig. 4. 
On (3, 4), 2 = —1, and 









u = —(cosy+2ysiny)e+1, v == (2ycosy — siny)e* — y. 












At 3, y== a; u=1—2e/e, v= —a—l1/e. 

At 4, y=o@; u=1—I1/e, v= —o(e—2)/e, a point in the 4° quadrant. 
If «w= 0, cosy+2ysiny=—e or 2ysiny = e—cosy. 

ig We consider the two curves Y = 2ysiny, 4 = e—cosy. 

Say At4,y=o, Y=0, 4=e--1. 

tbat At 3, y=a, Y=2a, =e. 

B's As the Y curve steadily increases and the 7 increases, the two curves 
cut once and only once in (w, @). Hence u == 0 once only in (3, 4). 

; If v= 0, 2ycosy = ey+siny. 

or Set 

: Y = 2ycosy, y = ey+siny. 













he ® At4,y=0e, Y=20, = cw. 
iq At 3,y=e, Y=0, q=I1+ea. 
B The Y curve steadily decreases, the y curve steadily increases hence 
Ai) they do not meet. Thus g moves along the segment indicated schematically 
4 in Fig. 4. 

Finally on (4, 1), y = @ 


u = e*(1+2z)—2z, v = 2o e— ao. 









If u= 0, 
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The graph of the two curves Y = e”, y = x/(1+ 22) shows that they 
do not meet. Hence u+0 in (4, 1). 

If v= 0, & = 1/2. Hence v = 0 once only in (4, 1). 

We have thus shown that the radius vector Og turns just once around 
as z runs over the edge of the rectangle I. Hence 

THEOREM. In each rectangle 1 for k 1,2,--- there lies one and only 
one root of (A). To each of these roots x+iy there corresponds a conjugate 
root x—vy. 

Let z, be the root of (A) in the mth rectangle 1. Then 
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of 


Zn = In + (2na + tn)i, —l<aa< U, 0 < ty<. 2/2. 


Also lim 1/z,- 0 .*. limit of the right side of (B) is 2. Hence 


‘ 2 , —x, it 
lim e¢ “== 2 == lim e “"e™, 


n=D 
Hence ; 
THEOREM. An asymptotic expression for the roots of (A) is 


z = —loge2+2mai 


where m is a large positive or negative integer. 

In the foregoing we have excluded the rectangle corresponding to k = 0. 
This rectangle has z = 0 as one vertex and this would require a division 
by O in our work. Let us therefore return to equation (A) and set 


Sf = (1+22e—z. 


If we allow z to range over the rectangle, i. e., the rectangle Ro, whose 
opposite vertices are z= 0, z = —1+ 77/2, we 
find by rough plotting that f describes a simple 
closed curve enclosing the origin. Hence equation (A) 6 
has a single root in this rectangle. 

4, We now show how any one of the roots of 
(A) or (B) may be calculated with an assigned 
degree of accuracy. To fix our ideas we seek the 
root lying in the rectangle Rp. 4 

A rough calculation shows this root lies in the 
rectangle 7’ whose opposite vertices are z = —1/4 
+ 7/2 and z= —1/2+7/107. This rectangle we now divide into 9 equal 
rectangles whose vertices we call 1, 2,---, 9, as in Fig. 5. 

We now let z run over 7 and calculate its image as given by 


Z-plane 




















Fig. 5. 
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where, setting 2’ = — zx, 


2—a2'/r? — & cosy, 
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v = e&siny — y/r’. 
































To calculate the values of g when 2 is at the points 1, 2,---, 9 we form 
the following table, using a sliderule. Here 
= ecosy, b = evsiny. 
a’ | y cosy | sin y | r? | oo" |r? y/r? oa | b | u | v 
eis | seats (See ET a 
1 | 25 | 5 | 878) 479 | 3125) .800| 1.60 1.12 | .613 | —.99 | 
2 |. | 6 | 825 | 565 | 4225) 592/142 1.06 | .723 | 36 —.70 | 
8 | 2 | 7 | .765| 644 | 5525) 453/127 979) 824) 57 | —.45 | 
4 | 375) 5 | 878| 479/391 | 959 | 1.97 | 1.97 | 694 |—.23 | —.58 | 
5 | .875| 6 | .825| 565 501 .748| 1.20 | 1.20 | .819| .05 | —.38 
6 | 37 | .7 | .765| 644! 681 | 595/111 | 111 | .934| 80 | —.18 
7 | 5 5 | 878 | 479 5 = 1— | 1.00 | 1.45 | .790 | |\—45 | —21 | 
8 | 5 6 | 825) 565 61 = 82 | 984) 136 | 982 | '—18 | —05 | 
9 | 5 | 7 | .765| .644|.74 | .676| .946| 1.26 11.06 | +.11 






















9 g-plane 











“a = 


le = A+ Ue, 













From the graph Fig. 6 we see 
that the root lies in the rectangle 
(5689) = 7”. If in the g graph we 
draw through O the curves roughly 
parallel to the nearest sides we find 
by measurement that OA = 0,35 of 
the side (8,9) and OB = 0,15 of 
the side (6,9). As g moves nearly 
proportional to z, we may divide the 
rectangle (5689) in the z-plane in 
the same proportion and take as 
approximation of the root 














c= 





— 0,48 + 0,651. 








5. To ‘get closer approximations 
to the root we extend Newton’s 
method to complex roots. We set 

















ar Uy, 


Uy 












Usi = Cg etc. 
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We have to show that the sequence 
(1) 1, Az, Ag+ 


has a limit ¢ and that f(¢)—0. It is desirable also to know the degree 
of approximation at any stage a» of the calculation. 

The first to treat this question was Cauchy. In the note to his Lecgons 
sur le Caleul Différentiel, Paris, 1829, — Oeuvres 2nd Series, vol. 4, 
pp. 573-609, we find a complete solution of this problem. This note seems 
to have been buried in oblivion until resurrected by J. Helo in a memoir, 
Uber die Newtonsche Naherungsmethode und eine Verallgemeinerung derselben. 
Helsingfors, 1914. This in turn seems to have met a similar fate, as I find 
no reference to it in the literature. This is to be regretted as Helo’s 
paper not only treats the approximation obtained by setting the first two 
terms of the development 


@) Fatuf @+ fat 7"@+-- 


equal to 0, but also that obtained by setting the first three terms equal to 0. 
Also by generalizing the notion of the osculating parabola considered 
by Fourier,* Helo has obtained closer limits of approximation wether 
using two or three terms of (2). 

Without going into these refinements we wish to show how Cauchy’s 
results may be obtained using only Darboux’s mean value theorem. 


(3) Fe) = fla+e—af (@+£@—af" (a, 2). 


Here « <1 and (a, z) is a point on the segment az. 
This theorem is fundamental in an important paper by Faber.t To 
simplify our formulae we set 


A=Il|f@|, 4=\f'(@|; A = \f(m)|, Ai = \f'(@)I, ete. 





Cy denotes the circle z—a,|< 0, n = 1,2,3.-.-- 


ms f(e), 


We have now the following 
THEOREM 1. Let f(z) he a one value analytic function in C,. If 








f'(@)| < M in G,. 


(4) 20,.M<A’, 


T(z) = 0 has one and one root in C,. 





*J. Fourier. Analyse des équations déterminées. Paris, 1831. 
+G. Faber. Uber die Newtonsche Naherungsformel. Crelle’s Journal 138 (1910), as 
well as in the paper by Helo. By its means, Cauchy’s proof may be greatly simplified. 
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For let z be a point on the circumference of C,. Then (3) gives 
replacing a by a 
1) 


FO = e—a)[f (+L 4 £¢—ar"] = @—a 9. 


Zz ay 


Hence 
log f = log (e— a)+log g. 


Hence by Cauchy’s theorem, / has only one root in C, if |g| >0O on C,. 
This is so if 
cine a 1 : 
(5) A; > * + ze M on C,. 
Now 
F(a) — f@+us (+52 F" (a, a). 8) <1. 
As f(a)+u,f (a) = 0 this gives 


2 
(6) hie u$ 
Also 


I a (a;) =— ¥ (a)+yuf" (a, a), a Ss 1. 


A' >\A'—e, MI, 


Hence 


or using (4) 
Aj > \20,M—e, M |}, 


(7) * £5 6a 


Thus by (6) 
A, 


01 
Hence when (4) holds so does (5), which proves the theorem. 
THEOREM 2. The condition of theorem 1 holding, we have 


+ saM< @, M< Aj, by (7). 





(3) 02 << 5 G1. 
For by definition 
(9) G2 3 . 
By (6) 

A < as. 
By (7) 


These in (9) give (8). 

THEOREM 3. If 
(10) 20:M<m, 
F(z) has a root in Cy. 
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For since (10) holds so does (4). Hence (8) holds 





6 Oe<O; 3’. 209 M<2Q,M<m< Aj. -f 
Thus 


(11) 


This relation stands in the same relation to C, that (4) does to C,;. Thus 
the reasoning of theorem 1 applies to theorem 3. We see also that 
theorem 3 holds for each of the circles Cy, n = 2, 3,---. 

THEOREM 4. The degree of approximation is afforded by the inequality 


202M < A}. 


































(12) en<erQ?-», 1 
where Q = 0,M/2m<1. For | ; 
oe m = 2m ~—=CO Q. i 

Similarly , 
_ Ao  @GM/2 GPM | | 

2°". ee 


Q< er Q",---. 





We apply these results to our equation (A). Here f(z) = (1+ 2z2)e¢—e. 


If we take , 
a == —0,48 + 0,657, . 
we find 4 
u, = — .000535+ .009447, 0, =— .00946, 
a, = —0,48405 + 0,65947. 





Instead of the circle C,, I have taken the rectangle S whose opposite ao 
vertices have the codrdinates a] 








i 
(0,46; 0,63), (0,50; 0,67). if 
I find that in § + 
14< ij f'(z),, tT" @\< 2,8. j 
Hence a fortiori relative to C iP 
l4<m M<28. f 
The relation (10) holds here since f f 7 
20, M< 0,063 <1,4<™m. ee 
Here i 
_ 112-107-238 _ a 1 
@ < 2.14 = 1,12-.10-%. : : 
Hence : 


@s < 1,33 - 107%. 






EXTENDED RESULTS IN ELIMINATION.* 


By Tomas W. Moore.t+ 







The primary purpose of this paper is to offer a means of securing an 
eliminant condition for three double binary forms in digredient variables. 
The method followed is a generalization of one employed by Coble and 
Morley{ for the case of j different forms in j variables, applicable to 
a certain definite range of cases. The earlier paragraphs will illustrate 
the method of Coble and Morley applied to the case of two binary forms 
of arbitrary order, with the particular object of showing that the eliminant 
condition may be obtained in more than one way. The remainder of the 
paper will be devoted to the consideration of the three double binary 
forms in digredient variables, and a determinant representing the eliminani 
i é will be established for a limited range of cases. 
Pci” The initial problem in elimination with which we are concerned may be 
eb a stated as follows: Given j forms, homogeneous and of orders m,, me, «++, mj 
; ah, in the 7 variables y, to find the polynomial in the coefficients of the various 
a a i forms whose vanishing is the necessary and sufficient condition that these 
o | : j forms have a common solution 2,, %,---,2zj. It is desired to find this 
ee eliminant or resultant as a single determinant containing no extraneous 
ee |; factors and not vanishing identically. The method of Coble and Morley 
! is not the only means of effecting this for certain cases of forms *. more 
4 4 than two homogeneous variables, but it does offer a more generz: method 
; than any heretofore devised. The eliminant may sometimes be obtained 
ee by a dialytic method of elimination of pairs of variables from successive 
a pairs of equations, where the resultant would be secured multiplied by 
i some extraneous factor. But a different form would arise for every different 
ay: way in which this could be done, and the resultant would appear as the 
Re G. C. D. of all these results. 
m : The method of Morley and Coble may be stated briefly as follows. 
Given the forms: 
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* Received April 25, 1928. 
1928. 

+ National Research Fellow in Mathematics. 

{ F. Morley and A. B. Coble, New results in elimination, Amer. Journ. Math., 49, 4 (1927), 
pp. 463-488. 
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then they define the covariant J;: 


ht Se za m,—k,—1 _k, Oe 
I = Qu (ty, Ue, a) an ats. 


k,Ak,+ --- +k =k, 


where it is assumed that « is known as a common solution of the 7 forms. 
Next they consider the modulus 


F= By a + Ay a3 +. +B ats 


ey 


where #*-”,..., B-"", are arbitrary forms, and then prove the theorem: 
ly Jy 


If the equations «= 0, ---, «7 = 0 have a common solution z, then all 
the covariants J; for k = 0,1, ---, m+ m2+----+-mj—yj are contained 
in the modulus F. For k = 0, 1,---,m—1, J, =0. This theorem will 
furnish an identity in y, and from the number of equations resulting, one 
has to eliminate the products of the unknown root z and the unknown 
parameters 8. By multiplying the forms «17, ---, a by products of x 


sufficient to raise them to the order Sa— j—k of Je in x, one secures 


an added number of equations from which to eliminate the products in x. 
For further details of this method in the general case the reader may 
refer to the article already cited. 

It is of particular interest here, in view of further applications, to 
consider the case of two binary forms of orders m and » respectively, 
m<n. This case can be handled fully by other methods, notably Sylvester’s 
dialytic method of elimination which gives a determinant of order m+n, 
and Bézout’s method which affords a determinant of order n. It will be 
shown that the resultant determinant can be secured in several different 
forms and different orders. It may be remarked that for two forms of 
equal order, the determinant of lowest order obtained is just the deter- 
minant of Bézout. 

ewriit the two binary forms are «”, Bi; m <n. Then we have 
J, = («8) Dam-*,- an i Sig ay k, +k, =k, and also J, (a™*"—-*-*; y*) 

= = a Cat +a" me. "For k<y ae =; for m <k<n, only the term 


in @y, will appear on the ek and for k>n, both terms will appear. 
k ranges in value from 0 to m+n — 

For k = 0, J is the Jacobian of ae forms «”, 8%. We multiply a by 
apn? ees, a2; BM by am-?,..., af? securing m 4+o—8 equations in this 
way. The addition of ‘the netits equation gives a ade equations 
from which to eliminate the m+n —1 products 2”+"*,.... am™+"-? and 
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consequently the eliminant results as a determinant of order m+x"—1. 
Coble has shown that in the general case this determinant does not vanish 
identically, and it is obvious that it is of degree m in the coefficients 8, 
n in the coefficients «. 

When k = m-+n— 2, J; contains no x and we have m+ »—1 equations 
from the identity in y, from which to eliminate the quantities 7, n—1 4’s 
and m—1yp’s, m+mn—1 altogether. Thus the eliminant in this case is 
again a determinant of order m-++n—1. This is the maximum order of 
the determinant secured, and for all other values of & in this range the 
determinants will be of lower order, the minimum order being n. The 
m-++n—1 determinants obtained in this way may be arranged in pairs of 
conjugates, that is, with their rows and columns interchanged, for k = k; and 
k= m+n—2—k;, kj = 0,---, m+n—2, when m+n is odd, and with 
one unpaired determinant when m-+n is even. 

It may happen that several different values of & will give determinants 
of minimum order. k = (m+n —2)/2, m-+-n even, k = (m+ n— 8)/2, 
m-+-n odd, will give a determinant of least order n, but not necessarily 
the only one. For example, for m= 3,n= 7, the orders of the nine 
determinants for successive values of k from 0 to 8 are 9, 8, 7, 7, 7, 7, 
7, 8, 9, where the determinant of order 7 for k = 4 is the only one 
unpaired. For m =n, k = m—1 gives the single determinant of lowest 
order n, which is the determinant of Bézout. 

We propose to extend this method to the case of three double binary 
forms in digredient variables, namely: 


A: aMat; B: Bebe; C: yx? ck 





where ¢ and « are the digredient variables. Since there is one degree of 
freedom in each variable two of these forms will be satisfied simultaneously 
for a finite number of value pairs ¢ and +, while it will be a condition 
for a third to be satisfied by the same pair of values. Consequently we 
wish to find the condition, in the form of a determinant, on the coefficients 
of these three forms that they have a common solution. The simplest 
case is the one of three bilinear forms, where all the indices are one. 

One can see that the eliminant will be of degree na+ vp in the 
coefficients of A; of degree ma+pyp in those of B; and of degree 
mv-+nw in those of C. For, if we eliminate « from B and C, the 
coefficients of B will appear to the degree 7, those of C' to the degree »v. 
But the coefficients of B are already of degree n in ¢, and those of C of 
degree p in ¢. Hence the resultant of B and C will be of degree na + py 
in ¢, and consequently the coefficients of A will enter in the resultant 
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to this degree. But we cannot pursue this method to get the eliminant 
itself very successfully, for if we took the pair A and B and eliminated 
t once more, and then eliminated ¢ from these two intermediate forms, 
we would find the coefficients of the three forms entering to too high 
degree. Furthermore we should have a different result for each of the 
three ways in which this could be done, and the resultant would have to 
appear as the G.C. D. of these results, an unsatisfactory process at best. 
So we wish to devise a more practical means of elimination. 

Let us assume s, o as the value pair satisfying the three equations 
A=0,B=0,C=0, and use ¢,7z as current variables. Then in place 
of Coble and Morley’s form J; we define: 


Jin = (bo ya) dat TH? cat Bas Bs ye? 
x a fg — re N—#,—1 cf 
— (ca) Gr da hg ie ae 


4%, —l a® v—x z A—t, —l xX, 
my 3 3¢ 
x af b, *b.*¢, c,'; 


ky +he+khs = k; % + %y-+ xy = x, 
Jinn = (ca) (ce a> ( )—(ab)(y ae) > ( 


Jer = (ab)(Br) > ( ) — (be) (aA) > ( 


where the last four summations can be written down in a way similar to 
the first two, since they are defined completely by the symbolic factors 
standing outside the summation signs. These three forms of Jxx are 
essentially distinct and all will be used at times. Each of these forms Jix 
is of order k in ¢t, x int, m+n+p—2—k in s and wt+v+a-2—x 
in o, andof degree one in the coefficients of each of the forms A, B, C. The 
form Joo will be denoted shortly by J. 

In a manner analogous to that employed by Morley and Coble for the 
forms in a single set of variables, we shall make use of the ‘forms Jzx 
and the three forms A, B, C to set up a determinant which shall represent 
the eliminant in any given case. That implies that we must have a number 
of independent equations equal in number to the quantities to be eliminated. 
Next the determinant must contain the coefficients of each form to the 
proper degree and must not vanish identically. The forms Jy or some 
linear expression in them must be satisfied by the common solution s, ¢ 

It has not been proved so far, save in two or three isolated cases, 
that Jyy, can be. expressed as a syzygy in terms of the three forms A, B, C 
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when they have a common solution, as Coble was able to do in the case 
of a single set of variables. That is, in symbolic notation, we have not 
been able yet to show the existence of the relation 


[ke (gmtutp~I—k gh+v+A—2-x . gk ¢k) = fi 4. A+ ph—"me-" B ok Pn aC), 


Obviously, since a 1:1 form is the double binary form of lowest orders, 
this syzygy would first appear when using a J,, form. So we shall confine 
ourselves in the present paper to the types of forms to which J, J,> and Jp, 
are applicable, where each of these must be identically zero in ¢ and + 
if the existence of a common pair of solutions is assumed 

I. Cases to which J is applicable. Each one of the three forms 
J®, J”, J® will vanish for all values of the indices m:m, n:v, p:a in 
case A, B,C are satisfied by a common value pair. 

Type 1. 

=o:3, 2:1, g:t, eS 832. 


J is a form of order m+n-+p—2 ins, 1 ino. The following determinant 
of order 2(m-+-n-+p —1) results. 


2(m+n+p—1) 


Ll ABC 
n+p—1) A 
m+p—1| B 
m+n—1! C 


This skeleton notation is the same as that used by Coble and Morley in 
their article (Cf. loc. cit., pp. 473-474). The numbers at the top of the 
determinant give the number of products in s and @ to be eliminated, or 
in other words the number of columns. The numbers at the left give in 
succession the number of equations resulting from the identity J;,, in ¢ and r. 
and the number of equations resulting from multiplying A, B, and C by 
products in s and o of order sufficient to raise them to the orders of 
J;..z in these variables. For instance, in this particular case, there are 
2(m-+-n-+p — 1) products in s and o to be eliminated. J does not con- 
tain ¢ and zt and thus only one equation arises from the identity, containing 
the coefficients of A, B, and C linearly. A is of orders m:1 and we 
multiply it by s#*?-2,..., #P-?, getting in all n+p —1 equations in- 
volving only coefficients of A. Similar remarks hold for B and C. 

The determinant should be of degrees (n+p, m+ p, m+n) respectively 
in the coefficients of A, B, and C. This is apparent from inspection. 
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The question of its vanishing under conditions other than the existence 
of a common solution for the three forms will be considered later. 


Type 2. 
m:1,n:1, l:a,mcon, : § 
R(nat+1, ma+1, m+n), J(g*t"-1! , o*) 





The determinant is of order (m+n) (4+ 1). 





(m+ n) (# + 1) 


1. ABC 
na A| 
mie | Bo 

m+n—1' iC | 





















lig, l:v, lia, povea, | 
Rw+a, e+, w+y), J(s, ot t+V+n—2) = (). , 8 


t,t 





The determinant is of order 2(u-+»-+ a—1). 
Type 4. 
hia, t:e0, pil, ea sn 
Ripy+1, pati, ety),  S(s?, omtr1) = 0, 


The determinant is of order (w+ v) (p+1). 

Types 3 and 4 are the same as 1 and 2 respectively when the variables 
# and t are interchanged. 

II. Cases to which J,.(Jo,) is applicable. Since the form Jjo(Jo:) 
affects only the variable s(¢), the indices uw, », a (m, n, p) may be considered 
perfectly arbitrary when we seek whether the various forms of Jj9 (Jo) 
will vanish when A, B, C have a common solution. Then consider m:p. 
n:v, p: 7a, and assume a common solution. 






2 . oF 
m=n=p=—il, ay = U. Jie = 0, 10 = 0. a: 










p>2, Jn—JP—JP = 0, 








but the separate forms fail to vanish of themselves. The case 1:1, 1:1, 
2:2 is special and for it J+ Ji — Jo = 0. 
If : 

m=1, n>2, p>2. JS—JP+I92 = 0. ‘ 
If 





m 


IN 


2, n>2, p>2, JP=0, JQ@=0, IP =o, 1 
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The same conclusions hold for the choices of the indices w, v, # in the 


alternate case. 


Thus it appears that we must use different forms of the covariant Ji (Jo;) 
as the indices m,n, p (u,v, ~) vary, in order to get a form which will 
vanish when A, B, C have a common solution. 

Then the form J, (Jo;) may be used to secure a resultant in the 


following cases. 


Type 1. 
m:1, m:1, 2:2, mon, 
R(2n+2,2m+2,m+n), 
Jio(s™*"-, o?; t) = 0, 
3(m+ n) 
2; |ABC| 
2n| | A| 
2m Ss BI 
m+n—2' C. 
Type 2. 


m:1, 2:¥, 2:4, vq, 


R(2v +22, ma+ 2, mv + 2). 


J10 (s"+}, o"’+n—1, t) = 0. 


(m+ 2) (y+) 


2; | ABC! 
2(v-+a—1)) A| 
m7 | B| 
mv | C| 


Type 3. 
S78, 2:3, 3:x, 


R(2a+4, 2a+-4, 8), 
Jo (8°, oF +; t) = 0, 


4(a +3) 

2 ABC! 
2(a +1) A\ 
egies” 'B 
6 | IC 


lip, liv, 2:2, ws», 


R(2Qv+2,24+2,n+), 
Jo, (s*, o# +”; x) =0, 
3(u + v) 
2; |ABC' 
29 A| 
2p | B 
wt+ry—2 C 


Lig, n:2, p:2, n<p, 
R(2n+ 2p, up +2, wn+ 2), 
Jo, (oP, o#+1; c) = 0, 

Tt 


(uw + 2) (n+p) 
2 ABC 
2(n+ p—1) 1A 
pe Bi 
ne C 


8:2, 3:3, 9:8, 
R(2p+4, 2p+4, 8), 
Jo; (s? +, o°: £) = 0, 


4(p-+ 3) 

2) ABC! 
2(p+-1)) A| 
2(p+1)) B 
6 iC 


The question whether any one of these determinants vanishes also when 


the forms A, B, C do not have a common solution is still to be answered. 
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This is shown not to be the case by taking special forms of A, B, C 
which do not possess a common solution and setting up the corresponding 
determinants. This has been done for every type considered, and for the 
Jio and Jy, types for all the different covariant forms used. A particular 
example will serve to illustrate this. 

Let us consider the type 2:2, 2;2, 2:a, for which Jp > 0 may be 
used. We may take the particular forms: 


A:@ai=0; BO =0; C: @—O(F—eF) = 0, 


where A has the solution 0,0; B has the solution «, 0; and C 1,1, 
and the three do not have a common solution. Then J,9 formed for 
A, B,C is 


Da — R+lg tf — 2 gk+1 1 A+1 
Jo = 8, OFT? Oy t,— 28, 8 OF *? 6, ty + 2st 8,0, 0;'t* t+ 8 6, oF? t,, 


and when this is equated to zero identically in ¢, we have the two equations 


De oad eee 
2 si 8, 0, ot! — sh oft! o, 0. 
Go, of — 2s soto, = 0. 


The determinant corresponding to the’ resultant is of order 4(a#+3). 
When we arrange the columns first in powers of s, s} to s3, and then 
under each product in s, according to the powers in o, of*? to of**, we 
find that the first 4(@+1) rows, 2(#+1) from A and 2(7+1) from B, 
each contain one element 1 and all others zero. The next six rows coming 
from C have two elements +1, two —1, and the others zero. The last 
two rows are formed from Ji), with two elements other than zero. There 
are eight columns of the determinant whose elements found in the first 
4(a+1) rows are all zero. Then suppressing the remaining 4(a-+-1) 
columns and these rows, we have left the determinant of eighth order: 
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whose numerical value is 9. Consequently the determinant fails to vanish 
other than in the case of a common solution of A, B, C, and is of proper 
degree and therefore must actually be the resultant. 

This method of elimination offers hope of extension in several ways. 
The immediate matter is to learn whether the general form J;,z can be 
expressed in terms of the three given forms by means of a syzygy of the 
type already mentioned. It is not particularly difficult to determine the 
types of forms to which a given Jx,, would apply, once we know the form 
of the covariant expression we may use, for we have seen already that 
this is not always the same. It will be noted that this method affords 
a means of eliminating two sets of variables, where no one has ever handled 
more than one set before. The domain of the variables can possibly be 
extended to more than the binary field. For example, a pencil of curves 
in the plane affords a binary-ternary form. The most general form would 
combine these things, namely the elimination of several sets of variables 
in domains of arbitrary dimension from a given number of forms. 


BALTIMORE, 
April, 1928. 





UNTERSUCHUNGEN UBER GESTALT UND 
LAGE ABGESCHLOSSENER MENGEN 
BELIEBIGER DIMENSION.* 


Von Paut ALEXANDROFF IN MOSKAU. 


Einleitung.+ 
I. In einigen in den letzten zwei Jahren erschienenen Arbeiten' habe 
ich gezeigt, daB jeder kompakte metrisierbare Raum auf bestimmte Weisen 
mit elementar-geometrischen Gebilden (Komplexen) approximiert werden 
kann, und zwar so, daf bei dieser Approximation die Dimension erhalten 
bleibt. Diese Approximationen kénnen dabei auf zwei prinzipiell ver- 





* Received April 16, 1928. 

+In dieser Einleitung wird nicht nur eine Ubersicht der in der Arbeit enthaltenen 
Resultate gegeben, sondern auch eine Reihe von Definitionen aufgestellt, die im folgenden 
ohne weiteres als bekannt vorausgesetzt werden. 

1 “Simpliziale Approximationen in der allgemeinen Topologie”, “Ober den allgemeinen 
Dimensionsbegriff usw.”, Math. Ann., 96 (1926) und 98 (1928), SS. 489-511 und 617-637, 
ferner Comptes rendus Paris, 183 (1926), SS. 640 und 722, sowie 184 (1927), SS. 317, 425, 
575 (séances du 7 et 21 février et du 7 mars 1927). Diese Arbeiten werden als “Simp. 
Appr.”, “Dimensionsbegriff” und “C. R.”, 1, 2, 3, 4, 5 zitiert. 

Die Kenntnis dieser Arbeiten wird im folgenden nicht vorausgesetzt. Dagegen wird 
die Kenntnis der Hauptbegriffe der Dimensionstheorie (so wie sie z. B. in meiner “Dar- 
stellung der Grundziige der Urysohnschen Dimensionstheorie”, Math. Ann., 98, SS. 31-63 
dargestellt sind) angenommen. Die letztgenannte Arbeit wird kurz als “Darstellung” 
zitiert; dort wird auch auf die, die Dimensionstheorie eréffnende Brouwersche Note 
(Crelle, 1913) und die grundlegenden Arbeiten von Urysohn und Menger hingewiesen. 

Aus der kombinatorischen Topologie wird in den beiden ersten Kapiteln nur der Begriff 
des n-dimensionalen Komplexes benutzt: darunter wird eine aus endlich vielen Simplexen 
zusammengesetzte Figur verstanden, wobei angenommen wird, daf alle diese Simplexe 
von Dimensionen <x und mindestens eins genau m-dimensional ist; ferner haben zwei 
Simplexe des Komplexes entweder keinen gemeinsamen Punkt, oder eine gemeinsame Seite, 
die dann ihren Durchschnitt bildet. Auch simtliche Seiten dieser Simplexe werden als 
Simplexe des Komplexes betrachtet. Ein Simplex, der nicht eine Seite eines anderen 
Simplexes des Komplexes ist, soll ein Grundsimplex heiben. Vgl. hierzu Simpl. Appr., 
§§ 1-2, sowie Dimensionsbegriff, Fubnote 2). 

In den Kapiteln 3-4 wird iiberdies der Begriff der Bettischen Zahl im Sinne der Defi- 
nitionen “modulo2” benutzt. Vgl. hierzu z.B. Veblen und Alexander “Manifolds of n 
dimensions” (Annals of math., 14 (1913), 163-178), Veblen, Analysis Situs (Colloquium 
Lectures), Alexander, “A proof and generalisation of the Jordan-Brouwer separation 
theorem”, (Trans. Amer. Math. Soc., 23 (1922), SS. 333-349), und insbesondere Alexander, 
“Combinatorial Analysis Situs” (Transactions, 28 (1926), SS. 301-329); die beiden letzt- 
genannten Arbeiten von Alexander werden als J-B-Th. bzw. CAS zitiert; sie enthalten 
reichlich alles, was im folgenden aus der kombinatorischen Topologie benutzt wird. 
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schiedene und dennoch miteinander nahe verwandte Weisen aufgefabt 
werden. 

Die eine ergibt sich daraus, dafB man zu jedem kompakten metrisier- 
baren Raum eine Folge von (abstrakt zu denkenden) Komplexen definieren 
kann, die miteinander nach bestimmten Regeln verbunden werden; eine 
solche Folge von Komplexen, betrachtet mit den zugehérigen ‘“ Bindungs- 
relationen” (auf deren nahere Struktur es im Augenblicke nicht ankommt), 
bildet das, was ich ein Spektrum des Raumes nenne; dabei kann man 
stets voraussetzen, daf (im Falle eines endlich-dimensionalen Raumes) die 
Komplexe des Spektrums simtlich von der Dimension des Raumes sind. 

Auch umgekehrt (und das ist wesentlich) approximiert auf eine bestimmte 
Weise jede vermége gewisser abstrakt zu formulierender Relationen als 
ein Spektrum zu betrachtende Folge von Komplexen einen kompakten 
metrisierbaren Raum; dabei tritt diese Folge von Komplexen als Spektrum 
dieses (durch sie approximierten) Raumes auf; ferner definiert (“‘approximiert”’) 
ein n-dimensionales (das heif®t aus lauter n-dimensionalen Komplexen be- 
stehendes) Spektrum immer einen héchstens n-dimensionalen Raum. Ks sei 
noch hinzugefiigt, da, falls der gegebene Raum von einer unendlichen 
Dimension ist, jedes diesen Raum approximierende Spektrum in dem Sinne 
unendlich-hoch dimensional ist, daB alle Komplexe des Spektrums bis auf 
héchstens endlich viele ihrer Dimension nach jede, noch so grofe Zahl 
iiberschreiten. 

Das ist die abstrakte Simplizialapproximation. 

2. Es gibt aber auch eine andere, rein geometrische Art, eine beliebige 
abgeschlossene? Menge F' mit Komplexen zu approximieren und diese besteht 
in den sogenannten kleinen Transformationen bzw. kleinen Abbildungen. 

Es sei zunichst ¢ eine beliebig kleine (aber feste) positive Zahl und 
F eine (in einem metrischen Raume # liegende) abgeschlossene Menge. 
Ich sage, daB die eindeutige stetige Abbildung / der Menge F' auf eine 
Teilmenge desselben Raumes # eine ¢-Transformation ist, wenn jeder 
Punkt x von F' von seinem Bildpunkte f(7) hichstens um « entfernt ist. 
Es ist leicht, diese Definition von der Voraussetzung, dah F' sowie die 
Bildmenge f(F’) im selben metrischen Raume # liegen, zu befreien: das 
geschieht gerade durch Einfiihrung des Begriffes einer ¢-Abbildung. Es 
sei f eine eindeutige stetige Abbildung des kompakten metrischen Raumes F, 


2“ Abgeschlossene Menge” = “kompakte abgeschlossene Teilmenge des Hilbertschen 
Raumes” = “kompakter metrisierbarer Raum” (Vgl. z. B. Urysohn, “Der Hilbertsche 
Raum usw.”, Math. Ann., 92 (1924), S. 302, oder auch “Darstellung”, § 1). Fir nicht 
kompakte Mengen wird das Wort ‘“‘abgeschlossene Menge” nie gebraucht; es kénnte héch- 
stens von (in bezug auf einen gegebenen Raum) abgeschlossenen Teilmengen (dieses Raumes) 
die Rede sein (so z. B. in Kap. I, § 1). 
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wobei die Bildmenge f(/’) in irgendeinem (metrischen oder sogar nur 


topologischen) Raume liegt. Ich nenne diese Abbildung eine «-Abbildung, 
wenn, wie der Punkt § von f(F) auch gewahlt sein mége, die Original- 
menge f—1(§) dieses Punktes von einem Durchmesser < 2e¢ ist. 

3. Es sei nun irgendeine Klasse & von (als Punktmengen aufzufassenden) 
geometrischen Figuren gegeben, deren Struktur uns aus irgendwelchen 
Griinden einfach und bequem erscheint, so dafB wir gerne z. B. jede ab- 
geschlossene Menge in irgendeinem Sinne durch die Figuren der Klasse & 
beschreiben, durch diese Figuren ausdriicken michten. Dann ist es zweck- 
maBig, folgende Definition einzufiihren: Ich sage, daB die abgeschlossene 
Menge F' durch eine kleine Abbildung (kurz: durch eine k. A.) in eine 
Figur der Klasse 8 iibergeht, wenn man zu jedem « eine «-Abbildung der 
Menge F' finden kann, so daB die Bildmenge von F bei dieser Abbildung 
eine Figur der Klasse & ist. Wenn dabei sowohl die Menge F als auch 
simtliche Figuren der Klasse & in einem festen metrischen Raume FR 
liegen, so kann man (in einem vdllig analogen Sinne) von kleinen Trans- 
Sormationen (kurz: k. T.) sprechen. 

Die geometrische Approximation einer abgeschlossenen Menge ist nun 
durch den Satz gegeben: Jeder kompakte metrische Raum von der Dimension n 
geht durch kleine Abbildungen in n-dimensionale Komplexe, aber nicht in 
Komplexe niedrigerer Dimension iiber.8 

4. Es gilt sogar mehr. Vermége eines Urysohnschen Satzes ist jeder 
kompakte metrisierbare Raum einer abgeschlossenen Teilmenge des Hil- 
bertschen Raumes homdomorph und kann also als eine solche betrachtet 
werden; es ergibt sich nun, daB man den soeben formulierten Satz in 
folgender scharferen Form aussprechen kann: Jede abgeschlossene kompakte 
Teilmenge des Hilbertschen Raumes kann mittels kleiner Transformationen 
in Komplexe, und zwar eine n-dimensionale Menge in Komplexe derselben 
Dimension n (und keiner niedrigeren) iibergefiihrt werden; unendlich hoch 
dimensionale Mengen kinnen zwar bei jedem € in einen Komplex Ke €-trans- 
Sormiert werden, dabei aber wiichst die Dimension von Ke mit = notwendig 
iiber jede Grenze.3 

Das sind die Resultate, die die Grundlage und den Ausgangspunkt der 
vorliegenden Arbeit bilden. Sie werden aber nicht als bekannt voraus- 
gesetzt: vielmehr werden sie im wesentlichen auf eine neue, einfachere 
und zweckmafigere Weise abgeleitet und zu weitergehenden Betrachtungen 
benutzt. 

5. Wenn wir uns fragen: worin liegt der Grund der Tatsache, daf die 
kompakten metrischen Raume eine so nahe Verwandtschaft mit den elementar 


3 Bewiesen zum erstenmal in C. R., 1, und im “Dimensicnsbegriff”’. 
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geometrischen Gebilden haben, daB man (im Einklang mit den in den vorigen 
Paragraphen formulierten Sitzen) sagen kann, dai jeder dieser Raume im 
wesentlichen die Gestalt eines Komplexes derselben Dimension hat? — so 
lautet die Antwort auf diese Frage in aller Eindeutigkeit: 

“Im Borel-Lebesqueschen Uberdeckungssatze’’. 

Es folgt in der Tat aus diesem Satze, daB ein kompakter metrischer 
Raum bei jedem ¢«>>0 als Vereinigungsmenge von endlich vielen abge- 
schlossenen Mengen dargestellt werden kann, deren Durchmesser simtlich 
<e sind. Solche Systeme von abgeschlossenen Mengen wollen wir kurz 
e-Uberdeckungen des gegebenen Raumes nennen. Eine «-Uberdeckung der 
abgeschlossenen Menge F' ist demgem&B ein endliches System von ab- 
geschlossenen Teilmengen von Ff 
(1) F,, F,, - ++, Fs, 
die den beiden Bedingungen 

Fi+hot+--+-+F; ani F, 
0(Fi;)<eé (¢ == 1, 2, --+, 8) 





geniigen. 

Zu jeder «-Uberdeckung (1) einer Menge gehért eine natiirliche Zahl, 
und zwar die gréfte Zahl m von der Eigenschaft, da®B es Punkte von F 
gibt, die zu m verschiedenen Elementen des Mengensystems (1) gehéren. 
Diese wohlbestimmte natiirliche Zahl heiBt die Ordnung* des Mengen- 
systems (der Uberdeckung) (1). Eine «-Uberdeckung von der Ordnung 
werde ich kurz als eine (¢, n)-Uberdeckung bezeichnen. 

Nun definiert aber jedes endliche Mengensystem 


(2) ¥ ree F,, Fy, -+-, Fy 


folgendermafen einen (abstrakt zu denkenden) Komplex V(%), den ich den 
Nerv® des Mengensystems (2) nenne und der eigentlich das einzige neue 
Hilfsmittel darstellt, welches die hier zu behandelnde Theorie zu dem 
bekannten Werkzeug der elementaren mengentheoretischen Topologie bei- 
trigt. Die Konstruktion des Komplexes N (3) geschieht folgendermaBen. 
Jeder Menge F; des Systems (2) lassen wir einen Eckpunkt a des zu 
konstruierenden Komplexes entsprechen. Wir machen ferner ein Eckpunkt- 


system 
Mis Misys **s Gi, 


dann und nur dann zum Eckpunktsystem eines (in den Komplex N(3) 
aufzunehmenden) 7-dimensionalen Simplexes, wenn die Durchschnittsmenge 
F,. F;,.---+ Fj... nicht leer ist. Auf diese Weise werden der Reihe nach 


1 r+1 


alle Simplexe von N(%) definiert. Die héchste Dimension eines Simplexes 


4 Lebesgue, Fund. Math., 2, SS. 257 u. f. 
5 Vgl. Simpl. Appr., § 13, und ©. R., 3. 
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aus N(3) (die also zugleich die Dimension von N(%) selbst ist) ist somit 
n—1 (wenn nv die Ordnung des Mengensystems $ war). 

Diese, als Nerven von immer feiner werdenden Uberdeckungen der ab- 
geschlossenen Menge F' auftretenden Komplexe N(%) sind es, die die Ap- 
proximation von F liefern und die fiir die Gestalt dieser Menge maigebend 
sind. Um das Ubereinstimmen der Dimension von F (im allgemeinen Sinne) 
mit der Dimension dieser Komplexe einzusehen, geniigt es, sich daran zu 
erinnern, da die Dimension einer abgeschlossenen Menge nichts anderes 
ist, als die kleinste Zahl 4 von der Beschaffenheit, daB es zu jedem « eine 
(e, 4+ 1)-Uberdeckung dieser Menge gibt.® 

6. Das erste Kapitel der vorliegenden Arbeit ist im wesentlichem gerade 
der Herstellung des Zusammenhanges zwischen den “kleinen Transfor- 
mationen’” und den Nerven von «-Uberdeckungen einer abgeschlossenen 
Menge gewidmet. Um von vornherein einen deutlichen Umrif des An- 
wendungsbereiches dieser Betrachtungen zu geben, fange ich mit dem 
Beweise der Tatsache an, dah eine abgeschlossene Teilmenge des Hilbertschen 
Raumes dann und nur dann kompakt ist, wenn sie sich durch k. T. in 
Komplexe tiberfiihren léft.? Im Anschlu§ daran wird ein, wie mir scheint, 
endgiiltig einfacher Beweis des Uberfiihrungssatzes des § 4 (und somit auch 
des Satzes des § 3) gegeben. 

7. Ferner wird im ersten Kapitel die Beziehung zwischen Nerven von 
é-Uberdeckungen und Komplexen, in die eine gegebenen Menge F' durch 
k. T. (bzw. k. A.) iibergeht, in die Form folgendes Satzes gebracht: 

Jeder Komplex, der als Bild von F' bei einer ¢-Transformation auftritt, 
kann (nach eventueller Unterteilung) als Nerv einer 3¢-Uberdeckung von F' 
aufgefaBt werden. 

Die Umkehrung dieses Satzes gilt ohne weiteres fir zusammenhaingende 
abgeschlossene Mengen (Kontinua); was allgemeine nicht zuasammenhangende 
abgeschlossene Mengen betrifft, so kann man nur behaupten, daf eine 
solche Menge durch eine «-Transformation in den Nerv einer beliebigen 
irreduzibien e-Uberdeckung iibergeht. 

Dabei heift eine «-Uberdeckung % der Menge F' irreduzibel, wenn es 
keine «-Uberdeckung p gibt, deren Nerv ein echter Teilkomplex® des Nerves 
von % ist. 

6 “Darstellung”, Kap. IT. 

7 Wie mir Herr Fréchet mitteilt, befindet sich dieser (gleichzeitig mit mir auch von 
Niemytzki bewiesene) Satz im wesentlichen bereits in seiner Arbeit aus Pal. Rend., 30 (1910), 
8.18; vgl. auch Fréchet, Fund. Math., 12, 8. 304. 

8 Unter einem Teilkomplex eines Komplexes K wird (wenn nichts anderes explizit 
gesagt ist) stets ein iombinatorischer Teilkomplex verstanden, d.h. ein Komplex, dessen 
Simplexe sich simtlich unter den Simplexen von K befinden; ein Teilkomplex von KX ist 
echt, wenn er nicht mit A identisch ist. 
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Jedenfalls kann man aber eine beliebige /' in einen echten oder unechten 
Teilkomplex des Nerves einer beliebigen «-Uberdeckung «-iiberfiihren, so 
daB man folgende Behauptung aussprechen kann: 

Wenn eine Folge von Komplexen gegeben ist, in die ein kompakter 
metrischer Raum F' durch k. A. (bzw. k. T.) itibergeht, so ist dadurch auch 
eine Folge von beliebig fein werdenden e-Uberdeckungen von F definiert, 
die die gegebenen Komplexe als ihre Nerven haben; wenn umgekehrt eine 
Folge von beliebig fein werdenden ¢-Uberdeckungen gegeben ist, so ist 
dadurch eine Folge von Komplexen definiert, in welche F durch k. T. bzw. 
k. A. tibergeht; diese Komplexe sind dabei echte oder unechte Teilkomplexe 
der Nerven der gegebenen Uberdeckungen. 

8. Beim Beweise des letztgenannten Satzes spielt folgende (leicht zu 
bestatigende) Tatsache eine wesentliche Rolle: Jeder Komplex kann als 
Nerv des Systems seiner baryzentrischen Sterne® betrachtet werden. Diese 


Tatsache ist fir uns von zweierlei Wichtigkeit. Erstens bildet sie insofern 


die Grundlage der ganzen Approximationstheorie, als sie zeigt, daf im 
einfachen, sozusagen rationalen Falle — im Falle, wo der gegebene Raum 
ein Komplex ist — die approximierenden Komplexe, wie es sich auch gehért, 
mit dem gegebenen Komplexe bzw. mit seinen Unterteilungen identisch sind, 
wodurch die ganze Approximation zu einer Trivialitat wird. Zweitens 
wird durch diese Tatsache ein Zusammenhang zwischen der hier vertretenen 
Ansicht, die Gestalt jeder Menge sei durch die Gestalt ihrer Uberdeckungs- 
nerven im hohen Mafe definiert, und dem Poincaréschen Dualitatsgesetz 
d. h. der Existenz von dualen Zellenzerlegungen einer Mannigfaltigkeit 
hergestellt. In der Tat sind die Elemente der zu einer gegebenen Simpli- 
zialzerlegung einer M” dualen Zellenzerlegung nichts anderes als die 
baryzentrischen Sterne der Simplizialzeriegung; die Simplizialzerlegung der 
Mannigfaltigkeit ist somit mit dem Nerv des (als System seiner Elemente 
betrachteten) “reziproken Polyeder’” identisch. Im allgemeinen Falle eines 
beliebigen Raumes hat man statt der “reziproken Polyeder” e-Uberdeckungen 
(die im Falle von Komplexen noch immer durch die baryzentrischen Sterne 
gegeben sind); die Nerven dieser Uberdeckungen kénnen aber mit dem 
Raume selbst nur dann zusammenfallen, wenn dieser Raum ein Komplex 
ist (dann aber tun sie es auch); in iibrigen Fallen beschranken sich diese 
Nerven darauf, den Raum zu approximieren. 

9. Das zweite Kapital ist den abstrakten Approximationen gewidmet. 
Wie schon erwahnt, erhalt man ein Spektrum des gegebenen Raumes, 
wenn man die (als Nerven von unendlich fein werdenden Uberdeckungen 


9Die baryzentrische Unterteilung ist unter dem Namen regular subdivision von Veblen 
eingefiihrt worden; (siehe z. B. Colloquium Lectures, SS. 41-44 und 85-88). Die Definition 
ist in Kap. I, § 10, wiedergegeben. 
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auftretenden) Komplexe einer unendlichen Folge untereinander mittels 
gewisser Relationen verbindet. Diese Relationen sind in meiner urspriing- 
lichen Darstellung’? axiomatisch beschrieben und bildeten den kompliziertesten 
Teil des ganzen Approximationsbegriffes. In der vorliegenden Arbeit wird 
dieser Begriff auf eine, wie mir scheint, prinzipiell viel einfachere Grund- 
lage gestellt, indem die Komplexe zu einem Spektrum dadurch verbunden 
werden, da8 fiir jedes m eine simpliziale Abbildung"' des m+ 1-ten Kom- 
plexes der Folge auf den m-ten Komplex vorgeschrieben wird. Auf diese 
Weise 1a8t sich eine besondere Art eines Spektrums, das sogenannte Pro- 
jektionsspektrum, einfiihren, dessen Definition wir schon jetzt in aller Aus- 
fiihrlichkeit aussprechen. 

10. Definition des Projektionsspektrums. Es sei eine Folge von 


Komplexen 
(3) K,, Ke, +++, Km, ++: 


und fiir jedes m eine simpliziale Abbildung 7(K»+:) des ganzen Komplexes 
Km+: auf den ganzen Komplex Km gegeben: 7(Kmii) = Km; diese Ab- 
bildungen sollen die Projektionen (von Km+: auf Km) heiBen. 

Eine Folge von Simplexen 
(T) me ere. See 


wobei fiir jedes m J’ ein Simplex von K» und dabei 7’, die Projektion 
von T'mi1 ist, soll eine Projektionsfolge heiBen. Wenn zwei Projektions- 
folgen (T) und 

(t) ee eres Moree 


so beschaffen sind, da6 fiir jedes m entweder 7;,, mit ¢,, identisch, oder tm 
eine Seite von 7 ist, so sagen wir, daB die Folge (t) von der Folge (T) 


umfapt wird. 


10 Simpl. Appr., §§ 6-8. 

11 Unter einer simplizialen Abbildung (Brouwer, Math. Ann., 70 (1911), S. 162) eines 
Komplexes A auf einen Komplex B versteht man eine folgendermafen entstehende Ab- 
bildung: jedem Eckpunkt a von A ist ein Eckpunkt }) von B zugeordnet, und zwar so, 
dab, wenn 4a, @:,--+-, @r41 die Eckpunkte eines Simplexes S’ von A sind, so sind die 
entsprechenden (evtl. zusammenfallenden) Eckpunkte 6,, bs, ---, b-+: Eckpunkte eines Sim- 
plexes 7 von B. Jeder Punkt x von S* kann sodann als Schwerpunkt gewisser in den 
Punkten a, d:,---, @r+:1 konzentrierter Massen aufgefaBit werden; wenn man dieselben 
Massen der Reihe nach in den Punkten J,, be, ---, br+: anbringt, so bestimmen sie ein- 
deutig einen Schwerpunkt y = f(x), der als Bildpunkt von 2 erklart wird. Auf diese 
Weise wird jedes Simplex S von A auf ein gewisses Simplex T von B abgebildet, wobei 
diese Abbildungen sich zu einer stetigen — “simplizialen” — Abbildung des ganzen 
Komplexes A auf einen (echten oder unechten) Teilkomplex B’ von B zusammenschlieBen. 
Bei der Definition des Projektionsspektrums wird stets angenommen, dah B’ = B ist. 
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Zwei Projektionsfolgen heifen benachbart, wenn jedes Simplex der einen 
mit dem entsprechenden Simplex der anderen mindestens einen gemeinsamen 
Eckpunkt hat. 

Wir sagen nun, daf die Folge der Komplexe Km und der zugehirigen 
Abbildungen Km = 1 (Km+1) ein Projektionsspektrum bildet, wenn folgende 
Bedingung erfiillt ist: 

je zwei benachbarte Projektionsfolgen werden von einer dritten Projektions- 
Folge umfaft. 

11. Definition des durch ein Projektionsspektrum approxi- 
mierten Raumes. Eine Projektionsfolge heiBt eine Kette, wenn sie von 
keiner anderen Folge umfafit wird. 

Ein Projektionsspektrum definiert somit folgendermaBen einen Raum. 
Die Ketten des Projektionsspektrums sind Punkte des Raumes; die Simplexe, 
aus denen die Kette besteht, heiBen Koordinaten des Punktes. Sodann 
besteht die m-te Umgebung eines (beliebigen) Raumpunktes § aus allen 
denjenigen Raumpunkten, deren erste m Koordinaten echte oder unechte 
Teilsimplexe der entsprechenden Koordinaten des gegebenen Punktes & sind. 

12. Bemerkung. Aus den soeben formulierten Definitionen folgt, daf 
fiir jedes Paar natiirlicher Zahlen m und r, m <r, eine simpliziale Abbildung 
nm” (K,) von K; auf K» nach der Vorschrift 


K,, = 1 (K,) = 1--- an(&,) 


m m 


definiert ist; diese Abbildung wollen wir die Projektion von Kr auf Km 

nennen. Die identische Abbildung von K, auf sich selbst soll gelegentlich 

auch als Projektion 7”(K) bezeichnet werden, so daf das Projizieren des 

Komplexes K, auf jeden Komplex Km, m <7, fir jedes yr eine eindeutig 

bestimmte Operation ist. 

13. Aus dem soeben Gesagten folgt ohne weiteres, daB jede unendliche 
Teilfolge der ein Projektionsspektrum bildenden Folge von Komplexen, 
wenn man sie mit den zugehérigen Projektionen betrachtet, selbst zu einem 
Projektionsspektrum wird, wobei dieses “Teilspektrum” denselben Raum 
approximiert wie das urspriinglich gegebene Spektrum. Diese Bemerkung 
legt es nahe, sich auf die Betrachtung folgender beiden Typen von Pro- 
jektionsspektren zu beschrainken: 

a) Projektionsspektra, deren simtliche Komplexe dieselbe Dimension n 
haben — solche Spektra heifen n-dimensional; 

b) Projektionsspektra, deren Komplexe K,, eine mit m ins Unendliche 
wachsende Dimension haben — solche Spektra hei®en wnendlich-hoch- 
dimensional. 

14. Im zweiten Kapitel wird bewiesen, dai jeder kompakte metrisierbare 
Raum durch ein Projektionsspektrum von der Dimension des Rawmes 
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approximiert werden kann, und daf umgekehrt, jedes Projektionsspektrum 
einen kompakten metrisierbaren Raum approximiert, dessen Dimension die- 
jenige des Spektrums nicht ibertrifft. 

Ferner wird in diesem Kapitel der Homiomorphiesatz (§ 7) bewiesen, der 
Bedingungen aufstellt, unter welchen zwei Projektionsspektra denselben 
Raum approximieren; ohne eine solche Bedingung kénnte die Theorie nicht 
als ein logisch-abgeschlossenes Ganzes angesehen werden. 

Die soeben geschilderten Betrachtungen bilden den Inhalt des Haupt- 
teiles des zweiten Kapitels. In einigen einleitenden Paragraphen werden 
irreduzible «-Uberdeckungen und deren Folgen untersucht, die fiir weitere 
Entwicklungen dieses Kapitels notwendig sind und auch ein selbstandiges 
Interesse beanspruchen diirfen. Endlich wird (im § 18) ein wichtiger 
dimensionstheoretischer Satz von Urysohn'? mit Hilfe der hier gemachten 
Betrachtungen aufs neue bewiesen. 

15. Die Resultate der beiden ersten Kapitel erlauben es, die Frage der 
Zuriickfiihrung einer gestaltlichen Untersuchung von abgeschlossenen Mengen 
auf eine ebensolche Untersuchung von Komplexen wenigstens im Prinzip 
als geliést zu betrachten. Es handelt sich nun um eine analoge Frage 
beziiglich der topologischen Eigenschaften, die der Lage einer abgeschlossenen 
Menge im »-dimensionalen Raum zukommen kinnen. Um diese Frage in 
einer verniinftigen Weise stellen zu kénnen, bemerken wir zuniachst, da8 
der Nerv einer beliebigen e-Uberdeckung einer (im Euklidischen n-dimen- 
sionalen Raume #”) liegenden abgeschlossenen Menge F' immer dadurch 
geometrisch realisiert werden kann, dah man fiir seine Eckpunkte wirkliche 
Punkte der diesen Eckpunkten entsprechenden Mengen (Elemente der 
Uberdeckung) nimmt und dann diese Eckpunkte zu Eckpunkten wirklicher 
elementar-geometrischer Simplexe macht, so daf der ganze Nerv zu einem 
geometrisch vorliegenden Komplex wird. Als auf diese Weise konstruierte 
Komplexe treten insbesondere die Komplexe auf, in die sich die Menge 
mittels k. T. iiberfiihren 1l46t. Indem man das auf alle Komplexe eines 
Spektrums anwendet, erhalt man die geometrische Realisation dieses Spektrums. 
Das allgemeine Problem iiber die Lage einer abgeschlossenen Menge kann 
sodann folgendermafen formuliert werden: Welche Eigenschaften des Kom- 
plementiirraumes R" — F' lassen sich durch Eigenschaften der zu den geo- 
metrisch realisierten Komplexen eines Spektrums von F' komplementiiren 
Mengen aussprechen? Besonders interessant sind natiirlich diejenigen Kigen- 
schaften von R”— F, die sich als Eigenschaften der im Spektrum auf- 
tretenden Komplexe selbst deuten lassen und dadurch einen Zusammenhang 
zwischen der Lage der Menge und ihrer Gestalt herzustellen erlauben. 


12 “Darstellung”, Kap. III, §§ 21-23. 
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Um ein konkretes Problem aus diesem Fragenkreis zu haben, erwahne 
ich nur das nachstliegende folgende: Ist es méglich, die Zusammenhangs- 
zahlen von R"—F als Eigenschaften der approximierenden Komplexe zu 
deuten? Diese Frage ist in ihrer allgemeinen Form noch nicht beantwortet. 
Nur in einem Spezialfall besitzen wir eine endgiiltige Losung des Problems, 
namlich in dem Falle, wo es sich um die einfachste (allerdings auch wichtigste) 
Lageeigenschaft einer Menge handelt, um ihre Eigenschaft, den Raum zu 
zerlegen oder nicht zu zerlegen. Der Behandlung dieser Eigenschaft ist 
das dritte Kapitel gewidmet, dessen wesentlicher Inhalt im Beweise der 
folgenden beiden Formen eines allgemeinen Zerlegungssatzes'* besteht: 

Eine abgeschlossene Menge F zerlegt den R” dann und nur dann in 
eine endliche Anzahl k-+-1 von zusammenhangenden Gebieten, wenn k die 
kleinste Zahl von der Beschaffenheit ist, daB man fiir jedes ¢ eine e-Uber- 
deckung von F' finden kann, deren Nerv die Zahl k als seine » —1-te 
Bettische Zahl hat. Die Menge F zerlegt den R” dann und nur dann in 
unendlich viele Gebiete, wenn die » —i-te Bettische Zahl des Nerves einer 
beliebigen «-Uberdeckung mit Notwendigkeit iiber alle Grenzen wiachst. 

Nahezu denselben Satz kann man auch so ausdriicken: 

F zerlegt den R” dann und nur dann in héchstens k-+-1 Gebiete, wenn 
man durch kleine Transformationen F' in Komplexe iiberfiihren kann, die 
den Raum ebenfalls in héchstens k-+1 Gebiete zerlegen; (k ist dann die 
n —1-te Bettische Zahl dieser Komplexe). 

16. Der Zerlegungssatz erlaubt unter anderem, diejenigen Kontinua 
invariant zu charakterisieren, die als gemeinsame Grenzen aller Komponenten 
ihres Komplementarraumes auftreten — solche Kontinua mégen absolute 
Gebietsgrenzen des R” heifen. Auf diese Weise ist ein Weg gegeben, als 
Verallgemeinerung der Schiénfliesschen geschlossenen Kurve und deren von 
Brouwer gegebenen invarianten Charakterisierung auch die Begriffe der 
geschlossenen Fliche, ferner iiberhaupt des geschlossenen Gebildes beliebiger 
Dimension topologisch-invariant zu begriinden.'* Diesen Weg wollen wir 
aber — wenigstens einstweilen — nicht gehen: eine wirklich befriedigende 
Definition solcher geschlossener Gebilde bedarf einer solchen Erklarung 
der Zusammenhangszahlen von F’, die nicht nur fiir die Beschreibung der 
Zerlegungseigenschaften der gegebenen abgeschlossenen Menge in bezug 

130. R., 4; das Zerlegungsproblem ist fir den Fall der Ebene (n = 2) in einer fir alle 
spateren Untersuchungen auf diesem Gebiete grundlegenden Weise von Brouwer 1912 gelést 
worden (Math. Ann., 72, SS. 422-425). Die in der vorliegenden Arbeit (und noch friher 
in der soeben zitierten Comptes-Rendus-Note) gegebene Lisung dieser Frage fiir den 
n-dimensionalen Raum schlieft sich unmittelbar an die in meiner Arbeit “Kombinatorische 
Eigenschaften allgemeiner Kurven” (Math. Ann., SS. 512-555, insbesondere 527-534) ge- 


machten Betrachtungen an. Vgl. auch Fufnote 16. 
14$C.R., 3 und 4. . 
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auf den sie umfassenden A” ausreicht, sondern zugleich samtliche Zusammen- 
hangszahlen des Komplementarraumes zu charakterisieren vermag. Diesen 
Bedingungen geniigen die Brouwerschen Zyklosenzahlen,'® welche unter dem 
kiirzeren und sachlich angebrachten Namen der Brouwerschen Zahlen im 
Kapitel IV eingehend untersucht werden. Zundchst werden die Brouwerschen 
Zahlen in die in den friitheren Kapiteln dargestellte allgemeine Approxima- 
tionstheorie eingeordnet, was uns zugleich die Méglichkeit gibt, sie ohne 
jegliche Benutzung metrischer Begriffe zu definieren. Wenngleich metrisch 
formulierte Begriffe cine technisch bequemere Handhabe gestatten und 
deswegen auch nach Aufstellung ihrer topologischen Aquivalente benutzt 
werden kénnen und sollen — wie es auch heute — trotz aller Metrisations- 
sitze — mit dem Begriffe des metrischen Raumes, und in der vorliegenden 
Arbeit mit der urspringlichen Form der Definition der Brouwerschen Zahl 
geschieht — so scheint mir eine rein topologische Fassung des Begriffes 
der Brouwerschen Zahl, wie ich sie gegeben habe, doch von einer prinzi- 
piellen Wichtigkeit zu sein. 

In den weiteren Paragraphen des vierten Kapitels wird zunachst mein 
friiherer Beweis des Dualitaitssatzes,"® d.h. der Tatsache, daB die r-te 
Brouwerschen Zahl einer abgeschlossenen Menge F'C A” gleich der n—r—1- 
ten Bettischen Zahl von R”—F ist, in einer verscharften Form erbracht. 

Als Anwendung dieses Satzes wird eine topologisch-invariante Charakte- 
risierung derjenigen Mengen FC R” gegeben, welche eine irreduzible 
Verschlingung'? von einer gegebenen Dimension zulassen; als wichtigster 
Spezialfall dieses Verschlingungssatzes ist wohl die in ihm enthaltene Cha- 
rakterisierung der gemeinsamen Grenzen von zwei oder mehreren Gebieten 
im A” zu betrachten. Die als solche Gebietsgrenzen auftretenden abgeschlos- 
senen Mengen bilden somit eine topologisch invariante Klasse von Kontinuen. 

17. Erst der Beweis des Dualitatssatzes und der daran anschlieBenden 
Resultate erméglicht den Begriff des n-dimensionalen geschlossenen Gebildes 
in der Gestalt der geschlossenen Cantorschen Mannigfaltigkeiten (im § 26 
des Kap. IV) zu formulieren und eingehend zu begriinden. 

Zum selben Gedankenkreis gehéren auch Sitze, die dimensionstheore- 
tische Eigenschaften verschiedener kombinatorischer Konstruktionen in 


15 Brouwer, Math. Ann., 72 (1912), SS. 422-425; in voller Allgemeinheit zuerst bei 
Vietoris, Math. Ann., 97 (1927), SS. 454-472, insbesondere S. 464, Zeilen 5-10 von oben. 

16 Gétt. Nachr. (Math.-Phys. Kl., 25. Nov. 1927); wie ich nachtriglich erfahre, wurde 
derselbe Satz auch von Frankl (Wien. Ber., Dez. 1927, 8. 689) bewiesen; er folgt auch aus 
einer von Lefschetz in Proc. Nat. Acad., 13 (1927), 8S.614-618 und 805-807 ausgesprochenen 
und in Annals of Math., 29 (1928), S. 232, bewiesenen allgemeineren Formel. Aus dem 
Dualitatssatz folgt eine neue Form des Zerlegungssatzes, da die Komponentenzahl von 
kh" — F infolge des Dualitatssatzes um 1 gréBer als die n—1-te Brouwersche Zahl von F ist. 

17 Die Definition der irreduziblen Verschlingungen ist im Kap. III, § 13 gegeben. 
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abgeschlossenen Mengen feststellen und dadurch diese Konstruktionen in 
Einklang mit ihrem der Anschauung entnommenen Sinn bringen (§§ 18-25). 

Ferner wird als Verallgemeinerung des Phragmén-Brouwerschen Satzes 
eine notwendige und hinreichende Bedingung dafiir, daB zwei abgeschlossene 
Mengen, von denen keine den R” zerlegt, eine diesen Raum zerlegende 
Vereinigungsmenge haben, als Spezialfall des entsprechenden Verschlingungs- 
satzes im § 29 bewiesen. 

Das Kapitel IV und mit ihm die ganze Arbeit schlieBen mit der Defi- 
nition der irreduziblen Membran, welche als das mehrdimensionale Analogon 
des zwischen zwei Punkten irreduziblen Kontinuums zu betrachten ist. 
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ERSTES KAPITEL. 


Kleine Transformationen (k. T.) und «-Uberdeckungen. 

1. Satz I. Hine abgeschlossene Teilmenge F des Hiibertschen Raumes"* ist 
dann und nur dann kompakt, wenn sie sich durch k. T. in Komplexe iiber- 
Siihren lift. 

Es sei in der Tat F eine kompakte abgeschlossene Teilmenge des 
Hilbertschen Raumes, und « > 0 beliebig. Man wiahle eine q -Uberdeckung 


F,, Fy, +++, #s 


der Menge und betrachte fiir jedes 7, 1 << 7< s, einen beliebig, aber fest 
gewahlten Punkt 


ae iy } 
a, = (al, a, wee, we, +s) 


von F;. Man kann sodann die Zahl m so gro wahlen, da6 fiir alle 
7,1 <isSs, die Ungleichungen 
2, ~— & 
On) ie 36 
gelten. 
Man bilde jetzt die Menge F auf eine Teilmenge F’ des durch die 


Gleichungen 


== —=...=>.--=>QO 


Lm+1 Xm+2 


definierten Euklidischen Teilraumes 2,, des Hilbertschen Raumes dadurch 
ab, daB man jedem Punkt 

= — (a, Xo, +++, 2m, °**) 
von F' den Punkt 

a _— (x1, H2,°+*, Um, 0, 0, 0, * -) 


von &, zuordnet. Diese Abbildung ist eine < -Transformation, wie man 
folgendermafen leicht zeigt. Zunichst gibt es fiir jeden Punkt x von F 
einen Punkt a;, so daBh die Entfernung e(, a<— ist. Ferner ist 


. - Se 
o(ai:, ai) = Pe (ai? < % 


n=m-+t 


Paar? é 
(ai, x) < o(a, x) <|] 


18 Siehe wegen der Definition des Hilbertschen Raumes z. B. Hausdorff, Mengenlehre 
(Berlin, 1927), S. 98. 
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also 
€ é 


e(x, x’) < e(x, a) +e(ai, ai) +e(ai, a’) <3- eae 


2. Die Menge F laBt sich also durch eine > “Transformation in eine 


beschrankte abgeschlossene Teilmenge F’ des Euklidischen Teilraumes R” 
des Hilbertschen Raumes iiberfiihren. Nun kann man aber F’ innerhalb 
von R” mittels folgenden ‘““Ausfegungsverfahrens”’ in einen Komplex = -trans- 
formieren.'? Man betrachte eine Simplizialzerlegung 8 von R”, deren 
é 
t 3 
die Gesamtheit aller Simplexe dieser Zerlegung, die im Innern oder auf 
dem Rande Punkte von F” enthalten. Wenn ein solches Simplex aus 
Punkten von F” besteht, fangen wir mit ihm nichts an. Es sei 7” ein 
Simplex von Q, das im Innern einen zu F” fremden Punkt enthalt; man 
kann dann im Innern von 7” ein zu 7™ homothetisches Simplex ¢” finden, 
welches keinen Punkt von F” enthalt; indem man den Rand von ?¢” homo- 
thetisch in den Rand von 7™ transformiert, wird das ganze Zwischen- 
gebiet 7’ — ¢” auf den Rand von 7” wegtransformiert. Nachdem wir das 
in allen Simplexen 7’ gemacht haben, ist jedes der in Q vorkommenden 
Simplexe héchster (also m-ter) Dimension, insofern es nicht in F” enthalten 
war, ganz von Punkten der Menge F” befreit; diese Menge selbst wird 
aber infolge dieser Operation sich in eine abgeschlossene Menge F” ver- 
wandelt haben, die jedes 7” aus Q enthalt, sobald sie zu seinem Innen- 
gebiet nicht fremd ist. Auf dieselbe Weise fegt man alle 7” (insofern 
sie nicht zu F” gehéren) aus, und geht so zu Simplexen immer niedrigerer 
Dimensionen iiber, bis man schlieBlich zu den in Q vorkommenden Eck- 
punkten gelangt und als Endresultat eine Menge F*” erhalt, die zu 
einem beliebigen in Q vorkommenden Simplexe 7” (0 < + < m) in einer der 
beiden folgenden Beziehungen steht: entweder ist /' zum Innengebiet von 
T* fremd, oder ist 7” in F™*» enthalten. Das bedeutet aber, daf 
F™*» ein (echter oder unechter) Teilkomplex von Q ist. Der ganze Uber- 


simtliche Simplexe einen Durchmesser <-— haben und bezeichne durch Q 


; aS, : er 
gang von F” zu F™*+» ist aber eine ~g “Transformation, weil wahrend 


dieses Uberganges jeder Punkt von F” in demselben Simplex Q verbleibt, 
zu dem er urspriinglich gehérte. Somit geht F in F*” durch eine 
e-Transformation iiber, und die erste Halfte des Satzes I ist bewiesen. 

3. Um zu zeigen, daS eine nicht kompakte Menge unmdglich durch 
kleine Transformationen in Komplexe iibergeht, benutzen wir die Voll- 





19 Vgl. “ Dimensionsbegriff”, § 7. 
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stiindigkeitseigenschaft des Hilbertschen Raumes. Auf Grund eines Satzes 
von Hausdorff ist eine Teilmenge eines vollstandigen Raumes dann und 
nur dann kompakt, wenn sie total beschrankt ist, d.h. sich fiir jedes « 
als Vereinigungsmenge endlich vieler Teilmengen vom Durchmesser < « 
darstellen 146t. Falls nun die abgeschlossene Teilmenge F' des Hilbertschen 
Raumes nicht kompakt ist und man « so klein gewahlt hat, daB F in 
keiner endlichen Summe von Mengen enthalten ist, deren Durchmesser < « 
ist, so ist es leicht, eine abzihlbare Teilmenge D von F zu finden, deren 
Punkte paarweise voneinander Entfernungen >«e haben. Es sei jetzt 


qe = + und eine «’-Transformation von F beliebig gewahit. Wenn man 


die Bildmenge von D bei dieser Transformation durch D’ bezeichnet, so 


haben die Punkte von D’ paarweise eine Entfernung > ¢«—2¢’ = = von- 


einander, so daB D’ eine divergente Menge ist; somit kann aber die Bild- 
menge von F bei unserer «’-Transformation gewif keine kompakte Menge 
und also erst recht kein Komplex sein, w. z. b. w. 

4. Definition I. Es sei F eine abgeschlossene Teilmenge des R” und 
6 eine positive Zahl; ein im Raume RF” liegender Komplex heifit ein 
0-Komplex in F, wenn seine Eckpunkte simtlich Punkte der Menge F 
und seine Simplexe saimtlich kleiner als dé sind. 

Satz II. Es sei F eine beliebige abgeschlossene Teilmenge des R” und ¥ 
eine beliebige «-Uberdeckung von F, deren geometrisch realisierter Nerv durch 
N bezeichnet sein mige. Es existiert dann eine positive Zahl 6 = O(F, €, $B), 
so daB jeder 6-Komplex in F in einen echten oder unechten Teilkomplex 
von N durch eine ¢-Transformation iiberfiihrt werden kann. 

5. Der Beweis stiitzt sich auf folgenden 

Hilfssate2" Es sei % = (Fi, Fo, ---, Fs) eine e-Uberdeckung von F und 
e’<e die grifte unter den Zahlen O(Fi), i=1,2,---,8. Es existiert 
eine positive Zahl d<}(e—e’), die die folgende Eigenschaft hat: wenn 
irgendein Punkt z von F von gewissen Mengen des Systems , etwa von 
F,,, Fi,, +++, Fi,, eine Entfernung <d hat, so ist Fi,- Fi,-+-- - Fi, +0. 

Beweis des Hilfssatzes. Zu jedem Punkt x von F gehdrt eine positive 
Zahl rz, die Entfernung von x bis zur Vereinigungsmenge aller den Punkt x 
nicht enthaltenden Mengen %; des Systems 8. Man betrachte die aus 
allen Spharen S(x, 47x) gebildete Uberdeckung des Raumes F und ersetze 
sie vermége des Borel-Lebesgueschen Satzes durch eine endliche Teil- 
iiberdeckung 

ti, Us, ++, Up, 


20 Hausdorff, Mengenlehre, SS. 103, 104, 107-109. 
21 Vgl. Lebesgue, Fund. Math., 2, S. 259. 


aa 


ae om 


ae 
‘. Soe 


> iwi iarithie «a +e . s - 


ee rx” wie . + + . ‘ _ 
ET Se ee PP OR EE ND FRO RS IS RT TT 


aa 








ef 
f 
eee 
pit 
#42 
ee 
it 
i 
aa 





Reese 


Tota wae 
. : “ 


SE ey ee orc er eee yee F 
* 


re Oe 
eS 








116 P. ALEXANDROFF. 


wobei U; = S(axx,$r") und 1+* = ry, gesetzt ist. Man bezeichne sodann 
durch d irgendeine positive Zahl, die kleiner als die kleinste unter den 
Zahlen r*(k = 1, 2,---, q) und 4(e—e’) ist. Ich behaupte, daB d den 
Bedingungen des Hilfssatzes geniigt. Es sei in der Tat e(z, Fi,)<d fir 
h=1,2,-+-,m. Da wenigstens fiir ein k zC Uz; ist, so ist 


e(2, rx) < sr also @ (xx, Fi,) < @ (xr, 2) +e(@, Fi) < Stace, 


und folglich 2% C F;, (fiir 4 = 1, 2,---,m), w. z. b. w. 

Bemerkung I. Offenbar besitzt die Zahl d folgende zwei Eigenschaften, 
die wir oft gebrauchen werden: 

1. Wenn M eine Teilmenge von F, die einen Durchmesser < d hat und mit 
den Mengen F;,, F;,,---, Fi,, gemeinsame Punkte hat, so ist Fi, -Fi,---- - Fi, 
nicht leer. 

2. Die Mengen S(F;, d), ¢ = 1, 2, ---, s, sind simtlich von Durch- 
messern < ¢; sie bilden ein Mengensystem, welches dem System aller F; 
tihnlich?? ist. 

Bemerkung II. Um eine Zahl d eindeutig festlegen zu kénnen, definiere 
man sie ein fiir allemal etwa so: die erste Rationalzahi d, die den Be- 
dingungen des Hilfssatzes geniigt, heife d(B), wenn B die gegebene 
e-Uberdeckung ist.?5 

6. Der Beweis des Satzes II bedarf jetzt nur weniger Worte: es geniigt 
in der Tat d = d() zu setzen. Es sei nun K ein 6-Komplex in F, dessen 
Eckpunkte },, b., ---, b¢ heiBen mégen. Man bezeichne ferner durch 
,, dg, +++, dy die Eckpunkte von N und nehme an, daf diese Bezeichnungen 
so gewahlt sind, daB dem Elemente F; von $% der Eckpunkt a; von N ent- 
spricht. Jetzt lassen wir jedem Eckpunkt }; von K eine bestimmte unter 
den den Punkt b; enthaltenden Mengen F; entsprechen; es sei Fi, diese 
Menge; die soeben gemachte Zuordnung kann auch so aufgefaft werden, 
daB dem Endpunkt b; von K der Endpunkt a;,) von N zugeordnet ist; auf 
diese Weise wird die Menge aller Eckpunkte von K eindeutig auf eine 
(echte oder unechte) Teilmenge der Menge aller Eckpunkte von N ab- 
gebildet. Diese Abbildung hat folgende Eigenschaft: wenn }j,, bj,,---, );, 
Eckpunkte eines Simplexes von K sind, so sind die Punkte aicj,), aii), +++, UU) 
(unter denen manche zusammenfallen kinnen) Eckpunkte eines Simplexes 
von V. Die Mengen Ficj), Ficj),---, Fig) haben, in der Tat, gemeinsame 
Punkte mit der aus allen Punkten b;,, bj,.---, bj, bestehenden Menge M; 
da aber der Durchmesser letzterer Menge < d() ist, so miissen die Mengen 
Fig, Fig,),+++, Fig einen nicht leeren Durchschnitt haben, d.h.im Komplexe NV 


22 Zwei Mengensysteme heifen dhnlich, wenn sie denselben Nerv haben. 
23 Dabei wird angenommen, da6 die rationalen Zahlen in einer festen Folge vorliegen. 
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tritt ein Simplex mit den Eckpunkten aij), ai¥jy,-+-, ay auf. Unsere 
Eckpunktzuordnung definiert somit eine simpliziale Abbildung'' von K auf 
einen (echten oder unechten) Teilkomplex von N, welche offenbar eine 
e-Transformation ist, w. z. b. w. 

Korollarl. Zu jeder e-Uberdeckung von F kann man eine so kleine positive 
Zahl d' wiihlen, da jeder d'-Komplex Q in S(F, d’) durch eine e-Transforma- 
tion in einen (echten oder unechten) Teilkomplex des Nerves N von § iibergeht. 

Es geniigt in der Tat d’<4$d() zu wahlen und zu jedem Eckpunkt cp, 
des gegebenen Komplexes Q einen Punkt b,; von F unter der Bedingung 
(cn, bn) = e(cn, F) zu bestimmen und zu jedem Simplex (¢n,, cn,, «++, cn,) 
das Simplex (bn,, bn,, +--+, bn.) zu konstruieren. Der aus letzteren Simplexen 
bestehende Komplex mége K heiBen. XK ist ein 3d'-, also ein d-Komplex 
in Fund Q geht in K durch eine d’-Transformation iiber. Aus der Beweis- 
fiihrung des Satzes II ergibt sich, daB K in einen Teilkomplex von WN nicht 
nur mittels einer «-, sondern sogar mittels einer «’-Transformation iibergeht, 
wobei «’ das Maximum der Durchmesser der Elemente von % bildet; somit 
geht Q in denselben Teilkomplex von N durch eine «’+d-, also durch eine 
e-Transformation iiber. 

Aus dem Korollar I ergibt sich unmittelbar: 

Korollar Il. Es sei F eine beliebige 4-dimensionale abgeschlossene Teil- 
menge des R” und « eine beliebige positive Zahl; es existieren beliebig kleine 
Polyederumgebungen von F, die mittels e-Transformationen in héchstens 
i-dimensionale Komplexe iibergehen. 

Es sei in der Tat % eine (e, 4+ 1)-Uberdeckung von F; man betrachte eine 
Simplizialzerlegung 8 des ganzen R”, die beliebig, aber jedenfalls so fein 
ist, daB die Simplexe dieser Zerlegung samtlich kleiner als d’($) sind. 
Die Gesamtheit aller Simplexe von 3, die im Innern oder auf dem Rande 
Punkte von F' enthalten, bilden eine Polyederumgebung U von F, die als 
Komplex betrachtet, allen Bedingungen des Korollars I geniigt und somit 
in einen (echten oder unechten) Teilkomplex des Nerves von $ durch 
e-Transformation iibergefiihrt werden kann. Da aber der Nerv von $ 
héchstens A-dimensional ist, ist das Korollar II bewiesen. 

7. Aus dem soeben bewiesenen Satze folgt, daB eine 4-dimensionale Fim R” 
bei jedem ¢ durch eine «-Transformation in eine (echte oder unechte) ab- 
geschlossene Teilmenge F” eines 4-dimensionalen Komplexes K iibergeht. 
Wenn man nun auf diesen Komplex (indem man ihn eventuell in einer 
hinreichend feinen Unterteilung betrachtet) das Ausfegeverfahren des § 2 
anwendet, kann man F” weiter so transformieren, daf als Endresultat ein 
Komplex (und zwar ein Teilkomplex des Komplexes K) entsteht, in welchen 
F durch eine 2¢-Transformation iibergeht. Damit ist aber folgender 
Spezialfall des Uberfiihrungssatzes bewiesen: 
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Jede i-dimensionale abgeschlossene Teilmenge des R" geht durch k. T. in 
4-dimensionale Komplexe iiber. 

8. Es sei jetzt F eine A-dimensionale kompakte abgeschlossene Teil- 
menge des Hilbertschen Raumes und $$ = (F,, Fi, ---, Fs) eine (¢, 4+1)- 
Uberdeckung von F. Man wihle «’< $d(%) und fiihre F nach dem Ver- 
fahren des § 1 mittels einer «’-Transformation in eine Teilmenge F’ des 
(durch die Gleichungen x» = %n41 = Xn+2--- = O bei passend gewahlitem n 
bestimmten) Euklidischen Teilraum R”— iiber; dabei gehen die Mengen 
Fi, Fo, ---, Fs in Fi, Fi, ---, Fj iitber. Aus der Ungleichung «’< 4d(%) 
folgt sodann, daB das Mengensystem }3’ = (Fi, F2, ---, F;) dem System $ 
ahnlich 2? ist. Wenn N’ der geometrisch realisierte Nerv von ’ ist, 
so kann man (kraft des Korollars I) eine hinreichend kleine Polyeder- 
umgebung U’ von F’ so wahlen, daf diese Umgebung in einen echten oder 
unechten Teilkomplex von N’ «-iiberfiihrt werden kann, woraus man (wie 
am Ende des vorigen Paragraphen) miihelos schlieBt, daB F’ (und somit 
auch F’) durch eine 2¢-Transformation in einen 4-dimensionalen Komplex 
iibergeht. Dadurch ist bewiesen, daB jede A-dimensionale kompakte ab- 
geschlossene Teilmenge des Hilbertschen Raumes durch k. T. in 4-dimensionale 
Komplexe iibergeht. Mithin geht jeder kompakte metrische Raum von der 
Dimension 4 durch k. A. in Komplexe von derselben Dimension iiber. 

9. Was sind die Komplexe, in die eine abgeschlossene Menge mittels 
kleiner Abbildungen (bzw. kleiner Transformationen) iibergeht? Die Ant- 
wort auf diese Frage leistet der 

Satz Ill. Jeder Komplex K, in den sich eine abgeschlossene Menge F 
e-abbilden lat, kann nach eventueller Unterteilung als Nerv einer 3e-Uber- 
deckung dieser Menge aufgefaft werden. 

10. Ich erinnere zunichst an den Begriff der baryzentrischen Unter- 
teilung ° eines gegebenen Komplexes K. Man versteht darunter bekanntlich 
folgendes: Jedem r-dimensionalen Simplex 

Tr = (ai,, Digg sy Gi,,,) 
von K sei der Schwerpunkt 0;,i,...;,,, dieses Simplexes zugeordnet; die 
Grundsimplexe' der baryzentrischen Unterteilung von K sind nun definitions- 
gemai6 alle Simplexe von der Form 


4” = (Di,, digi, +++) Di,ige--ing ys 


wobe (ai,, di,, +++, %,,,) em Grundsimplex von K (in dessen urspriinglicher 
Zerlegung) und selbstverstandlich bi, = ai, ist. 

Die Gesamtheit aller Simplexe der baryzentrischen Unterteilung, die an 
einen gegebenen Eckpunkt a; der urspriinglichen Zerlegung von K an- 
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schlieBen, bildet den durch den Eckpunkt a; bestimmten baryzentrischen 
Stern B;. Das System aller baryzentrischen Sterne von K bildet eine 
Uberdeckung von K, die baryzentrische Uberdeckung: ®(K). Der Beweis 
des Satzes III stiitzt sich auf den 

Hilfssatz II. Jeder Komplex K kann als der Nerv seiner baryzentrischen 
Uberdeckung aufgefaft werden. 

Es seien, wie immer, a, a2, ---, as die Eckpunkte von K, B,, By, ---, Bs 
die (diesen Eckpunkten eindeutig zugeordneten) baryzentrischen Sterne. 
Das, was zu beweisen ist, ist einfach folgendes: 

B;,- B+ --- » Bi, ist dann und nur dann +0, wenn aj, ai,,---, a, 
Eckpunkte eines Simplexes von XK sind. 

Zuniachst ist, falls aj,, ai,,---, a, Eckpunkte eines 7’~* aus K sind, 
Bi, - Bi,- --- - Bi, gewiB von Null verschieden, weil dann der Schwerpunkt 
bi,i,...,, von 7’—* in sdmtlichen Bj, enthalten ist. Es handelt sich also 
nur um den Beweis der umgekehrten Behauptung. Zu diesem Zweck sei 
zuerst auf folgende (elementare und mittels Induktion leicht zu beweisende) 
Eigenschaft der baryzentrischen Zerlegung aufmerksam gemacht: 

Es sei ¢”—* = (bj, bj,j,, +--+, bi,4,---J,), 5, = Y,, ein baryzentrisches 
Teilsimplex des Simplexes 7” ~* = (aj, aj,,+--, @,); dann ist tm—. zur 
(dem Eckpunkt a; von 7’”~* gegeniiberliegenden) Seite 7”~? = (aj,, aj,,---, @j,,) 
von 7” fremd. 

Aus dieser Bemerkung ergibt sich sofort folgende Behauptung: 

Wenn zx ein Punkt des baryzentrischen Grundsimplexes ¢? = 
(bj, , Dj,j,.°+ +, Oj,J,---J,,) und 7” irgendein den Punkt x enthaltendes Simplex 
der urspriinglichen Simplizialzerlegung von XK ist, so ist aj, = 6;, ein Eck- 
punkt von 7”. Das Simplex ¢”— ist in der Tat ein baryzentrisches Teil- 
simplex eines wohldefinierten Simplexes Jo” von K und aj, ist gewif ein 
Eckpunkt von 73”; wenn nun z ein innerer Punkt von 70" ist, so ist 
T” (welches ja auch den Punkt x enthilt) notwendig mit 73" identisch, 
folglich ist aj, Eckpunkt von T”; wenn aber x ein Randpunkt von 7)" 
ist, so haben 7;"* und 7” eine gemeinsame r-dimensionale (0 < r < m—1) 
Seite 7; diese Seite kann nicht in der dem Punkte a; gegeniiberliegenden 
Seite 7)" ” von 7" enthalten sein (weil dann ¢”~ gleichzeitig den 
Punkt aj, und den zu 7” C Tj" ” gehérenden Punkt x im Widerspruch zu 
unserer obigen Bemerkung enthalten wiirde), folglich ist a, C 7”’C 7", 
womit unsere Behauptung bewiesen ist. 

Es sei jetzt B;,-Bi,-----B;, +0 und x ein Punkt letzterer Durch- 
schnittsmenge. Wenn ¢, ein den Punkt x enthaltendes unter den den Stern B;, 
bildenden Simplexen und 7 ein unter der Bedingung 75-2 gewihltes 
Grundsimplex der urspriinglichen Zerlegung von K ist, so folgt aus der 
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Inklusion a;, C ¢, und der soeben bewiesenen Behauptung, da a, fiir jedes h 
ein Eckpunkt von 7’ ist, womit der Beweis des Hilfssatzes II erbracht ist. 
Um jetzt den Satz III zu beweisen, bemerke man vor allem folgendes: 
Es sei eine ¢-Abbildung y = f(F) gegeben; zu jedem 7>0 existiert 
dann ein d>0O von der Eigenschaft, daB, wenn gy» eine Teilmenge von » 
und?* d (go) << 4d ist, die Originalmenge Fy = f~'(go) einen Durchmesser 
<2e+y7 hat. 

Man wihle jetzt eine so feine Unterteilung 4 von K, daf die Original- 
menge jedes dazugehérigen baryzentrischep Sternes < 3¢ ist. Somit bilden 
diese Originalmengen eine 3e-Uberdeckung von F' und da der Nerv dieser 
Uberdeckung, wie leicht ersichtlich, mit dem Nerv der baryzentrischen 
Uberdeckung des (in der Simplizialzerlegung 3) gegebenen Komplexes K, 
also mit K selbst (immer in der Unterteilung 3 betrachtet) identisch ist, so 
ist der Satz III bewiesen. 

11. Eine unmittelbare Folge des Satzes III ist die Behauptung: 

Wenn F durch E. A. in n-dimensionale Komplexe iibergeht, so ist dim F’< n. 
Letzteres Ergebnis?® zusammen mit dem Resultate des §7 ergibt sodann 
den allgemeinen 

UBERFUHRUNGSSATZ. Die Dimension einer abgeschlossenen Menge F ist 
die kleinste Zahl 4 von der Eigenschaft, daB die Menge F durch kleine 
Abbildungen in 4-dimensionale Komplexe iibergeht. 


12. Es gibt triviale Beispiele von Mengen, welche bei jedem « e-Uber- 
deckungen zulassen, deren Nerven iiberhaupt nicht als stetiges Bild der 
gegebenen Menge aufgefafit werden kiénnen. Es sei in der Tat F die aus 


der Zahl Null und allen Zahlen -, n = 1,2, 3,--- in inf., bestehende 
Menge; es sei ¢ > 0 beliebig, m so groB, daB -. <e ist; man bezeichne 
ferner durch F,, 1 << m, die aus dem einzigen Punkte * bestehende 


Menge, durch F, dagegen die aus dem Nullpunkt und allen n=m, 





24 Wenn M eine beliebige Punktmenge eines metrischen Raumes ist, so bedeutet d(M) 
den Durchmesser von M (Hausdorff, Mengenlehre, S. 10). 

25 Dieses Resultat (das ich im ‘“Dimensionsbegriff” als das Brouwersche Invarianz- 
prinzip bezeichnet habe) ist eine Verallgemeinerung eines grundlegenden Satzes von 
Brouwer (Math. Ann., 70 (1911), 8. 164), der besagt, daf ein n-dimensionaler Wiirfel (und 
also auch ein beliebiger n-dimensionaler Komplex) mittels k.T. unméglich in Komplexe 
niedrigerer Dimensionen iibergehen kann; dieser Satz folgt aus dem im § 11 ausgesprochenen, 
wenn man bewiesen hat, dab der n-dimensionale Koordinatenraum die (allgemeine) Dimen- 
sion » hat; da man aber letztere Behauptung am besten eben auf Grund des Brouwerschen 
Satzes fiir den Wiirfel beweist, so behalt letzterer auch jetzt seine volle Bedeutung. 
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bestehende Menge. Das auf diese Weise gewonnene Mengensystem bildet 
offenbar eine «-Uberdeckung von F' deren Nerv aus den “Eckpunkten”’ 
Qi, M2, +++, Gm und aus der “Strecke” Gam besteht und infolgedessen 
nicht als stetiges Bild der abzihlbaren Menge F' aufgefaBt werden kann. 
Eine direkte Umkehrung des Satzes III (fir alle F und alle Uberdeckungen) 
ist demnach unmdéglich; es wird sich jedoch sofort ergeben, da8 in sehr 
allgemeinen Fallen (ja sogar in allen Fallen, die ein Interesse beanspruchen 
diirfen) die Umkehrung des Satzes III dennoch richtig ist. Es gelten in 
der Tat folgende Satze: 

Satz IV. Es sei F eine (evtl. in den Hilbertschen oder in einen Eukli- 
dischen Raum eingebettete) abgeschlossene Menge und $ eine irreduzible 
e-Uherdeckung®® derselben; F geht dann in den Nerv von § mittels- einer 
22-Abbildung (bzw. einer 2e-Transformation) iiber. 

Satz IV’. Wenn F ein Kontinuum ist, gilt die Behauptung des Satzes IV 
auch ohne die Voraussetzung iiber die Irreduzibilitit von %. 

Ich erwahne noch ohne Beweis den 

Satz IV’’. Wenn F eine im Euklidischen R liegende abgeschlossene Menge, 
B eine ganz beliebige e-Uberdeckung und 6 eine willkiirliche, kleine positive 
Zahl ist, so lift sich eine 6-Umgebung von F durch eine e-Transformation 
in den (geometrisch realisierten) Nerv von §% iiberfiihren.?? 

13. Um diese Satze zu beweisen, fiihren wir fiir einen Augenblick fol- 
gende Bezeichnung ein: ein Teilkomplex Q eines gegebenen Komplexes K 
soll ein normaler Teilkomplex heifen, wenn Q alle Eckpunkte von K ent- 
halt und wenn iiberdies jeder nicht isolierte Eckpunkt von K auch in Q 
nicht isoliert ist. Wir beweisen zunachst, daf, wenn 8 eine irreduzible 
e-Uberdeckung von F ist, letztere Menge sich in einen normalen Teilkomplex des 
Nerves N von $ «-iiberfiihren lift. Beim Beweise dieser Tatsache kann 
man offenbar voraussetzen, daB F eine Teilmenge des ” ist. 

Es seien F,, F:,---, Fs; die Elemente des Mengensystems %, a, dg, --+, ds 
die entsprechenden Eckpunkte von N und d = d(%); man unterziehe R” einer 
Simplizialzerlegung 3, deren Simplexe kleiner als 4d sind und die insbe- 
sondere alle Punkte a; unter ihren Eckpunkten zahlt; Simplexe der Zer- 
legung 3, die im Innern oder auf dem Rande Punkte von F' enthalten, 
migen ausgezeichnete Simplexe heiBen. Wir wenden auf jedes ausgezeich- 
nete Simplex das Ausfegeverfahren des § 2 an, was eine 3 d-Transformation 
der Menge F darstellt, deren Endresultat ein (aus ausgezeichneten Sim- 
plexen verschiedener Dimension aufgebauter) Komplex Q ist. Jedem Eck- 
punkt b; von Q lassen wir in bekannter Weise einen Eckpunkt a; = /(b;) 
von N, den zugeordneten Eckpunkt entsprechen, indem wir zuerst einen 


26 Die Definition einer irreduziblen e-Uberdeckung ‘ist im § 7 der Einleitung gegeben. 
27 “Dimensionsbegriff”, § 7 (insbesondere FuBnote 26) und § 9. 
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bestimmten Punkt ¢;C F unter der Bedingung e();, /) = e(b;, ¢) und 
dann eine natiirliche Zahl ¢ unter der Bedingung ¢;C F; wahlen. Wenn 
dabei b; = ai, so ist auch f(bj) = a;. Dadurch entsteht eine simpliziale 
Abbildung f von Q auf einen Teilkkomplex N’ von N. Wenn F zusammen- 
hiingend ist, so gilt dasselbe auch von N’', also ist in diesem Falle N’ gewif 
ein normaler Teilkomplec von N; es soll jetzt gezeigt werden, dai auch 
im Falle, wenn § eine irreduzible «-Uberdeckung ist, N’ ein normaler 
Teilkomplex von N ist. Es sei in der Tat N’ kein normaler Teilkomplex 
von N und a ein Eckpunkt, der in N als ein nicht isolierter, in N’ da- 
gegen als ein isolierter Punkt auftritt. Man bezeichne mit Q; die Gesamt- 
heit aller derjenigen Simplexe von Q, die wenigstens einen Eckpunkt 
besitzen, dem der Punkt a; zugeordnet ist. Man iiberzeugt sich leicht 
davon, daB Q;C S(Fi, $d) ist. Nun aber geht F in Q mittels einer }d- 
Transformation gy iiber; man definiere demgemiB O; — g—'(Qi;). Da 


068(Q, 54) CS, @ 


ist, so bilden die ®; eine e-Uberdeckung von F’, deren Nerv NV” ein echter 
oder unechter Teilkomplex von N ist. Kraft unserer Voraussetzung ist 
aber Q; zu allen Qn, h +i, also ®; zu allen ®, fremd; daraus folgt, daB 
der Eckpunkt a; in N” ais ein isolierter Punkt auftritt, so daB N”’ ein 
echter Teilkomplex von N, also % keine irreduzible «-Uberdeckung ist. 

14. Um jetzt die beiden Sitze IV und IV’ zu beweisen, geniigt es, 
folgendes zu zeigen: 

Es sei K ein Komplex, dessen Simplexe samtlich kleiner als 6 >0 sind, 
und K’ ein normaler Teilkomplex von K; es existiert eine stetige d-Ab- 
bildung von K auf sich selbst, bei der die Bildmenge von K’ mit dem 
ganzen Komplex K identisch ist. 

15. Um diese Behauptung (und somit die beiden Sitze IV und IV’) zu 
beweisen, verfahren wir folgendermafen. Es sei 6’< 6 der Maximaldurch- 
messer eines Simplexes von K und 2h<d—d’ eine positive Zahl; wir 
unterteilen K’ so fein, dafB die Simplexe dieser Unterteilung kleiner als h 
und die Halfte der kleinsten Entfernung zwischen zwei verschiedenen Eck- 
punkten von K sind. An jeden nicht isolierten Eckpunkt a; von K schlieBt 
mindestens eine Kante des Komplexes K’, also mindestens eine Kante L; 
der erwahnten Unterteilung dieses Komplexes. Die Gesamtheit aller L; 
und aller isolierten Punkte von K bildet einen Komplex L’, der in K’ ent- 
halten ist. 

Die Behauptung des § 14 wird bewiesen, wenn gezeigt wird, daS man 
eine d-Abbildung des Komplexes K auf sich selbst so finden kann, dab 
dabei die Bildmenge von L’ der ganze Komplex KX ist, 


ABGESCHLOSSENE MENGEN. 123 


Eine solche Abbildung entsteht durch Zusammensetzung zweier Ab- 
bildungen gy’ und »” von K auf sich selbst, die folgendermaBen zu definieren 
sind. Wenn a in K isoliert ist, ist gy’ (a) = 9” (ai) = a. Es sei a 
irgendein nicht isolierter Eckpunkt von K. In jedem an den Punkt aj 
anschlieBenden Grundsimplex 7; von K(j = 1, 2,---,8) wahle man eine 
Strecke a; 6; = Li, die bis auf den Punkt a; im Innern von 7; verlauft 
und dieselbe Lange wie Lj hat. Die Gesamtheit aller auf diese Weise in 
a angebrachten Strecken bildet den Streckenkomplex Z;, wobei fiir i +k 
Li- Ix = 0 ist. Man bilde jetzt Lj; unter Festhaltung von a; stetig auf L; 
ab und mache dies fiir jedes 7, dadurch entsteht eine h-Abbildung von L’ 
auf den aus simtlichen LZ; bestehenden Streckenkomplex L; diese Abbildung 
1aBt sich aber leicht zu einer h-Abbildung von K auf sich selbst erweitern, 
die alle Punkte auferhalb einer beliebig kleinen Umgebung von L’ fest 
laBt. Diese Abbildung soll y’ heifen; sie fiihrt Z’ in den aus LZ und den 
isolierten Punkten bestehenden Komplex iiber. Jetzt bilden wir jede 
Strecke Li auf das ganze Simplex 7; unter Festhaltung des Punktes a; 
eindeutig und stetig ab. Diese Abbildung lift sich zu einer den ganzen 
Rand von 7; punktweise festhaltenden Abbildung von 7; auf sich erweitern; 
diese in simtlichen Grundsimplexen von K hiermit definierten Abbildungen 
schlieBen (wegen des Festbleibens der Rander) stetig aneinander und 
ergeben eine 6’-Abbildung »” des Komplexes K auf sich selbst, bei der als 
Bildmenge von L der ganze Komplex XK auftritt. Somit ist p = y” (y’(K)) eine 
6’-+- h-, also erst recht eine d-Abbildung von K auf sich, die die gewiinschten 
Eigenschaften besitzt. Die Satze IV und IV’ sind hiermit bewiesen. 


16. Der Uberfiihrungssatz erlaubt eine weitere metrische Eigenschaft 
der Dimension festzustellen. 

Eine aus endlich-vielen Punkten a, ag, ---, as bestehende Teilmenge A 
der abgeschlossenen Menge F' soll ein ¢-Netz heiBen, wenn es zu jedem 
Punkt von F' mindestens einen, von diesem Punkt weniger als um « ent- 
fernten Punkt von A gibt. Man betrachte jetzt einen festen Punkt x von F 
und diejenigen Punkte a; von A, fiir welche die Entfernung e(z, a;) ihren 
Minimalwert r(x) erhalt. Die Anzahl dieser Punkte soll die Ordnung von x 
in bezug auf das Netz A heifen. Sodann folgt aus dem Uberfiihrungssatz 
die Richtigkeit folgender Behauptung: 

Satz V. Wenn « hinreichend klein und A ein beliebiges e-Netz der 4-dimen- 
sionalen abgeschlossenen Menge F ist, so enthilt F Punkte, deren Ordnung 
in bezug auf A mindestens 4+ 1 ist; durch kleine Transformationen von F, 
welche stimtliche Punkte des Netzes festhalten, lassen sich Punkte hoherer 
Ordnung stets beseitigen, Punkte der Ordnung 4+1 treten dagegen auch 
nach der Transformation notwendig auf. 
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Es geniigt den Satz unter der Voraussetzung /'C R” zu beweisen. Man 
bilde nun alle 4-+ 1-dimensionale Simplexe, deren Eckpunkte dem Netze 
angehéren. Zu jedem dieser Simplexe gibt es eine (niemals ausartende) 
nm —4—1-dimensionale Hyperebene, die alle von den Eckpunkten des 
Simplexes gleichentfernten Punkte enthalt. Die Vereinigungsmenge aller 
dieser Hyperebenen stellt einen m — 4 — 1-dimensionalen (“offenen’’) Kom- 
plex Q dar, welcher simtliche Punkte des Raumes enthalt, die in bezug auf 
das gegebene Netz eine Ordnung >4+1 haben. Fiir jedes d>0O kann 
man aber die Menge F' in einen bis auf eventuelle in A enthaltene Eck- 
punkte zu Q fremden 4-dimensionalen Komplex K unter Festhaltung samt- 
licher Punkte des Netzes A 4d-iiberfiihren;?® da aber die Ordnung der 
Punkte a; gleich 1, also unmdglich > 4-+-2 ist, und kein sonstiger Punkt 
von Q zu K gehdrt, enthalt K keinen Punkt von einer Ordnung >4-+-1, 
womit die eine Halfte des Satzes V bewiesen ist. 

Um die andere zu beweisen, zeigen wir, daB jede abgeschlossene Menge F’, 
die in bezug auf A keinen Punkt von einer Ordnung >A besitzt und in 
S(A, €) enthalten ist, mittels einer ¢-Transformation in einen héchstens 
4 — 1-dimensionalen Komplex iibergefiihrt werden kann. 

Es sei in der Tat eine unseren Voraussetzungen geniigende F” gegeben. 
Man betrachte irgendeine Teilmenge 


(1) Mi,» Gis, ***, Gi, 


der Menge A. Wenn es eine n-dimensionale Vollkugel gibt mit einem 
zu F’ gehérenden Mittelpunkt, deren Rand die Punkte (1) enthalt, deren 
Inneres jedoch von Punkten des Netzes A frei ist, sagen wir, daB die Punkt- 
menge (1) ausgezeichnet ist. Man erhalt jetzt einen Komplex K(A), wenn 
man jede ausgezeichnete Punktmenge zum Eckpunktgeriist eines Simplexes 
macht. Auf Grund unserer Voraussetzung ist der Komplex K(A) héchstens 
4 —1-dimensional. Uberdies sind die Durchmesser simtlicher Simplexe 
von K(A) kleiner als 2¢. 


28 Man nehme in der Tat die Punkte von A als Eckpunkte in eine (hinreichend feine) 
Simplizialzerlegung 3 des Raumes R* auf; ferner betrachte man eine so feine (d, 4+ 1)-Uber- 
deckung { von F, daf keine zwei Punkte von A zu einem Elemente der Uberdeckung % 
gehéren; dann ist es leicht zu erreichen, dai die Punkte von A simtlich unter den Eck- 
punkten des (geometrisch realisierten) Nerven N von $$ vorkommen, und zwar so, dab 
kein Simplex von N mehr als einen zu A gehdrenden Eckpunkt besitzt. Man hat dann 
noch Freiheit genug um (mittels eventueller kleiner Verschiebungen der iibrigen Eck- 
punkte von N) zu erreichen, daf simtliche Elemente von N mit eventueller Ausnahme 
der zu A gehérenden Eckpunkte N sich in bezug auf Q in einer allgemeinen Lage befinden, 
also zu @ fremd sind. Wenn man jetzt nach den Vorschriften des § 6 die Menge F in 
einen echten oder unechten Teilkomplex K von N iberfiihrt, so bleiben alle Punkte von A 
(die ja gleichzeitig Eckpunkte von N und der der Uberfiihrung zugrunde gelegten Unter- 
teilung 3 von 8 sind) fest, womit unsere Behauptung bewiesen ist. 
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Man betrachte jetzt eine Folge von unendlich fein werdenden Simplizial- 
unterteilungen des R”: 
j1> j2> tery 3k» c *G6 


Man nenne ein Simplex einer dieser Unterteilungen ausgezeichnet, wenn 
er im Innern oder auf dem Rande Punkte von F” enthalt. Jedem aus- 
gezeichneten Simplex ¢ einer beliebigen Unterteilung 4, lassen wir eine 
bestimmte Teilmenge A,(#) von A entsprechen, die aus allen Punkten a; 
besteht, fiir die es wenigstens einen der Gleichung 


@(b, a) = e(b, A) 


geniigenden Eckpunkt b des Simplexes ¢ gibt. Sodann sind, wie man leicht 
beweist, fiir ein hinreichend grofes k die beiden folgenden Bedingungen 
erfillt: 

1. Wenn ¢ ein ausgezeichnetes Simplex aus 4% ist, so ist Ax(¢) eine aus- 
gezeichnete Punktmenge; 

2. Alle ausgezeichneten Simplexe aus 4% sind in S(A, «) enthalten. 

Es sei & unter diesen Bedingungen gewahlt; die Gesamtheit aller aus- 
gezeichneter Simplexe aus 4, bildet sodann eine «-Umgebung U von F’, 
die durch eine ¢-Transformation in einen (echten oder unechten) Teil- 
komplex von K(A) iibergeht: diese Transformation erhalt man, indem man 
jedem Eckpunkt eines ausgezeichneten Simplexes (aus 4) einen unter den 
von ihm am wenigsten entfernten Punkte von A zuordnet: vermége der 
Bedingung 1 entspricht auf diese Weise jedem Eckpunktgeriist eines aus- 
gezeichneten Simplexes ein Eckpunktgeriist eines Simplexes des Komplexes 
K(A), so daB eine simpliziale Abbildung von U auf einen Teilkomplex 
von K(A) entsteht, welche vermége der Bedingung 2 eine «-Abbildung 
ist, w. z. b. w. 

17. Es mége zum Schlu& auf folgende zwei unentschiedene Fragen hin- 
gewiesen werden, die aufs engste mit dem Satz V zusammenhiingen: 

I. Ist es méglich fiir jede 4-dimensionale abgeschlossene Menge F und fiir 
jedes € ein &-Netz zu finden, so daB kein Punkt von F eine Ord- 
nung >1-+1 in bezug auf dieses Netz besitzt? 

I’. Ist es méglich vorauszusetzen, daf die kleinen Transformationen, die 
zur Befreiung der Menge F von Punkten von einer Ordnung >4--1 
dienen, topologische Transformationen der Menge F sind? 

Diese beiden Fragen sind Spezialfille einer allgemeinen Problemstellung, 
welche verlangt, die topologische Struktur einer beliebigen abgeschlossenen 
Menge auf die Struktur immer feiner werdender «-Netze zuriickzufiihren. 
(Vgl. hierzu meine Note aus dem Bd. 94 der Math. Ann.) 
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ZWEITES KAPITEL. 
Abstrakte Simplizialapproximationen kompakter Raume. 


1. Wir fangen an mit einigen Bemerkungen iiber irreduzible «-Uber- 
deckungen 2° und insbesondere iiber Folgen solcher Uberdeckungen. Man 
hat zunachst folgende elementare Tatsache: 

Eine irreduzible «-Uberdeckung einer 4-dimensionalen abgeschlossenen 
Menge F kann nicht von einer Ordnung >41-+-1 sein; wenn «€ geniigend 
klein ist, ist somit die Ordnung jeder irreduziblen «-Uberdeckung von F 
genau 4+1. 

Beweis. Es sei $ = (Fi, Fa, ---, Fs) eine «-Uberdeckung von F, 
die eine Ordnung >4-+1 besitzt, A—dimF. Man setze d= d($) und 
betrachte eine (d, 4+1)-Uberdeckung = (Fi, F2,---, F3) von F. Man 
bezeichne ferner durch F;’ die Vereinigungsmenge aller Fj, die mit F, 
gemeinsame Punkte haben, und setze allgemein F/}.1 gleich der Vereinigungs- 
menge aller Fj, die zu Fi, Fo,---, Fi, aber nicht zu Fi4;: fremd sind. 
Man beweist leicht, da8 das System aller Mengen F;’ von einer Ordnung 


8 
<4+1 ist; da aber andererseits > Fi’=F und F;’CS(K%, d) ist, so 
¢=1 


bilden die F;/’ eine «-Uberdeckung, deren Nerv ein (wie soeben gesagt, 
héchstens 4-dimensionaler, also) echter Teilkomplex von N(%) ist; $ ist 
also keine irreduzible «-Uberdeckung, w. z. b. w. 

2. Satz I. Jede Folge von irreduziblen &™-Uberdeckungen (lim &” = 0) 


m—>o 


der abgeschlossenen Menge F enthiilt eine Teilfolge, die einer Folge von 
Unterteilungen®® der Menge F ihnlich® ist. 





29 Unter einer Folge von Unterteilungen von F verstehe ich eine Folge von Uber- 


deckungen 
%., P., abate , Bn, 7. 


der Menge F, die folgenden Bedingungen geniigt: 


1. Bn ist eine &m-Uberdeckung, wobei lim én =O ist; 
: m—>00 


2. Die Uberdeckung §,, besteht aus (endlich vielen) abgeschlossenen Mengen F;, fy + typ? 


te _ 1, 2, +++, 8 (di, ta, «++, tea), k= 1,2,-++,m, wobei PEG ish -_ b 


iagees WE Sete 


(fiir jedes m und jedes F;, igs ) ist. 


Der (letzten Endes auf die Theorie der sogenannten A-Mengen zuriickgehende) Begriff 
der Unterteilungsfolgen wurde auf dimensionstheoretische Fragen zum erstenmal von 
Menger und Hurewicz angewandt (Proc. Kon. Akademie Amsterdam, 29 (1926), S. 476 
bzw. 1015). Der wichtige Satz, daB es zu jeder 4-dimensionalen abgeschlossenen Menge F 
eine Unterteilungsfolge gibt, deren Elemente Uberdeckungen von der Ordnung A+1 sind, 
ist zum erstenmal von Hurewicz (in der soeben zitierten Arbeit) ohne Beweis ausgesprochen 
worden. Unser Satz I ist eine Verschirfung des Satzes von Hurewicz. 
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ee 


Beweis. Man kann offenbar eine Teilfolge 


(1) %,, Be, ---, Bm, ---, Na = N(Bn)* 



















der gegebenen Uberdeckungsfolge so wiahlen, da6 folgende Bedingungen 
erfillt sind: 

1. %, ist eine irreduzible ¢,,-Oberdeckung; 

2. bei jedem m ist m4: kleiner als die beiden Zahlen 4¢m und dm = }d(¥,,). 

Es soll jetzt bewiesen werden, daB es eine Folge von Unterteilungen 
der Menge F gibt, welche der Folge (1) ahnlich ist. 

Es seien F;, (1 = 1, 2,---, s) die Elemente des Mengensystems $1; wir 
nehmen an, daf die Mengen Fj....;., % = 1, 2, --+, 8 (t1, te, ---, ts), 
k=1,2,---, m, bereits konstruiert seien, und denken uns die Mengen 


a ee es - 





li 















po te Tyee ew 





F;,,...i,, in einer beliebigen, aber festen Reihenfolge gegeben: i 
F,; F,,; | a F,,; .§ 

(unter *; ist also eine Indexkombination (7; 72 --+%m) zu verstehen). Man ie | 
bezeichne jetzt mit 4 : 
Fy, Fx,2, Sy Fs, s(«,) : ‘ 


alle diejenigen unter den (die Uberdeckung ¥,,+: bildenden) Mengen Fr", 
welche mit F’,, gemeinsame Punkte haben; im allgemeinen bezeichne 
man mit 


be 5 


Fy; Fy,2, ied Fy, (x, 








alle diejenigen unter den Mengen ere. die mit F,,, jedoch mit keiner ‘ if 


F,,, h<k, gemeinsame Punkte haben. Auf diese Weise werden die 
Fj,...i,,, und also der Reihe nach aile F;,...;, fir jedes m schrittweise 
definiert. Dabei ist jedes ¥j,...;,, ein bestimmtes F”, und auch umgekehrt 
kommt jedes Element von %,, (und zwar ein einziges Mal) unter den F%,...:,, 
vor. Man setze endlich 


Ce) 
a . 
rus = be Fi, toys 


ingi=1 





30 Zwei Folgen von Uberdeckungen: 
B., Ba, ---, Bm, o's 
D1, Os, «++, De, 


heiBen dhnlich, wenn fiir jedes m der Nerv von %, mit dem Nerv von Om identisch ist. 
31 Wenn $ irgendein endliches Mengensystem ist, so bedeutet NV (%) den Nerv von §. 


und 
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Da fiir jedes m die Inklusion Fe@e S(F%;,.. i,» Im) stattfindet, so ist der 
Nerv des Systems aller nicht leeren unter den Mengen F*" ein Teil- 
komplex von Nm, welcher (infolge der Irreduzibilitat der Uberdeckung ¥,,) 
mit Nm identisch sein mu; daraus folgt aber, daS keine der Mengen 
F‘*» leer ist, mit anderen Worten: zu jedem Fi,...i, gibt es mindestens 
ein Fi, - «+i 41° 
Man betrachte jetzt eine Mengenfolge von der Gestalt: 

(2) F,,, Fi, +++) Fi... 


4 e854 


4 


im? 


da Fj,...4,,, mit /,...4, gemeinsame Punkte hat und die Reihe >> oh, si) 


sieieatiets so konvergiert die ganze Mengenfolge (2) zu einem Punkt 
%i,i,---i,:--+ Ich behaupte nun, daf es zu jedem Punkt x der Menge F 
mindestens eine Folge natiirlicher Zahlen 


(3) 21, ta, °++,) tmy** 


gibt — von der Beschaffenheit, daB x = 2;,;,...:,... ist. Es seien in der Tat 


die Mengen z 
(4) Fy, Fags +++) Fee gy 


unter der Bedingung tC Fm im gewahlit. Da es nur endlich viele ver- 


schiedene Werte gibt, die der erste Index in (4) annehmen kann, wird 
wenigstens ein Wert unendlich oft angenommen. Diesen Wert bezeichnen 
wir mit 7,. Man nehme jetzt an, daB eine aus m Elementen bestehende 
Indexkombination (7; 72 --+ zm) in (4) unendlich oft vorkommt, so daB eine 
Teilfolge 

(5) Fy, - ++i, #15 Fy, ..-ig #4) Se 2 eee ae 


der Folge (4) vorliegt. Da der m-+1-er Index nur endlich vieler Werte 
fihig ist, tritt einer dieser Werte, etwa im+4: in (5) unendlich oft vor, so 
daB (4) auch eine Teilfolge 


(6) Fy, ining *1'9 Fi, ints | aes Fig igg ing 4's 7 


enthalt. Man betrachte jetzt die “Diagonalfolge”’ 


(6) Fi, «,; Fi igeyy tty Fijige inte 0 

Da 

Ce Fi. -ig es ys ee ee <&m+hy ; a oe . ae oe See + 0 
ist, ist 


ie] 
o(a, F;,...i,) < 2s emt <ém, 
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so daB die Folge F;,...4,(m = 1, 2.---in inf.) gegen den Punkt x kon- 
vergiert, womit die Identitét + = 2; ;,...;,... bewiesen ist. 

Mit Hilfe desselben Verfahrens beweist sich auch folgende Tatsache 
(die wir sofort brauchen werden): 


Wenn die Punkte 


(7) Ue byes -tahg ye? ad ee, “Licies . et ee OEE ig 


gegen den Punkt x konvergieren, so ist x = 2;,i,...4,h,,,---+ Die obige 
Uberlegung erlaubt in der Tat aus (7) eine Teilfolge von der Gestalt 


(8) xt, x?,.-+,ok,.-., mit a = ag, 
zu wiahlen; es ist aber 


oo 
(9) O(*, Fi. tinting s+lingy) < Dimes < Em+k 


S k k 
oo Ue ee ae ee ere 


und da lim 2* = z ist, so folgt aus (9), da® auch lim Fj....i,...2,,, = 2, 
ko k=o 


AlsO © = Li,i,---igs--hg yy: St. 


Man bezeichne jetzt mit Fii,...;, die Menge aller Punkte x, die eine 
Darstellung 


c= 2 or a a, 
zulassen, wobei die 21, 72,---, %m als fest, die iibrigen Indizes als variabel 


zu betrachten sind. Offenbar ist Fi i,...4,= > da ferner 
( 


tm4t 


(10) e (2, igs tg Magic? F,,,..-4,) < Semis <da 


/ 
Fi, 7 


tn bn? 


ist, so ist Fi 4,.--4, Cc S(Fi,i,---i,) d), also (Fi, i,..-i,) <€m; die Fi i,..-4, bilden 
also eine Folge von Unterteilungen. Aus der Inklusion Fi ;,...1, CS(Fi,i,-.-i,, 0 


folgt aber weiter, daB der Nerv des Systems pm aller Fj i,...;, ein (vermége 
der Irreduzibilitat von %,,) unechter Teilkomplex von N(% m) ist, so dab 
Pm und pm ahnlich sind, w. z. b. w. 

Korollar. Jede Folge von unendlich fein werdenden Uberdeckungen einer 
abgeschlossenen Menge F enthiilt eine Teilfolge 


$1, Po, tet . Bm, ere 
zu der es eine Folge von Unterteilungen 


Pi, P2, ee Pm; a 


nitty ae 


ee 


a 
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gibt, so daf der N(pm) ein echter oder unechter Teilkomplex von N(Bm) 
ist,32 

3. Aus dem soeben bewiesenen Satze folgt, daB die Unterteilungen mit 
einem gewissen Recht als der Normaltyp von unendlich fein werdenden 
Uberdeckungsfolgen betrachtet werden kénnen. Wir wollen sie jetzt zur 
Konstruktion von Projektionsspektren anwenden. 

Es sei 


(11) $1, Po, +s, Bm, --- 


eine Folge von Unterteilungen von F’. Dabei sei $m eine aus den Mengen 
F;,...i,, bestehende €m-Uberdeckung (limé» = 0), von der wir (auf Grund 


m—>e 
des Satzes 1) annehmen, daf sie (falls dim/—4< © ist) die Ordnung 
4+1 hat. Man setze ferner Ni» = N($m) und bezeichne die Eckpunkte 
von Nm naturgemaB mit ai,...4,. Die Projektionen 7(Nm+1) sind sodann 
dadurch definiert, daB man jedem Eckpunkt ,...:,i,,, von Nm+i den Eck- 
punkt aj,...i, von Nm zuordnet und die dadurch bestimmte simpliziale Ab- 
bildung von Nm+4: auf Nm» als die Abbildung 7(Nm+1) erklart. 
Jeder Projektionsfolge 


(12) {= (T;, T2, +++, Tm, ++) 


wird folgendermafen ein Punkt x(t) von F zugeordnet. Man bezeichne 
mit F(Z7m) den Durchschnitt aller, Eckpunkten von 7, entsprechenden, 
Mengen F;,...i,; dann gibt es, wie sofort ersichtlich, einen einzigen Punkt z, 
welcher zu allen (den Simplexen von (12) entsprechenden) Mengen F'(7'm) 
gehért. Dieser Punkt x soll definitionsgema8 der Punkt x(t) heifen. 





32 Aus dem SatzeI ergibt sich leicht folgender Satz von Hurewicz (Proceed. Akad. 
Amsterdam, 29 (1926), S. 1015): F ist dann und nur dann i-dimensional, wenn man F als 
stetiges Bild einer abgeschlossenen nulldimensionalen Menge so darstellen kann, daf jeder 
Punkt von F bei dieser Abbildung hichstens 4+-1 Originalpunkte hat und es keine Abbildung 
dieser Art gibt, bei der die Originalmenge jedes Punktes von F aus héchstens 4 Punkten 
besteht. 

Da6 eine 4-dimensionale F eine Darstellung von der erwiinschten Art zulaft, sieht man 
dadurch, da6b man auf die Unterteilungsfolge (11), deren Elemente simtlich von der Ord- 
nung 4+1 sind, das in meiner Arbeit “Ober stetige Abbildungen kompakter Riume“ (Math. 
Ann., 96, SS. 555-571, insbesondere SS. 563-566) fiir den Fall beliebiger Folgen von Uber- 
deckungen angegebene Abbildungsverfahren wortlich anwendet. 

Die zweite Hialfte des Satzes ergibt sich sodann wie folgt. Es sei F — f (F’), 
wobei F’ eine nulldimensionale abgeschlossene Menge ist. Wenn « beliebig gegeben ist, 
waihle man d so klein, daB aus e(a', y)<d in F’ folgt, dab o (x, y)<e in F ist 
(wobei «= f(x’) und y= f(y’) gesetzt ist); wenn nun F'’= F/'+F,'+..-.+F, eine 
Zerlegung von F’’ in zueinander paarweise fremde abgeschlossene Teilmengen von Durch- 
messer <d, F;= f(F;’) ist und jeder Punkt von F bei der Abbildung f héchstens 4+1 
Originalpunkte hat, so bilden die F; eine (e, 4A+1)-Uberdeckung von F, w. z. b. w. 
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Jetzt laBt sich leicht zeigen, daB zwei benachbarte Projektionsfolgen 
stets eine umfassende Projektionsfolge besitzen und infolgedessen die Kom- 
plexe N,, durch unsere Projektionsdefinition zu einem Projektionsspektrum 
vereinigt werden. 

Es seien in der Tat 
(13’) t’ — (Ti, Ti, ++, Tm, +++) 
und : 


(13”) t” = (Ty’, Ta’, -- +, Tm, +++) 











zwei benachbarte Projektionsfolgen und t» der Durchschnitt von 7, und 
Tm; da sowohl F(T) als auch F(7m) in F(tm) enthalten ist, ist 


(14) a(t’) = a(t) = a(t”), 


















wobei t = (t, te,---, tm,---) ist. Der Punkt (14) ist somit fiir jedes m | 
in allen F;,...;, enthalten, die Eckpunkten von 7, und 7, entsprechen, ; 
so daB die letztgenannten beiden Simplexe bei jedem m als Seiten eines 
Grundsimplexes 7’, von Nm auftreten. Somit umfaBt die Projektionsfolge 
T= (Th, To,--+, Tm,---) die beiden Folgen (13’) und (13”). 

4. Die Folge “| 
(15) Way: Mey ++ Meg? 








ist also ein Projektionsspektrum. Es soll jetzt gezeigt werden, dai der 
durch dieses Projektionsspektrum definierte Raum % mit F' topologisch : 
identisch ist. Zu diesem Zwecke soll zuerst eine eineindeutige Beziehung v, 
zwischen den Ketten 


(16) ; = (Ti, T2, ne ts Tm, +++) 


Lt anes re aS She on psdiga tte ceed eee ee Se 1G a 
Wo arw ana getty oo ete Bite 0 cheer yor ap tate eee or a BP A ae ee ea 


poweegis ay 









und den Punkten x von F hergestellt werden. Wir sahen im vorigen Para- 
graphen, daB jeder Kette x (die ja eine Projektionsfolge ist) ein Punkt 2 (rx) - 
entspricht; jetzt zeigen wir umgekehrt, daB es zu jedem Punkt eine einzige 
Kette x gibt, fir die 2 = x2 (rx) ist. Um diese zu erhalten, betrachte man 
fiir jedes m die Gesamtheit aller F;,...;,, die den Punkt x enthalten. Die 
entsprechenden Eckpunkte a;,...;, definieren sodann ein Simplex 7’, (x) 
aus N,, und man tiberzeugt sich leicht, daB 


ak deals erat sedi des = SORE Bee 












(17) Ti (x), T2(x), «++, Tm(x), --- 






eine Projektionsfolge ist. 
Kette. Es sei in der Tat 


(18) 


Diese Projektionsfolge ist aber tiberdies eine 





t == (Th; Te, «++, Bu, +++) 
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eine umfassende Folge. Fiir ein bestimmtes m ist dann 7'm (x) eine Seite 

von 7, und somit ist fiir jedes h > m T) (x) eine Seite von 7,. Da aber 

F(T) unter diesen Umstainden in F(Z} (x)) enthalten ist, so ist x(t) = x 

und folglich x CG F(7,), was der Definition von 7) (x) widerspricht. 

Die Projektionsfolge (17) ist also tatsichlich eine Kette z, und es ist 
x(t) =a. Da auf die soeben geschilderte Weise einem Punkte x von F 
nur eine Kette entsprechen kann, folgt aus der leicht beweisbaren Tat- 
sache, daB zwei verschiedene Projektionsfolgen t’ und t’’ nur dann denselben 
Punkt « = x(t’) = x(t”) bestimmen kénnen, wenn sie von einer dritten 
Folge umfaBt werden. 

5. Endlich soll gezeigt werden, daB die soeben definierte eineindeutige 
Zuordnung f zwischen den Punkten x von F' und den Punkten x des durch 
das Spektrum definierten Raumes % eine beiderseits stetige ist. Dazu 
beweisen wir, daB vermége / 

a) F auf § bzw. b) ¥ auf F 

stetig abgebildet werden. 

Ad a) Es sei fir jeden Punkt xC F «™ die Entfernung von x bis zur 
Vereinigungsmenge ¥™” aller den Punkt z nicht enthaltenden Mengen 
F;,...i,. Wenn e” die kleinste unter den positiven Zahlen ¢), «2, ---, em 

bedeutet und U, (x) die m-te Umgebung des Punktes xo = f(a) in & ist, 
so folgt, wie leicht ersichtlich, aus (x, x)< gz, die Inklusion x C Um (Zo) 
(in %); da dies fiir jedes m (also fiir jede Umgebung von xo) zutrifft, ist 
die Behauptung a) bewiesen. 

Ad b) Es seien ¢ >0 und x» C # beliebig gegeben. Wenn m so grof 
ist, daB ¢m <« ausfallt und rC Un(xo) beliebig gewiahit ist, so ist 
(da x unter diesen Bedingungen nur zu solchen F;,...;,, gehéren kann, 
die 2) enthalten) @ (a, x) << «, womit b) bewiesen ist. 

Hiermit ist bewiesen: 

Satz II. Jeder kompakte metrisierbare Raum lift sich durch ein Pro- 
jektionsspektrum definieren; dabei lassen sich Riiume, deren Dimension <A ist, 
immer durch hichstens n-dimensionale Projektionsspektra definieren. 

6. Es gilt auch die Umkehrung dieses Satzes, nimlich der 

Satz Il]. Jeder durch ein Projektionsspektrum definierte Raum ist ein 
kompakter metrisierbarer topologischer Raum; wenn siimtliche Komplexe des 
Projektionsspektrums von einer Dimension <4 sind, so ist auch der durch 
das Spektrum definierte Raum hichstens 4-dimensional. 

Der Beweis unterscheidet sich nur wenig von dem Beweise der ent- 
sprechenden Tatsache in den “Simpl. Appr.” (§§ 10-12): daB der Raum 
topologisch ist und dem II. Abzahlbarkeitsaxiom geniigt, folgt sofort aus 
unserer Umgebungsdefinition. Die Kompaktheit folgt leicht aus der Tat- 
sache, da jeder Komplex aus endlich vielen Simplexen besteht und infolge- 
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dessen die m-te“Koordinate” (m-beliebig) eines (variablen) Punktes nur 
endlich vieler verschiedener Werte fahig ist. Daraus folgt bereits die 
Metrisierbarkeit unseres Raumes. Man bezeichne ferner durch ®; ;,...;, die 
Gesaimtheit aller Punkte, deren erste m Koordinaten der Reihe nach die 
Eckpunkte 


Wi, Uinigy ***y Gijiy---t,s 
enthalten. Der Durchschnitt einer Mengenfolge von der Gestalt 


@; , Oj i,, Cnty Oj i,..-i,, 
besteht aber nur aus einem Punkte, woraus wiederum folgt, daB in jeder 
Metrik, die man dem durch unser Projektionsspektrum definierten Raum 


vorschreiben kann, die Durchmesser der Mengen Q; ,,...;,, mit - beliebig 


klein werden.*? Endlich ist in der Definition der Mengen ®; ;,...;, selbst 
die Tatsache enthalten, daf der Nerv des Systems aller Q; ;,...;, (m beliebig 
aber fest) mit dem Komplex XK» identisch ist. Das bedeutet aber nichts 
anderes, als daB man unseren Raum beliebig fein so iiberdecken kann, 
daB der Nerv dieser Uberdeckung ein Komplex des (den Raum definierenden) 
Projektionsspektrums ist; wenn dieses Spektrum kein Komplex von einer 
Dimension > 4 enthalt, so ist also auch der durch dasselbe definierte Raum 
héchstens 4-dimensional, w. z. b. w. 
7. Es seien jetzt zwei Projektionsspektra 


(19) K,, Ke, ---, Km, --- 
und 


(20) Q:, Qe, +++; Qm, ++: 


gegeben; so entsteht die natiirliche Frage: 

Unter welchen Bedingungen definieren die beiden Spektra (19) und (20) 
denselben topologischen Raum? 

Diese Frage soll jetzt beantwortet werden. 

Vorbemerkung I. Es sei eine wachsende Folge natiirlicher Zahlen 
gegeben: 
(21) ty, te, °°°, dm, os 
Einfachheitshalber schreibe man 


(22) Ki, = 4m und Qi, = Bn. 


Da die Am bzw. die Bm je zu einem Projektionsspektrum gehéren, ist fiir 
jedes Paar natiirlicher Zahlen r< s die Prajektion von As auf A, sowie 





33 Es gilt ja fiir jedes m @; rr Do; , ' 
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die Projektion von Bs auf B, definiert; diese beiden Abbildungen werden 
durch 78(A,) bzw. durch 7%(B,) bezeichnet, so dah 


(23) A, == m8§(A,) und B, = 7%(B,) 
ist. 

Vorbemerkung IJ. Wenn a; und a; zwei benachbarte Eckpunkte des 
Komplexes K sind,** so schreiben wir aj -—- qj. 


8. Es gilt nun folgender 
HoMOOMORPHIESATZ. Zwei Projektionsspektra (19) und (20) definieren dann 
und nur dann denselben topologischen Raum, wenn eine Teilfolge 


(24) A,, As, +++, Aom+i,**+5 (Aom+1 oe Khsn41)s 
eine Teilfolge 
(25) Bs, By, ++: Bom, +++; (Bom acm Qian)» 


und fiir jedes m eine simpliziale Abbildung fom (Azm+1) von Aom41 auf einen 
(echten oder unechten) Teilkomplex von Bom und eine simpliziale Abbildung 
Som: (Bom) von Bom auf einen (echten oder unechten) Teilkomplex von 
Agm-1 so gefunden werden kinnen, daf fiir beliebige m und r, m <r, und 
einen beliebigen Eckpunkt a+! von Aop+1 bzw. b°" von Bey die Relationen 


Sat OO) -—- EO 
7 : & (ar*t) . aa, nar (a?" +1) 
bzw. 
—* \ aan Ae (b?") - i (b?"); rt % SP a ee Som—1 ar (b?") 


in Aom+1; Bom bzw. in Bom; Azm—1 stattfinden. 

Wenn man (im Anschluf an einen von Alexander herriihrenden Sprach- 
gebrauch) eine simpliziale Abbildung eines Komplexes K in sich pseudo- 
identisch nennt, wenn sie jedem Eckpunkt von XK einen benachbarten 
Eckpunkt entsprechen laft, kann man die soeben formulierte Bedingung 
folgendermafen aussprechen: 

Bei beliebigen m und ry, m<r, kinnen durch passend gewiihite pseudo- 
identische Abbildungen von A2zm+1; Bom bzw. Bom; Aom-1 in sich 

der Komplex 727") fy, Fo, (Ay,.,) 1m den (ganzen) Komplex A, 


2m-- 


der a 3" Soy (Ag,+,) in den Komplex fy, 3773, (A, 


2m 41? 


2m--1 or+-1) 


34 Zwei Eckpunkte a und b des Komplexes K heifen benachbart (in K), wenn es in K 
ein eindimensionales Simplex (= eine Kante) gibt, welches a und b als seine beiden End- 
punkte besitzt. Wenn die Punkte a und b zusammenfallen oder benachbart sind, schreiben 
wir a-—-b, wenn man a und bP mit einer aus héchstens zwei Kanten bestehenden Kette 
verbinden kann, schreiben wir a- —- - — -b usw. 
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sowie 
der Komplex im Sora o—1 (B,,) m B,,, 

und 
der Komplex md o— (B or) m Feips Tm (B oy) 

iibergefiihrt werden. 
9g. Der geometrische Inhalt dieses vielleicht kompliziert klingenden Satzes 

ist in Wirklichkeit sehr einfach. In der Tat, wenn man zwei durch Ab- 

bildungen f2m (Azm+1) und fom—1 (Bom) miteinander verbundene Projektions- 
spektra hat, so sind die ersten Fragen, die man sich stellen kann, die 
folgenden: 

I. Wie kommt man am kiirzesten (d. h. mit méglichst wenig Schritten) . 
von einem hohen Range des einen Spektrums auf einen niedrigeren ik 
Rang desselben Spektrums — also z. B. vom Range 2r+1 des 
A-Spektrums auf den Rang 2m-++-1 desselben Spektrums? 

II. Wie kommt man am kiirzesten von einem hohen Range des einen $y 
Spektrums auf einen niedrigeren Rang des anderen — also z. B. vom t 
Range 27-+1 des A-Spektrums auf den Rang 2m des B-Spektrums? | 

Die Antwort auf die erste Frage lautet selbstverstindlich: 





2 a eee tO ag ai PR EE eBid Mise 8 





















“é ; : 2r+1 2r+-1\) —— 2m+8 . |. gq 2r—l 7 2r4+1 (p2r+1) 
Durch Projektion 27+1, (a?"+1) = mmt® ... a1 aertt (q?r+}), 









Nun besteht der eine Teil unserer Bedingung gerade in der Behauptung, 
daB man diesen “kiirzesten Weg” nur wenig (nur um eine “ Pseudo-Identitat”’) 
verlingert, wenn man seinen Anfang durch einen Sprung (dann aber not- 
wendig hin und zuriick) auf das zweite Spektrum ersetzt, also statt 
mer! wert} (a) die Abbildung /,._,/, (at!) macht. 

Als Antwort auf die zweite Frage kann man zwei a priori gleich- 
berechtigte Vorschlaige machen, und zwar hat man den jedenfalls not- 
wendigen Ubergang ins zweite Spektrum entweder am Anfang oder am 
Ende zu machen. Im ersten Falle beginnt man mit dem Ubergang /:, (a?"+?) - t 
von A»; auf den nichstliegenden Rang B2,, und laBt sich dann nach Bo», | 
hinunterprojizieren, so da8 man insgesamt den Weg 73", f,, (a?"*) zuriick- 
legt; im zweiten Falle macht man die Projektion (dann aber gleich méglichst 
weit) im A-Spektrum, was 737"), (a’"*") ergibt, und hat dann noch den 
Ubergang f,,, zu machen, wodurch man nach /,,, 737+1, (a**1) gelangt. 
Nun besteht der zweite Teil unserer Bedingung gerade in der Behauptung, 
daB diese beiden — a priori als gleichberechtigt erscheinenden — Wege 
es auch tatsichlich (wieder bis auf eine “Pseudo-Identitat’’) sind. 

Beweis des Homéomorphiesatzes. 

10. Wir nehmen zuerst an, daf{ die beiden Spektra (19) und (20) den- 
selben Raum FR definieren, den wir uns als eine kompakte abgeschlossene 


so 
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Teilmenge F des Hilbertschen Raumes denken. In F (und also auch in R) 
ist somit eine feste Metrik endgiiltig gewahlt. 
Die beiden Spektra bestimmen in bekannter Weise zwei Folgen von 


Unterteilungen 

(26) U,, Ug, +--+, Un, --- 
und 

(27) B,, Be, ---, Be, ---. 


Die Mengensysteme Ul bzw. B bilden dabei (fiir passend gewahlte positive 
Zahlen 4 bzw. Px) yx- bzw. %-Uberdeckungen von F, und es ist 
lim 4x = tim a, = 0. 


k—> © 
Man ar jetzt 7, = 1 und A, = K,; man wihle ferner % so grof, 
dai 
Hy d(u,) 


ist und setze B, = Q;,. Allgemein wahle man tm+: so groB, dah 


nj ce (Bi,,.) 


‘ bom e 


ist, setze Aomis = K; wahle dann zom+2 unter der Bedingung, dab 


2m+1? 


v lone ~ < Ad (Ui, 7 


ist und setze Bomi2 = Qi,,,,5° 
Auf diese Weise erhalt man die beiden Teilfolgen (24) bzw. (25) von (19) 
bzw. (20). 

(24) und (25) sind Projektionsspektra und Ag»+1 bzw. Bom ist fiir jedes m 
der Nerv des Mengensystems Uj,,,, baw. Bi,,. Nun kénnen wir die Ele- 


. b : 
mente dieser Mengensysteme durch Fy,i,...r.,,,, bzw. Fik,x,.--%,,, bezeichnen 
(wobei eine Umnumerierung der Mengen aus U;,,,, bzw. ¥;,, stattgefunden 
hat, bei der nur die an der 71, 7s, ---, dom+1 DZW. @2, 24, +++, dam Stellen 
gestandenen Indizes beriicksichtigt wurden). Wir setzen endlich 

Aomir = Wisi Bom = B; 


fom? 


G2m+1 = Yinna19 Bom == Fi, 

Die Komplexe Aomi:1 bzw. Bom kénnen (als Nerven von %on+1 bzw. Bom) 
dadurch geometrisch realisiert werden, dafi man sich den, einer Menge 
Fitig---tog4, DZW. FR; ig--Jo, @utsprechenden, Eckpunkt von Aem+1 bzw. Bom als 
einen zu dieser (evtl. auch zu anderen Mengen desselben Ranges) ge- 
hérenden Punkt aj, i,...4 bzw. bj,j,...j,,, denkt, wobei zu beachten ist, daf 


2m+1 


ABGESCHLOSSENE MENGEN. 137 


infolge dieser Wahl die ersten m-+1 bzw. m Koordinaten des Punktes*™® 
i, iy tgm yy ~ Wig igs ring, DZW. Bj, ;,-..i,,,~ Dig dg-- vi, Ger Reihe nach die den Ele- 


menten Fi, Fi, to™ Fi, i,-++tg,,4, VON %,, As, tery Aom+s (bzw. F;,,, Fi o0ty Pj jg: + “Same 


von ¥B2, Bs, ---, Bem) entsprechenden Eckpunkte aj, dj,i,, +++, di,i,-.-%,,,,, 
von Aj, As,---, Aomii bzw. Bo, Bs, ---, Bom sind, so dah man 


(28) i, ig: + sing, == (i,y Wi,igy ++) Giziy---tngny,y Tomts, +++), 
= (bi,, bi,i,, +++, digi... i.) Tome, ---) 


bi, 1, + -Fam, 
schreiben kann. Man wahle jetzt zu jeder Indexkombination (4; és - - - 2m.) 
(m beliebig) eine feste Indexkombination (jo 74 --+jom) unter der einzigen 
Bedingung, da6 Fj, ;,...;,, den (geometrisch realisierten) Punkt ai, ;,...i,,,, ent- 
halt. Diese Wahl denken wir uns ein fiir allemal getroffen und setzen 
Som (i, ig:+sign gs) = Bigigesdons AUS der Ungleichung @2m+41<d(Bo2m) folgt 
sodann, daB, wenn die Punkte aj;...i,.., +++, A), Eckpunkte eines 
Simplexes von Aym+1 sind, die Punkte fom (ai:..-i,,,,),°**s fam (au...) das 
Eckpunktsystem eines Simplexes von Bo» bilden, so daB die soeben fest- 
gelegte Eckpunktzuordnung eine simpliziale Abbildung von Aom+4; auf 
Bom definiert. Diese Abbildung soll fom (Aom+1) heiBen. 

In analoger Weise wahlen wir fiir jede Indexkombination (ke kg -- + kom) 
eine Kombination (/1 hg --- 2m—1) unter der Bedingung, daB by,...x,,, C Fi,-.-r,._, 
ist, setzen sodann fom—1 (Dx,..-x,,,.) = Gh,---hy,,_,» Wodurch die simplizialen Ab- 
bildungen /2m—1 (Bom) definiert sind. 

II. Jetzt soll bewiesen werden, dab bei der soeben gemachten Definition 
von fom baw. fom—1 die Bedingungen des Homéomorphiesatzes erfiillt sind. 

I. Es sei 

Sor ee a = Oy ..Ja9 also %,...t,,,, GF... 
ferner 

Sora (bj, .. js,) = ay...4,_,, also b..j,, C Fy... _,- 
Da auferdem 

Qi, ++ tny 4, - =o Cc | a und 4. Cc F), «shee 


Phd . ae + 0 + , Fy 


ist, so ist 


woraus (vermége der Ungleichung 42, < d(%2,—1)) folgt, dab 
Ee ts 


s? 
4y° Comat 


oi, Pv, $0, also umsomehr F; 


1 2r—1 


d. h. ai. 


1° * tome 


ae 0 ist. 





3q.. ist der Punkt a;,; _. der Menge F, betrachtet als Kette des Pro- 
41 U3°* lom4a 41% °° Comin 


jektionsspektrums (24); analoges gilt fir b er ie 
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II. Es sei 
Sor (Gi, -- ig, 1) = Dj...j,, fom (ai, .. ton) = By... Jan, 


zu beweisen ist, daB bj;...;,.-— - bj,...j,,, ist. 
Es ist dann 
Di.» tse s Cc F}.....i2, C Fy...;,,, und Di, - +t Cc je ae Cc ee eee 
also 
(29) Tim * Fis stangs ¥ 03 
gleichzeitig damit ist 
Wi, ++ -ian 4 Cc ee und Wi, ++ +igm gy ~ Wi hennt 


also 
(30) Wi eg i ae + 0; 


aus (29) und (30) folgt (vermége der Ungleichung oom41 < d(Bem)), dab 
auch F;....j,.° Fy...4,, £0 ist, also b;...j,-— > dy...7,, ist. 
Es ist hiermit bewiesen, dai 


(31) WES, Sasa: RH (a+) .—-+ x r+ (art) 
und 

om Sag (OH) —- fag ERIE, (PMH) 
ist. 


Genau auf dieselbe Weise beweist man, dai auch 


(33) SS xclenae et ee) 
und 
(34) Tn 1v 2r 1 (O*) - mee 1 Ton (0°") 


ist, woraus der erste Teil des Homéomorphiesatzes (die Notwendigkeit der 
daselbst ausgesprochenen Bedingung) folgt. 

12. Es seien jetzt die Projektionsspektra (19) und (20), die Teilfolgen 
(24) und (25), die Abbildungen /, (As,+41) und for—1 (Bo,) a priori gegeben, 
und zwar so, daB die Bedingungen (31), (32), (33), (34) erfiillt sind. Es 
seien A und B die durch (19) bzw. (20) definierten Riume, die wir uns 
sogleich in einer festen Metrik denken. Die Spektra (19) und (20) definieren 
dann in iiblicher Weise die Unterteilungen 2,11 bzw. Be, von A bzw. B, 
deren Elemente F;... baw. Fj,...i,, sind und die @,+;- bzw. »,-Uber- 


P lor4 1 


deckungen von A bzw. B darstellen, wobei lim @,4; = lim Ao, = 0 ist. 


r—> 2 rx 


Es ist zu zeigen, daf unter diesen Bedingungen die Riume A und B 
homéomorph sind. 
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Hilfssatz 1. Wenn 


Dj snp = for ee und %,...4., = Sor+1 (Dh, + hy, 4) 


ist (wobei aj... 
Punkte a; 


-is,,, DZW. Oj,...j,, Zugleich die geometrische Realisation der 

iti, DZW. 0y,...j,, Dedeutet), so ist (in der Metrik von B) 
0 O..4 Dir, -- Ne, sf = 2 Br, 

Es ist in der Tat 


Digs sigg = Sor Porta (Ong gg)s Ogee, = 7 Ony---ty 4 9) 


also vermége (33) 
ik, Dj. jap 


woraus (da bp,...n,,,,C Fa,.--n,, i8t) @ (bn,---ry,,49 d),-- *sig,) < 2Ber folgt. 
Hilfssatz 11. Es sei x ein durch seine Koordinaten (im Spektrum (24)) 
bestimmter Punkt des Raumes A: 


(35) = (7), > tad Tor+1, +++) 


Man bezeichne durch B(7»,+:) die folgendermafen definierte endliche Teil- 
menge des Raumes B: B(T2,41) besteht aus allen denjenigen Eckpunkten 
von Bs, und Bo,i2, die bei der Abbildung /, (A241) Bildpunkte bzw. bei 
der Abbildung 2+: (Bs,42) Originalpunkte irgendeines Eckpunktes des 
Simplexes 7»,;, sind. Somit behauptet Hilfssatz IT: 

Die Mengen B(T2r+1) konvergieren bei unendlich wachsendem r gegen einen 
Punkt y von B, den wir durch ¢ (x) bezeichnen werden. 

Es ist zunachst B (Toy+1) = By, (Toy+41) + B* (Toy+1), wobei Bx (T2+1) 
die Gesamtheit aller zu B., und B* (To+41) die Gesamtheit aller zu Bo,+. 
gehérenden Punkte von B(7»,4:) bezeichnet. Da es aber vermége des 
Hilfssatzes I zu jedem Punkt von B* (72,41) einen von demselben weniger 
als um 24, entfernten Punkt von B, (7>,+4:) gibt, geniigt es zu zeigen, dab 
die Mengen By, (72-41) gegen einen Punkt konvergieren. Zum letzteren 
Zweck geniigt es wiederum zu beweisen, dafB man zu jedem ¢ > 0 eine 
natiirliche Zahl m so finden kann, da aus 


m; Mi, - + ings Cc — hn a ee S T2541, 
jap = Sor (Qi, --+ig, 4 1)3 = fos (An,...Ne,,.,) 
folgt, daB 0(bj,...;,,, Dk,---%,) <€ ist. 


Es sei nun ¢ gegeben und m so grob, dab 4f2»,,<« ist. Dann ist (ver- 
mége (32)): 
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2 
Dj, «+ ism = 2m Sor (ai, er Sey, Som (ai, Sr bate Fe 


(36) 
Dic, - + +Keayy Tom fos (An, .. Mecat * 7? Sem Gm,--2,,,,): 


Da 231} (an, .. )C Tx+1 ist, so ist 


Nog 
0, ea ’ . Qi, ---tg, 4; 
und somit auch 
Wh, ++ Mama 9° Wipe+rtgn ys 
und 
Sam (an, han 41) aa * fom (di, .. Sas 
also (vermége (36)) 


Diner "tt ttt One. 


Jom 2° Kany 9 


da aber }j,...j,,C Fj,...j,, und dx,...%,, C Frey..-k,, 80 i8t @(Djr-..j,,5 Dleg---ky,) 
<4Bom<«é, womit Hilfssatz II bewiesen ist. 

13. Aus dem soeben bewiesenen Hilfssatz ergibt sich folgende fiir unsere 
Zwecke wichtige Bemerkung. 

Es seien 


(37) of, 27,...-, %,--. 


die Koordinaten des Punktes y = »(x); der Symmetrie wegen werden wir 
fir den Augenblick die Koordinaten von x durch 72,4; bezeichnen. Da die 
B(T2+1) gegen y konvergieren, so gibt es zu jedem m ein so groBes 7m, dab 
alle B(T>4+1), 7>1m in der 2m-ten Umgebung des Punktes y enthalten 
sind; auf Grund der durch das Projektionsspektrum gegebenen Umgebungs- 
definition bedeutet jedoch letztere Tatsache nichts anderes, als daf fiir 
alle r>1m 
(38) Hom Sor (T2r+1) + tm for+2 (Torts) C Tim 
ist. 

14. Hilfssatz I]. Wenn 
(39) a = (Ti, T3, +++, Torti, «++ 
und 
(40) al” = (Ty', Ts’, «++, Torti, +++) 


zwei verschiedene Punkte von A sind, so sind die Punkte y’ = g(x’) und 
y” = g(x") auch verschieden. 

Um diesen Hilfssatz zu beweisen, wahle man eine Zahl m so groB, dab 
6 com—1 <0(x’, x”), woraus folgt, daB man einen Eckpunkt von 72m—: mit 
einem Eckpunkt von 72-1 in Aom—1 unméglich mit einem héchstens aus 
5 Strecken bestehenden Streckenzuge verbinden kann. 





ABGESCHLOSSENE MENGEN. 
Wir nehmen an, der Hilfssatz III sei falsch, und es sei 


(41) g(x’) = ola") = y. 
Man wahle y so groB, dab 
(42) Tom Soy (Do,-44) + Tin Soy (T5p-4) CTY, 


WR 3 hae PR soe ricuckl naa Nag na a 


sei und bezeichne mit a’ bzw. a” irgendeinen Eckpunkt von 73,41 bzw. T2y-... 
Dann folgt aus (42), daB 


(43) Tom Soy(@') > — > 7, f(a") 
ist. Da aber 
Som Tamir (@') > — + 73, fo (a’) und f,,, 730i, (a") - — + mr, f(a") 


ist, so ist 


er 
Be ta care 


Sen ata) + + ms tm * Se MEO 
und 
i 2r- F — o —_= © ay ” 
(44) Sem—1 Som Tmt (a ) 2 es F ; ar 2m Tmt (a ). 
Nun ist aber 
Tmt (a (a’)) Sees pe Som (wr (a’)), 


mint eR (0) «—* Sama Fam PR C2"), 


m4 f : 
. 
} 
i 


was zusammen mit (44) 


art (a’) cms comme cams ¢ amps 6 auue 6 werri (a”) 
ergibt, was im Widerspruch mit der Definition der Zahl m steht. 

15. Analog zu der bei der Formulierung des Hilfssatzes IT gemachten 
Definition der Funktion y(x) 1a8t sich auch die Definition einer Funktion y(y) 
machen, die jedem Punkte 


(45) gem 40h, Fa, «++, Tory «0s 
von B eindeutig einen Punkt 
(46) w(y) — (73, Ts, Satie Tori; +++) 


von A entsprechen laft, und zwar ist w(y) der Limes der stets gegen 
einen Punkt konvergierenden Mengenfolge A(7>,), wobei definitionsgemab 
A(Tor) aus allen denjenigen Eckpunkten von Ay—; und A»,+; besteht, die 
bei der Abbildung /,—;(B2,) Bildpunkte bzw. bei der Abbildung f,(Ae,+1) 
Originalpunkte irgendeines Eckpunktes des Simplexes To, sind. 

Dabei gelten (mit auf der Hand liegenden Modifikationen) die den Hilfs- 
sitzen I—III analogen Satze. Insbesondere gilt 
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(38 bis) * — Fai (T. a) + at 4d, oe 4 aye 


woraus (genau wie im § 14) folgt, da® zwei verschiedenen Punkten y von 
B auch immer verschiedene Punkte w(y) von A entsprechen; dagegen 
haben wir noch nicht bewiesen, dafB es zu jedem Punkt y von B einen 
Punkt x von A gibt, fiir welchen »(x) = y ist, und kénnen deshalb auch 
nicht schlieBen, daf es fiir jedes x aus A einen Punkt y von B gibt, fiir 
den w(y) = «x. Diese beiden Behauptungen folgen aus dem 

Hilfssatz IV. Wenn x bzw. y ein beliebiger Punkt von A bzw. B ist, 
so ist 
(47) Yp(x) = «2 und gy) = y 


Die beiden Gleichungen (47) lassen sich auf dieselbe Weise beweisen, 
es geniigt also, den Beweis fiir eine, z. B. fiir g w(y) = y, zu fihren. 
16. Es seien 
(48) oy ae (9, Fy. «+, De, --*, 


(49) Wy) = (Th, Ta «++, Torts, +++); 


es sei ferner a,..i,,,, ein beliebiger Eckpunkt von 7>,+1 und by,...j,, =/er(di,.-is,,,)- 


Dann ist lim }j,...,. = » W(y); um zu beweisen, daB letzterer Punkt mit y 
Tro 


identisch ist, geniigt es, zu zeigen, daf fir ein hinreichend grofes r die 
Entfernung zwischen },,...;,. und der Menge aller Eckpunkte von 72, unter 
jede Grenze sinkt. 

Es sei ¢>0O beliebig gegeben, m so groB, daB 5fBom-2<eé ist, r so 
grob, dah 
(50) m1 “i 1 (7,,) Cc Dom—1 


2r 


ist; es sei ferner (fiir jedes s) bp,...1,, ein Eckpunkt von 725. Dann folgt 


aus (50), daB 


2a 


(51) iit nh ee ae 4 (by... 
Andererseits ist 

om —2 (b, i.) al es (a, 4) pe" Fig Ay ings)? 
also 
(52) ee — + fom— 2 (ai,.. eee d 
Aus (51) folgt ferner 
(53) Som—2 (Qi,.-- ig, ,) *— * fom—2 am—1 Sora (Dn,---Rg,)s 
und da 

Tomi for—1 (Dn,---ne,) *— fam 02m (Dh,.+-hy,) 
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ist, so ist 
Som—2 Wee Sar (di. --hy,) wea Som—2 fom—1 Tam (bh, --hy,) 


— Som—2f2m-1 (713% (bn, -h,,)) Sg miee 19m—2 (7am (Dn,---h,,)) — ae ee 
was zusammen mit (52) und (53) 


(54) Oe SE Se en eet ceeds et! Oe 


ergibt; da aber Jj,..j,.C Fj,...j,,, wud dn,...r,,C Fh,.-.n,,_, ist, so folgt 
aus (54) ohne weiteres, daB @()yj,...j,,, Dn,-..r,) <5 Bom—2<e ist. 

17. Der Hilfssatz IV ist hiermit bewiesen. Sein Ergebnis ist aber nichts 
anderes, als daf die Abbildung (A) eine eineindeutige Abbildung des ganzen 
Raumes A auf den ganzen Raum B und daB w die Umkehrung dieser 
eineindeutigen Abbildung ist. Man kann also schreiben 


(55) B= g(A). 


Um jetzt den Beweis des Homéomorphiesatzes zu Ende zu bringen, geniigt 
es zu zeigen, daB die Abbildung (55) auch stetig ist: da die beiden Raume 
A und B kompakt sind und (55) eineindeutig ist, wird daraus folgen, daf 
auch die Umkehrung von (55) stetig ist, d.h., da®B die Raume A und B 
homéomorph sind. , 

Es sei ¢ >0 beliebig, m so grof, daB 4fo,<¢ ist und 6 < d(Moms); 


es seien sodann 
, / , / \ 
x = (Ti, T3,---, Tarsi, ---) 
und 
id ? 4? 7 
w= (Ty; Ts’, ---, Torts, --+) 


zwei beliebige Punkte von A, deren Entfernung kleiner als 6 ist; es soll 
gezeigt werden (und damit wird die Stetigkeit von » und folglich der ganze 
Satz bewiesen), daB e(y(x’), p(x’) < « ist. 

Wir bezeichnen wie immer durch aj,...;,,, irgendeinen (fest gewahlten) 
Eckpunkt von 7>,+41, durch aj,...:;,, irgendeinen Eckpunkt von 72+: und 
Setzen bj:...j,, = for (qi;...%,,,) und dy... = for (qiy...z,,); dann ist 
g(x’) = lim by...,, o(x") = lim Dy,...;, und es geniigt zu zeigen, daB fiir 

rn r—>o 


alle r >m 
@ (Dj... .J,5 bj... 322) <6 
ist. 
Dies ergibt sich wie folgt. Zuniachst ist: 
—— ee (dj;...j,,) as 1m Sar (dir...) eae? Som (ai, 
2r 


(56) [rm * 
Diy. ig, = Tam (bjy...jg) = Mam Sor (ay...g,.) * — + fam (as, 
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Nun ist aber die Entfernung oe(2’, x’) so gewahlt, dab 


Wit ++ ism 41 ee © Wi. inns yy 
also auch 
Som (di;..-i5,4,) -—-+ fom (ai... ,,)5 
was zusammen mit (56) 
a a smn Soe Sige, ae 


ergibt; aus dieser Relation folgt aber (da by,...;,.C 4j,...;,, und djy...ji¢ C Fiz...ig, 
ist), daB @(Dj;...;,,, diy...) <4 Bom <e ist, w. z. bd. w. 

18. Zum Schlu6f méchte ich noch einmal einen neuen Beweis des Urysohn- 
schen Satzes iiber die Zerlegbarkeit jeder 4-dimensionalen abgeschlossenen 
Menge in 2+-1 nulldimensionale Mengen geben, der sich an die Betrach- 
tungen dieses Kapitel anschlieit und die diesem Satze zugrunde liegenden 
Tatsachen, wie mir scheint, besonders klar hervorhebt. 

Wenn die A-dimensionale Menge F' durch ein Projektionsspektrum 


(57) se eee ae 
definiert ist, so entspricht jedem Punkt 
(58) ee Tae, By, 209 


von F eine bestimmte nicht negative ganze Zahl k(x) — die Héchst- 
dimension der in der Kette (58) auftretenden Simplexe. Man bezeichne 
jetzt durch P,, die Menge aller Punkte x von F, fiir die k(x) =n ist. Da 
offenbar ‘n 
F = = Pr 

ist, wobei 4’ die Dimension des Spektrums bedeutet, und das Spektrum 
stets so gewahlt werden kann, dah 2’= A ist, so geniigt es zu zeigen, dah 
jede der Mengen Py nulldimensional ist. 

Die Dimension der in (58) vorkommenden Simplexe 7’, kann bei zu- 
nehmendem m nur wachsen, also bleibt sie von einem bestimmtem m an 
konstant. Jede der Mengen P, kann also als Vereinigungsmenge von héch- 
stens abzahlbar vielen Mengen P;} dargestellt werden, wobei PX die Menge 
aller Punkte (58) ist, die fiir alle h >k der Bedingung 


dim 7; = n 


geniigen. Da die Summe von abzahlbar vielen nulldimensionalen Mengen, 
die in ihrer Vereinigungsmenge abgeschlossen sind, selbst nulldimensional 


ABGESCHLOSSENE MENGEN. 145 


ist,3* geniigt es zu zeigen, daf stets P* erstens nulldimensional und zweitens 
abgeschlossen (rel P,) ist. Um die erste Behauptung zu beweisen, geniigt 
es zu zeigen, daB jede Relativumgebung PE. Unin (x), «C Px, eine ver- 
schwindende Begrenzung (rel Px) hat, d. h. in PX abgeschlossen ist, oder, 
mit anderen Worten, da® jeder Punkt 


&g = (tr, To, °**, Tm, +++) 


von P; , welcher Haufungspunkt von PX. Unsn(a) ist, selbst zu Uxsn(x) gehort. 


Nun folgt aber aus §C PK . Unsn (ax), dab fir jedes i,k <i k+h, 4 D7; 
ist; da aber CP; ist, so sind die Simplexe t%, tx41, +--+, Teta n-dimen- 
sional, also der Reihe nach mit 7), Th4i, ---, Tx+n identisch; somit gilt 
1, = T; auch fiir i<k, woraus § C Uzsn (x) folgt. a 
Analog beweist man auch die zweite Behauptung: aus FCP, folgt 
nimlich, daB U; (§) Punkte x von PX enthilt, also r, D 7; (x) ist; da aber 
EC P, ist, so ist dim «<n, also m= Ty (x) und dim t% = n; mithin ist 
EC Pr, w.z.b. w. 
Aus den obigen Uberlegungen folgt ohne weiteres: Wenn ein Pro- 
jektionsspektrum endlicher Dimension eine 4-dimensionale Menge F' definiert, 


so nimmt die in bezug auf dieses Spektrum erklirte Funktion k (a) mindestens 
4+ 1 verschiedene Werte an. 


DRITTES KAPITEL. 
Der Zerlegungssatz. 


I. Definition. Ls sez J eine irgendwie definierte topologische Invariante, 
die fiir einen beliebigen Komplex einen Sinn hat, und zwar als eine nicht 
negative ganze Zahl definiert ist. Wenn F eine abgeschlossene Menge ist, 
so soll durch J(F) die kleinste Zahl k bezeichnet werden, die die Eigenschaft 
hat, daf es fiir jedes € eine e-Uberdeckung von F gibt, deren Nerv N der 
Bedingung J(N) =k geniigt. Wenn fiir kein endliches k diese Bedingung 
erfiillt ist, soll definitionsgemif J(F’) = © gesetet werden. 

Die am nachsten liegende Invariante J ist natiirlich die Dimension eines 
Komplexes (im elementaren Sinne). Aus den Resultaten des ersten Kapitels 


36 Der Satz, daB die Summe von abzihlbar vielen nulldimensionalen Teilmengen eines 
gegebenen separablen metrischen Raumes nulldimensional ist, sobald diese Teilmengen (in 
bezug auf den Raum) abgeschlossen sind, ist von Hurewicz und Tumarkin (Math. Ann., 96 
(1926), S. 745, bzw. Proceed. Kon. Akademie Amsterdam, 28 (1925), S. 995, und Math. 
Ann., 98 (1928), 8S. 641) sehr einfach bewiesen worden; dieser Satz kann (im Unterschied 
zu seinem von denselben Autoren a. a. 0. bewiesenen »-dimensionalen Analogon) als ein 
elementarer dimensionstheoretischer Satz gelten. 
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folgt sodann, daf die durch Anwendung der obigen Definition gewonnene 
Ubertragung dieser Invariante auf beliebige abgeschlossene Mengen nichts 
anderes als die Brouwer-Urysohn-Mengersche Dimension liefert. 

2. In der soeben aufgestellten Definition sind alle «-Uberdeckungen zur 
Konkurrenz zugelassen; diese Definition wiirde automatische Anderungen 
erleiden, wenn man fiir jedes ¢ nicht alle, sondern nur gewissen Neben- 
bedingungen geniigende «-Uberdeckungen zuliefe. 

Die natiirlichste Einschrinkung dieser Art besteht darin, daf man fiir 
4-dimensionale Mengen nur Uberdeckungen von der Ordnung 4+ 1 (also 
Uberdeckungen mit einem A-dimensionalen Nerv) betrachtet; die dahin 
modifizierte Definition des vorigen Paragraphen ergibt dann fiir / einen 
eventuell anderen Wert der dort betrachteten Invariante, den wir mit 
J'(F’) bezeichnen. 

Eine weitere Einschrankung der konkurrenzfaihigen «-Uberdeckungen 
erhalt man, wenn man nur irreduzible «-Uberdeckungen betrachtet; die 
entsprechende Invariante der Menge F'soll J’(F’) heifen und es ist offen- 
bar allgemein: 

(1) J"(F) > J'(F) > JP), 


wobei fiir unendlich-dimensionale F trivialerweise 


(Lee ) J'(F) = J(F). 
ausfallt. 

AuBerdem folgt aus dem Satz I des Kap. 1], da fiir jede F ein Pro- 
jektionsspektrum (von derselben Dimension wie F' selbst) existiert, so dab 
fiir simtliche Komplexe K dieses Spektrums 


J(K) < J" (F) 
ist. 

3. Man kénnte sich aber von vornherein auf einen modifizierten Stand- 
punkt stellen, indem man in der Definition des § 1 Komplexe betrachtet, 
in die F durch k. T. (oder, was praktisch dasselbe ist, k. A.) iibergeht. 
Die auf diese Weise erhaltene Invariante der Menge F soll etwa mit J(F) 
bezeichnet werden; fiir 4-dimensionale F liefert die durch die Bedingung 
dim K = 4 gegebene Einschrankung der zur Konkurrenz zugelassenen Kom- 
plexe (wie im § 2) die Invariante J’(F) mit 


(2) (F) > J(F); 


aus dem Satz III des Kap. I folgt ferner, dah 


(3) J(F) > J(F) wd J'(F) > J'(F), 
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wahrend aus dem Satz IV folgt, dai 

(4) JB) = JF) 

ist. Endlich folgt aus Satz IV’, Kap. I, da&, wenn F' zusammenhiingend ist, 
(5) J(F) = J(F) und JF) = J(F) 


ist. Aus (1)-(4) folgt iiberdies, das J(F’) die kleinste und J’(F) die 
gréBte unter allen Zahlen J(F), J'(F), J (F), J(F), JP) ist. 

4. Es wire vielleicht interessant, die Beziehungen zwischen allen diesen 
Ubertragungsweisen einer topologischen Invariante J auf abgeschlossene 
Mengen genau zu kennen, héchst wahrscheinlich werden alle diese ver- 
schiedenen Weisen, wenigstens fiir wichtigere Invarianten (wie z. B. die 
Bettischen Zahlen) dasselbe Resultat liefern. 

5. Nach diesen Vorbemerkungen wenden wir uns zur Untersuchung der 
Kigenschaften einer Menge F, von welchen die Anzahl der durch Fim R” 
bestimmten Gebiete abhangt. 

Eine héchstens » — 2-dimensionale Menge kann bekanntlich den 2” iiber- 
haupt nicht zerlegen, so da fiir unsere Fragestellung von vornherein 
nur n- und m —1-dimensionale Mengen in Betracht kommen. Die wirklich 
interessanten sind aber dabei die » — 1-dimensionalen Mengen: in der Tat, 
wenn /’'C R” und dim F' = n ist, so ist der Rand ® yon F in bezug auf 
R" n— 1-dimensional; die Menge F ensteht aus @ einfach dadurch, dab 
man die Vereinigungsmenge von ® und einigen durch letztere Menge im 
R” bestimmten Gebieten nimmt. Wir wenden uns also zunichst den 
n—1-dimensionalen Mengen zu. Indem wir mit 


pr(F), pe(E), pt! (PF), pr F), BAF) 


die gemaéf den verschiedenen Erklarungsweisen der §§ 1-3 festgestellten 
Werte der 7-ten Bettischen Zahl*”? von F' bezeichnen, kénnen wir folgenden 
Satz aussprechen: 





37 Alle der kombinatorischen Topologie entnommenen Begriffe sind im Sinne der De- 
finitionen “modulo 2” verstanden (vgl. FuBnote 1). Berandungsrelationen werden mit einem 
Pfeil angegeben (wie bei Alexander, CAS); homogene n-dimensionale Komplexe (d.h. solche, 
deren Grundsimplexe sémtlich n-dimensional sind) werden mit A", Q” u. dgl. bezeichnet; 
n-dimensionale geschlossene Komplexe (Zyklen) werden mit I™, 7” bezeichnet; K*+!— 7" 
heiBt, daB 7" der Rand von K*"*' (mod. 2) ist. 

Die Bettischen Zahlen werden mit p bezeichnet, wobei der Dimensionsindex oben oder 
unten angebracht ist. 

R" bedeutet den durch Hinzufiigung des unendlich-fernen Punktes erganzten n-dimen- 
sionalen Euklidischen Raum. 
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Satz I. Es sei F eine n—1-dimensionale beschriinkte abgeschlossene Teil- 
menge des R”. Dann ist: 


(Pp) paa(F) = pra (F) = pra (FP) = pra(F) = pa- (FP). 


Diese Zahl p = p(F) ist um 1 kleiner als die Komponentenzahl von R"—F. 
6. Die Beweisanordnung ist die folgende. Man beginnt mit dem 
Satz II. Es seien FC R” und r<n beliebig gegeben. Dann ist 


(6) Pn—r-1 (R” — F) < Pr (F), 


wobei Pn—r—1 (R"—F’) die Bettische Zahi von R"—F bedeutet.** 
Nachdem das bewiesen ist, beweist man fiir eine beliebige FC R” die 


Ungleichung 
(7) po(R"—F) => pn-1 (F). 


Die Ungleichungen (6), (7) und (1), (2), (3) ergeben dann fiir jedes FC R” 
(8) po(R°—F) = pa(F) = mal) = mal(F) = Pra (FP), 


womit insbesondere die beiden im § 15 der Einleitung ausgesprochenen Formen 
des Zerlegungssatzes bewiesen sind. 

Im Falle dim F = n—1 folgt aus (8) vermége (1) die Identitat (p) und 
somit der ganze Satz I. 

Auf Grund der SchluBbemerkung des § 2 folgt iiberdies aus dem Satz I, 
daB man F (dim F = n — 1) mittels eines n— 1-dimensionalen Projektions- 
spektrums definieren kann, fiir dessen simtliche Komplexe K,, die héchste 
(also in unserem Falle n — 1-te) Bettische Zahl entweder endlich, und zwar 
gleich p ist, oder mit m iiber alle Grenzen wachst. Wenn wir im allge- 
meinen ein Projektionsspektrum im ersten Fall endlich, und zwar p-+1- 


Sach zusammenhiingend, im zweiten unendlich-hoch-zusammenhangend nennen, 


kénnen wir den wesentlichen Inhalt der hier ausgesprochenen Zerlegungs- 
sitze einfach so formulieren: 

Die endliche oder unendliche Anzahl von Gebieten, die eine n— 1-dimen- 
sionale abgeschlossene Menge im R” bestimmt, ist gleich der kleinsten Zahl, 
die als Zusammenhangszahl eines diese Menge definierenden n— 1-dimen- 
sionalen Projektionsspektrums auftritt. 

7. Beweis des Satzes IJ. Es seik eine Zahl, die = pn_,—1(R"— FP), 
falls letztere Zahl endlich, und beliebig grof, falls pp—,1(R"— F') = @, 
ist. Es seien 





38 Dieser Satz wird sich auch aus den Resultaten des nichsten Kapitels (Formel (1) 
und Definition der Zahl B’(F) im Kap. VI) ergeben. 
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in R*—F liegende und daselbst unabhingige Zyklen. Aus einem Satze 
yon Pontrjagin®® folgt, daB, wenn man F stetig in einer Menge F’ defor- 
miert, ohne da8% wiahrend dieser Deformation die Komplexe (9) von der 
sich deformierenden Menge beriihrt werden, die y?~*—* auch in R"*— F' 
unabhangig bleiben. Da die y?~*—' von F eine positive Minimalentfernung 
haben, kann man stets annehmen, da8 die k. T. durch solche Deformationen 
erzeugt werden, bei denen die Menge immer zu den (9) fremd bleibt, so 
daB diese auch auferhalb der Komplexe, in die F' durch k. T. iibergeht, 
unabhingig sind. Dann ist aber (vermége des Alexanderschen Dualitits- 
satzes) die r-te Bettische Zahl der letztgenannten Komplexe gewif > k. 
Damit ist bewiesen, daB p;(F’) > pars (R” — F) ist, woraus der Satz IT 
fiir zuasammenhingende Mengen F' folgt. 

Der allgemeine Fall ist ein wenig komplizierter, weil man folgenden 
Hilfssatz braucht: 

Es sei FE R™C R”™*" und die Zyklen 


(9’) Yio Vor °°'s Vie 


unabhiingig in R™— F; dann existieren im R™*" — F unabhiingige Zyklen 


(10) yi, yg, a x, 


die der Bedingung y3*".R™ = y® geniigen. 


Beweis: Der Hilfssatz ist trivial fiir h — 0; wir nehmen ihn fiir alle 
h'<h als bewiesen an und zeigen seine Richtigkeit fiir. Es werde nun 
der R”*'—1 (fiir den der Satz schon bewiesen ist) in einen R”*” ein- 
gebettet, jedes y$*"-! in eine zu F fremde Umgebung JU, (in bezug auf 
R”™*") eingeschlossen, und hierin jeweils zwei Punkte p; und q ausgewalbit, 
die durch R”*’-! getrennt werden. Verbindet man p; bzw. qi mit allen 
Punkten von y$*"~1 mit geradlinigen Strecken, so entstehen zwei Kom- 
plexe Fh und me? (beide in R”*"—F), deren Summe ein Zyklus 
yi" C R™"—F, Offenbar ist 





39 Géttinger Nachrichten, 25. Nov. 1927. Man kénnte iibrigens den Beweis auch ohne 
Zuhilfenahme des Pontrjaginschen Satzes fiihren, indem man den R* in einen 2” + 3-dimen- 
sionalen Raum einbettet: dann kann man voraussetzen, daB der durch die Deformation 
einer Umgebung U von F (in bezug auf R") erzeugte n+ 1-dimensionale Komplex sin- 
gularitatenfrei im R*"*+* liegt, woraus tolgt, daB die Bettischen Zahlen dieser Umgebung 
sich wihrend der Deformation nicht andern, dies erlaubt ohne weiteres auf die Richtigkeit 
der Ungleichung (6) zu schlieBen. 
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yet. ke = (yet. Reeth) ._R" = ge. R™ = 7. 


Uberdies sind die y$+" in R"™—F unabhiangig, weil aus 
t 
Qtr Ri il (in Rm — F) 


(in der Annahme, dai Q**’*" sich zu #,, in einer allgemeinen Lage be- 
findet und infolgedessen Q*+?+!. R™ = Qs! ist) die Relation 


Qi aiys (in R”) 


gegen die Voraussetzung der linearen Unabhangigkeit der 7? in R™—F 
folgen wiirde. 
8. Wir kehren jetzt zum Beweise der Ungleichung p,(/') > k zuriick. 
Es sei dmF—h. Bettet man R” in einen R"*2** ein, so gibt es 
nach dem soeben bewiesenen Hilfssatze in R”**+1— F linear-unabhangige 
Zyklen 


(11) yee er, eee, oe ears, 

Es sei ¢ hinreichend klein und % eine (¢, h-+1)-Uberdeckung von F; 
vermége des Satzes IV” (Kap. I) kann man eine zu den (11) fremde Um- 
gebung U von F, ohne die Komplexe (11) zu beriihren, in den geometrisch 
realisierten Nerv N von $ stetig iiberfiihren; da N ein h-dimensionaler 
Komplex ist, kann man reichlich annehmen, dafi N in R”**’*! ohne Singu- 
larititen liegt; aus dem erwihnten Pontrjaginschen Satze folgt nunmehr, 
daB die Zyklen (11) auch in R”****1— F unabhingig sind, was vermége 
des Alexanderschen Dualititssatzes p’(N) >k ergibt, w. z. b. w. 

9. Beweis der Ungleichung (7). Falls die Komponentenanzahl von 
R’—F (und also p)(R"—F)) unendlich ist, so ist die Ungleichung (7) gewif 
richtig. Man kann sich also auf den Fall beschranken, in dem A”—F aus 
endlich-vielen — wir nehmen an, aus k +1 — Komponenten besteht, und 
also po(R"— F) = k ist. Es soll gezeigt werden, daf F durch k. T. in 
Komplexe K iibergeht, fiir die prai(K) <k ist. 

Es sei ¢>0 beliebig gegeben. Man betrachte eine Simplizialzerlegung 3 
des R”, deren Elemente simtlich kleiner als ¢ sind. Die Gesamtheit aller 
zu F nicht fremden Simplexe dieser Zerlegung bildet einen Komplex Q. 
Es seien 
(12) Go, Gi, Go, --+, Ge 


simtliche Komponenten von R”— F, 


(13) Hy, Hi, Hi, see, Hy; 
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simtliche Komponenten von R”"— Q’; fiir jedes Hj gibt es ein eindeutig 
bestimmtes G;, in welchem es enthalten ist, mehrere Hj kénnen aber in 
demselben G; enthalten sein. 

Die Grundsimplexe von Q’ seien mit 7’ bezeichnet; falls das gegebene 7” 
nicht in F' enthalten ist, wihle man im Innern von 7” ein zu F fremdes 
Simplex ¢’ und entferne aus 7” das Innere von ¢; indem man das fiir 
jedes 7” tut, erhalt man einen Komplex Q”, wobei offenbar 


FCQ"Cd 


ist. Man kann voraussetzen, daB Q” aus Simplexen einer Unterteilung 4” 
von 4’ besteht. Jede Komponente H;’ von R”— Q” ist in einer bestimmten 
Komponente G; von Rk” —F enthalten; es kann aber vorkommen, dah zwei 
Komponenten, z. B. Hj’ und Hy’ von R* — Q” in einem und demselben 
Gebiete G; enthalten sind. Dann verbinde man Hj’ und Hj’ innerhalb von 
G; mit einem Streckenzuge Lj und entferne aus Q” eine aus Simplexen 
einer geniigend feinen Unterteilung von 3’ gebildete, einem gewdéhnlichen 
n-dimensionalen Zylinderkérper homéomorphe Umgebung von Z;,. Wenn 
man dies fiir alle in Frage kommenden Komponentenpaare Hj’, Hy’ macht, 
erhalt man einen Komplex Q und es ist 


(14) FCQC Qc. 


Man kann voraussetzen, da{ Q aus Simplexen 7’ einer Unterteilung 3 von 3” 
(die also erst recht eine Unterteilung von 3’ ist) gebildet ist. 

Es ist leicht einzusehen, daB keine zwei Komponenten H; und H;, von 
Rk" —Q in einer Komponente G; von Rk” — F enthalten sein kénnen, so daf 
die Anzahl g-+1 dieser Komponenten héchstens gleich k+1 ist. Somit 
gilt aber (vermége des Alexanderschen Dualititssatzes): 


(15) pn—1 (Q) = po (R*"—Q) < k. 


10. Man betrachte jetzt ein beliebiges 7”. Wenn 7”’C F ist, so ist 
um so mehr 7”’C Q; wenn aber 7” nicht in F' enthalten ist, so besteht der 
zu T” gehérende Teil von Q aus einer endlichen Gesamtheit S von Simplexen 
von 3, die zu t’ fremd sind; deshalb gibt es in S notwendig Simplexe 7 
mit zum Rande von Q gehérenden (wir sagen kurz: freien) n — 1-dimen- 
sionalen Seiten. Solche Simplexe 7’ wollen wir Grenzsimplexe nennen. Man 
definiere jetzt eine stetige Deformation eines Grenzsimplexes, indem man 
gleichférmig und geradlinig den Schwerpunkt seiner freien Seite in den 
gegeniiberliegenden Eckpunkt bewegt, wodurch das ganze 7' in die Gesamt- 
heit seiner von der gewahlten freien Seite verschiedenen m — 1-dimensionalen 
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Seiten iibergeht. Dieser Prozess wird zunichst fiir jedes S so lange fort- 
gesetzt, bis keine (n-dimensionale) Grenzsimplexe mehr vorkommen. Wenn 
man dies fiir jedes S macht, entsteht eine offenbar stetige Deformation A 
des Komplexes Q in sich, deren Endresultat ein aus allen in F' enthaltenen 
n-dimensionalen Simplexen 7” (wenn es solche gibt) und aus gewissen 
n —1-dimensionalen Simplexen zusammengesetzter Komplex K ist. Diese 
Deformation ist eine «-Deformation, weil sie jeden Punkt von Q in dem 7", 
zu dem er urspriinglich gehérte, bleiben 1a6t; iiberdies hat unsere Deformation 
die Eigenschaft, siimtliche Punkte von K festzwhalten. Es ist nun leicht zu 
zeigen, daB wahrend dieser Deformation die Zahl pp-1(Q) unverandert 
bleibt. Es sei in der Tat 


(16) rc fs. pede 


die Homologiebasis von @. Wenn 7?-'C K das Bild von 7" bedeutet, 
so ist y> '~T} in Q, woraus folgt, daB die 7?~* in Q, also erst recht 
in K unabhangig sind; es sei andererseits y”~ irgendein Zyklus in K; als 
Zyklus in Q betrachtet ist 7" '~2'T;""; somit existiert ein Q" CQ, so dab 


c- M4 Sa 4. 2! 2 i (in Q) 
und folglich 
(" = yr - Ri yy, also ye ~ ji yr (in K) 


ist. Die y?~* bilden also eine Homologiebasis von K, so dab 


(17) Pn (K) = pna(Q) Sk 
ist. 

11. Durch die Deformation A entsteht eine stetige «-Abbildung von F 
auf eine echte oder unechte Teilmenge F’ von K, wobei F’ jedenfalls alle 
n-dimensionalen Simplexe von K enthiilt. Durch das Ausfegeverfahren von 
Kap. I, § 2 geht (wenn nicht von vornherein F’ — K ist) F’ in einen. Teil- 
komplex K’ von K iiber, wobei K’ sich von K nur dadurch unterscheidet, 
da8 einige héchstens n—1-dimensionale Simplexe von K in K’ nicht auf- 
treten; daraus folgt aber, da& die Elemente der n — 1-dimensionalen Basis 
von K’, insofern sie durch den Ubergang von K zu K’ nicht zerstort 
worden sind, gewif geniigen, um eine Basis von K’ zu bilden; somit ist 
Pn—-i(K") < par(K) < k, und da der ganze Ubergang von F zu K’ eine 
é-Transformation und « beliebig war, ist die Formel (7) und folglich der 
Zerlegungssatz in allen seinen Teilen bewiesen. 

12. Ich will jetzt einige Folgerungen aus den soeben bewiesenen Resultaten, 
namentlich aus dem Satz II, ziehen. 
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Satz Il]. Hs sei K ein Komplex. Wenn « geniigend klein ist, gilt fiir 
den Nerv N = N(P) einer beliebigen e-Uberdeckung P von K die Ungleichung 
p’'(N) = pr (K). 

Wenn man X in einen (hinreichend hoch-dimensionalen) Raum 2& sin- 
gularititenfrei einbettet, so folgt aus dem Satz II und dem Dualitatssatz 
von Alexander: 

Pr (V) = Pn—-r—-1 (R*— K) = Pr (K), w. z. b. w. 


‘Aus Kap.I, § 10, Hilfssatz II, folgt sodann, dab, wenn man einen Kom- 
plex K als eine Punktmenge betrachtet und fiir dieselbe die Bettischen Zahlen 
Pps Dis Dy» pl. vermige der Definitionen der §§ 1-3 erkliirt, so sind diese Zahlen 
der r-ten Bettischen Zahl des Komplexes K (im klassischen Sinne) gleich. 

13. Ein Spezialfall des Satzes II ist die Behauptung: 

Wenn F'C R" und dim F< h ist, so ist jeder in R" —F gelegene hich- 
stens n—h— 2-dimensionale Zyklus daselbst homolog Null. 

Diese Tatsache veranlaBt uns zu folgender 

DEFINITION. Es sei FC R und y CR*—F; der Zyklus y" hei Bt irreduzibel 
verschlungen mit der Menge F, wenn er nicht homolog Null in R"—F ist 
und andererseits fiir jede abgeschlossene echte Teilmenge F’ von F 


7 ~0 (in R’—F’) 

ist. 

Es gilt nun folgender 

Satz IV. Wenn FC R und y” mit F irreduzibel verschlungen ist, so gilt 
fiir jede abgeschlossene Teilmenge F’ von F, welche die letetere Menge zerlegt, 
die Ungleichung pna—+—2(F'')>0. 

Es sei in der Tat 
(18) = G+F'+@6@’, H(G, G’) = 0; 
dann ist S Pt Rs 
(19) G+F’4 F4G'+F’, G:@CF’, G+F’)-(@+F’) =F’. 
Es sei jetzt pna—ro(F’) = 0; wenn 7’C R"—F beliebig gewahlt ist, 
so folgt aus unseren Voraussetzungen die Existenz zweier Komplexe 
KC R°—(G+4 F’) und KC R"—(G@'4+ F"), so dah 


K’tsy’, gn 


ist; K’"'+ K’** ist ein Zyklus y" "CG R—F’, also ist y"*’~ 0 (in R"—F’), 
woraus man vermige des Alexanderschen Additionssatzes" auf 7”~0O (in 
R"— F) schlieBt, w. z. b. w. 

40 H(M, N) bedeutet (im Falle, wo M und N beliebige Punktmengen sind) die Menge 


M.N+M-N, wobei M bzw. N die abgeschlossene Hille von M bzw. N ist. 
41 Alexander, Transactions Amer. Math. Soc., 23 (1922), S. 342 (Corollary W’). 
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Man kann den Satz IV auch in folgender Form aussprechen: 

Wenn 7*~0 in R°—F, und in R"— Fy und pn—+—2 (F, + Fx) = 0 ist, so 
ist y’~0 in R"—(F,+ Fy). 

14. Der wichtigste Spezialfall dieses Satzes ist der Fall r= 0: man 
beweist naimlich leicht folgende Behauptung: 

F ist dann und nur dann die gemeinsame Grenze zweter zusammen- 
hiingender Gebiete des R, wenn es ein mit F irreduzibel verschlungenes 
Punktepaar gibt.” 

Diese Tatsache ergibt zusammen mit dem Satz IV folgendes wichtiges 
Resultat : 

VERALLGEMEINERTER URYSOHNSCHER SATZ: Die gemeinsame Grenze zweier 
(oder mehrerer) zusammenhiingender Gebiete des R” ist eine n — 1-dimensionale 
Cantorsche Mannigfaltigkeit, die iiberdies durch keine einfach-zusammen- 
hiingende n —2-dimensionale abgeschlossene Teilmenge zerlegt werden kann. 

15. Die Methoden dieses Kapitels erlauben uns leider noch nicht, eine not- 
wendige und hinreichende Bedingung dafiir auszusprechen, da F' die gemein- 
same Grenze wenigstens zweier zusammenhingender Gebiete des FR ist; 
eine solche Bedingung wird erst im nachsten Kapitel gegeben. Dagegen 
kénnen wir schon jetzt diejenigen abgeschlossenen Mengen des R” charak- 
terisieren, die als gemeinsame Grenzen aller und dabei mindestens zweier 
Komponenten ihres Komplementirraumes (wir sagen kurz: als absolute 
Gebietsgrenzen) auftreten. Es gilt namlich folgender Satz: 

Satz V. Unter allen n —1-dimensionalen Mengen des R” sind die ab- 
soluten Gebietsgrenzen ® dadurch ausgezeichnet, daB p(®)>0 ist, wiihrend 
fiir jede echte Teilmenge ®' von © p(®') = 0 ist. 

Dieser Satz folgt unmittelbar aus dem SatzI, wenn man sich an folgende 
(wohlbekannte) Tatsache erinnert: 


Eine Menge F ist dann und nur dann eine absolute Gebietsgrenze, wenn F, 


jedoch keine echte Teilmenge F’ von F den R” zerlegt. 
Der Beweis der letzteren Tatsache verlauft wie folgt: 
A. Es sei F eine absolute Gebietsgrenze und F” eine echte Teilmenge 
von F’; es sei ferner 7 C F— F’ und UC R"— F’ eine spharische 
Umgebung von x; wir wollen zeigen, da8 je zwei Punkte x und y von 


428. wegen des Beweises Kap. IV, § 14. 

43 Dieser Satz sowie die Satze des § 13 folgen auch aus dem Satz V des Kap. IV. 

Unter einer n-dimensionalen Cantorschen Mannigfaltigkeit versteht man nach Urysohn 
eine abgeschlossene n-dimensionale Menge F, die durch keine hichstens n — 2-dimensionale 
abgeschlossene Teilmenge zerlegt werden kann (d.h. wenn F’CF und dim F'’<n—2 
ist, so ist /—F’ zusammenhingend). Da in jeder Menge M, die einen kompakten 
metrischen Raum F zerlegt eine, dieselbe Eigenschaft besitzende abgeschlossene Menge F” 
enthalten ist (siehe z. B. “Darstellung”, S. 35), so kann eine n-dimensionale Cantorsche 
Mannigfaltigkeit iiberhaupt durch keine Menge von einer Dimension < n — 2 zerlegt werden. 
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R"— F’ mittels eines Streckenzuges in R“— F’ miteinander verbunden 
werden kénnen. Es seien U(x) und U(y) zwei zu F” fremde sphiarische 
Umgebungen von x und y, 2’ und2/ zwei bzw. in diesen Umgebungen 
liegende Punkte von R”—F (die es sicher gibt, weil F nirgends dicht 
ist), G(x’) und G(y’) die Komponenten dieser Punkte in R”"— F, und 
x und x’ zwei zu G(z’) bzw. zu G(y’) gehérende Punkte von U; man 
verbinde: x mit 2’, y mit y’, x’ mit x und 7’ mit x durch die gerad- 
linigen Wege x2’, y'y, 2'x, zy’ und a mit 2’, bzw. y’ mit y’’ durch 
Wege 2’x” bzw. y'y’ in G(a’) baw. in G(y’); der Weg 


cy = va’ t+a'a!+e"e+ay'+y"y¥+y'y 


verbindet die Punkte x und y in R’— F’. 

. Wenn F den R” zerlegt, aber keine absolute Gebietsgrenze ist, dann 
gibt es stets eine echte Teilmenge F’ von F, die den R” zerlegt. Es 
sei in der Tat a2 ein Punkt von F’, der nicht Haufungspunkt jeder 
Komponente von R”— F ist; dann gibt es eine Komponente G von 
R* — F, deren Rand F” erstens zu x fremd, zweitens (wie der Rand 
jeder Komponente von R”—F) in F enthalten ist; somit ist F’ 
eine echte Teilmenge von F’, die, wie leicht ersichtlich, den R” dennoch 
zerlegt, w. z. b. Ww. 

16. In den Satzen I und V ist folgender Invarianzsatz enthalten: 

Die Eigenschaften einer abgeschlossenen Menge F, den R” nicht eu zer- 

legen bzw. thn in genau k zusammenhiingende Gebiete zu zerlegen bzw. eine 
absolute Gebietsgrenze im R" zu sein, sind invariant gegeniiber topologischen 
Transformationen der Menge F. 


VIERTES KAPITEL. 
Die Brouwerschen Zahlen. 


1. Da jede abgeschlossene Menge F' sich durch Spektra, insbesondere 
durch Projektionsspektra definieren lift, so kann jede topologische Eigen- 
schaft der Menge F als eine Eigenschaft aufgefaBt werden, die diesen 
Spektren méglicher- bzw. notwendigerweise zukommt. Eine Eigenschaft 
eines Spektrums kann aber entweder als eine Eigenschaft der dieses Spektrum 
bildenden (wir sagen kurz “approximierenden”) Komplexe auftreten (also 
von den, diese Komplexe verbindenden Relationen — im Falle des Pro- 
jektionsspektrums sind das die Projektionen — unabhiangig sein), oder erst 
mit Hilfe der soeben genannten Relationen ausdriickbar sein. Eigenschaften 
der Menge F, die sich durch Eigenschaften der approximierenden Komplexe 
(ohne Zuhilfenahme irgendwelcher Relationen) ausdriicken lassen, habe ich 
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“kombinatorische Eigenschaften” der Menge genannt.* Das Hauptresultat 
des vorigen Kapitels kann somit folgendermafen formuliert werden: Die 
nullte Bettische Zahl von R"— F stellt eine kombinatorische Eigenschaft 
der Menge F dar. 

Die natiirlicherweise entstehende Frage, ob dasselbe auch von einer be- 
liebigen Bettischen Zahl von R"—F gilt, bleibt unbeantwortet; das zu ver- 
mutende Resultat ist p”*-’— (R"—F) = p,(F), wobei p, (7) gemaB einer 
der Vorschriften der §§ 1-3, Kap. III definiert ist; die Richtigkeit dieser 
Formel ist aber bis jetzt unentschieden, selbst in den einfachsten Fallen: 
man weif nicht einmal, ob man aus y**-!~0 (fiir jedes y*—" C R"—F) 
schlieBen kann, da& F' durch kleine Transformationen in Komplexe mit 
verschwindender r-ter Bettischer Zahl iibergefiihrt werden kann. 

2. Trotzdem sind die Bettischen Zahlen des R"—F topologische Invarianten 
von F: es gilt nimlich der Dualititssatz 


(1) gr F). Fe), 


wobei B’ (F) die r-te Brouwersche Zahl der Menge F ist, eine Invariante, 
die sich ohne Zuhilfenahme jeglicher metrischer Begriffe z. B. wie folgt 
ausdriicken abt: 

Es sei ein Projektionsspektrum 


(2) K,, Ks, aa Kn, aa mm mt (Km-+1) 


der Menge F gegeben. Ein Zyklus Im) aus Km heift wesentlich, wenn 
er (in K») fiir jedes h der Projektion at (Tim+n) eines Zyklus Tin+n 
aus Kmin homolog ist. Die Maximalanzahl der (in K,») unabhingigen 
wesentlichen r-dimensionalen Zyklen soll Bi, (F) heiBen. Wie leicht er- 
sichtlich, kann B;,(F') mit zunehmenden m nicht abnehmen, so daf 
entweder B;, (F) mit m unendlich wachst — dann ist definitionsgemab 
Br (F) = ®, 
oder sind von einem bestimmten m an alle B;, (F’) untereinander gleich — 
der gemeinsame Wert dieser Zahlen ist dann definitionsgema8 B’ (F). 
Die Ungleichung By, (F) < Bris(F) ergibt sich einfach daraus, daB die 
Homologien in Kym+1 sich in Homologien in K» projizieren (d. h., dab 
aus Q't1C Kmii, Qt! TI" folgt, dab 2 (Q’*2) +2 (I) in Ky ist); wenn 


44 Simpl. Appr., § 19. 

45 Bei unseren friiheren Betrachtungen haben wir simpliziale Abbildungen eines Kom- 
plexes K auf einen anderen Komplex Y von rein mengentheoretischem Standpunkt aus 
behandelt und es kam uns insbesondere garnicht darauf an, zu wissen, wie oft ein Simplex 
von Q als Bildsimplex der Simplexe von X auftritt. Jetzt stellen wir uns, wenigstens im 
Falle, in dem XK ein homogener r-dimensionaler Komplex ist, auf den kombinatorischen 
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also Iim),1, Tim),2, +++; UGm,x in Km unabhangig sind, und In,i~m (Mins, 
ist, so sind auch die Mn+1,i in Km+: unabhingig.* 

Bemerkung. Da im folgenden dfters Zyklen mit mehreren Indizes ver- 
sehen werden miissen, werden wir von jetzt an einen r-dimensionalen Zyklus 
kurz mit (7) bezeichnen; wenn dabei Indizes auftreten, wird auch auf die 
Klammer verzichtet und einfach etwa r?, geschrieben. 

Jeden Zyklus rmin aus Kmin, dessen Projektion am (1rm+n) in Km dem 
gegebenen Zyklus rm C Km homolog ist, werden wir als einen Nachfolger 
von Ym (im Komplex Km+n) bezeichnen. 

3. Die urspriingliche Definition der Brouwerschen Zahlen*’ unterscheidet 
sich der Form nach von der soeben gegebenen. Sie lautet wie folgt. Es 
sei eine abgeschlossene Menge F' gegeben; eine aus m+ 1 Punkten von F 
bestehende Menge heift ein Simplex von der Dimension n, die Punkte 
selbst — Eckpunkte des Simplexes. Wenn der Durchmesser dieser end- 
lichen Menge kleiner als 6 ist, liegt ein d-Simplex vor; wenn einige unter 
den Eckpunkten des Simplexes geometrisch zusammenfallen, spricht man von 
singuliren Simplexen. Die Begriffe eines Komplexes, seines Randes, eines 
Zyklus usw. ergeben sich in iiblicher Weise; wenn die Simplexe eines 
Komplexes simtlich d-Simplexe sind, ist der Komplex ein 6-Komplex. 

Ein 6-Zyklus (in F’) heift «-homolog Null in F, wenn er der Rand eines 
é-Komplexes (in F) ist. Hiermit sind auch die Begriffe der e-Unabhangig- 
keit, einer «-Basis von d-Zyklen usw. definiert. 

Es seien nun ¢ und 0, ¢ > 4, beliebig gegeben; die Maximalanzahl der 
é-unabhangigen d-Zyklen von der Dimension r soll 4; ,(F) heiBen; wenn 6 
abnimmt, kann By 3 (Ff) nur abnehmen bzw. stationadr bleiben, so da cine 
nicht negative ganze Zahl 


ar (F) = min &r ,(F) 
d—>0 





existiert. Wenn ¢ abnimmt, kann f42(/') nur zunehmen bzw. stationar 
bleiben, so da& ein endlicher oder unendlicher Limes 


Standpunkt, so daB das Bild des Komplexes KX” als eine Linearform in den v-dimensionalen 
Simplexen von @ auftritt; dabei soll (im Falle der Theorie modulo 2, in dem wir uns die 
ganze Zeit befinden) diese Linearform modulo 2 reduziert werden. Auf diese Weise ent- 
steht das reduzierte Bild des Komplexes K* bei der gegebenen simplizialen Abbildung /, 
welches wir mit f(K") bezeichnen werden. 

46 Da Kn+: nun endlich-viele Teilkomplexe hat, kann man die /%m+1),; 80 wahlen, dab 
jeder von ibnen fiir unendlich-viele A mit Tims (Um+n),0) identisch ist (wahrend a," 7 (m-th), i 
~T%,« ist); sodann sind die Im+1,; wesentlich. (Vgl auch § 7, Bemerkung 2.) 

47 Siehe wegen Literaturangabe die Fubnote 15, 
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(3) A’ (F) = lim £2 (F) 





existiert. Dieser Limes ist die r-te Brouwersche Zahl in ihrer urspriing- 
lichen Definition. Fir unsere Zwecke ist folgende (“versteckte’’) Defini- 
tion (die der durch die Formel (3) gegebenen unmittelbar aquivalent ist) 
am bequemsten: 

Es ist dann und nur dann 







A (Ff) = k, 







wenn es ein €>0 gibt, so dap man fiir jedes 0 mindestens k e-unabhiingige 
r-dimensionale 0-Zyklen in F' finden kann. 

4. Es soll jetzt bewiesen werden, daB §’ (F') = B’ (F) ist. 

Beweis der Ungleichung & (F) > B’(F). Es sei B’ (Ff) Zk; es ist 
zu beweisen, daB dann auch A" (F')>k ist. Es sei 










one Re Re) FPL CF ROSS ae 





ae 


(4) Ba. Bai -~+; Mees <** 





ein Projektionsspektrum von F’, welches so beschaffen ist, daf bereits in 
K, mindestens k unabhangige wesentliche r-dimensionale Zyklen vorkommen. 
Die Komplexe (4) kénnen als Nerven von Uberdeckungen 


(5) Bi, Bo, ++, Bmy +++, = Km = N(Bm), 


aufgefabt werden, wobei 8%» eine &m-Uberdeckung von F' und lim ¢, = 0 
m—> oo 


ist. Man setze « = d($,) und wahle 6>0O ganz beliebig. Es geniigt zu 
zeigen, daB es mindestens k ¢-unabhingige 6-Zyklen von der Dimension r gibt. 
i Man wihle zu diesem Zwecke h so groB, daB 2e, kleiner als 6 und ¢ 
ist; es seien 

(6) MM 









+ SSR 













unabhangige wesentliche Zyklen in K, und 







- rae) de 
(7) The That te  h 







deren Nachfolger in K,; die Zyklen (7) sind 2¢,-, also d-Zyklen. Ich 
behaupte, da6 sie «-unabhangig sind. Es sei in der Tat 


(8) QGH—i sr, 












wobei Q’*! ein «-Komplex ist. Man kann nun Q’*! simplizial auf einen 
Teilkomplex Q7*' von K, dadurch abbilden, daf man jedem Eckpunkt 
b; von Qt! einen (dem Elemente F; von $; entsprechenden) Eckpunkt 
a; von K, unter der Bedingung 
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zuordnet und dabei beachtet, daB jedem Eckpunkt 0;, der gleichzeitig ein 
Eckpunkt von Kj, ist (also insbesondere jedem Eckpunkt des Randes von 
Q*1) dessen Projektion (auf K,) zugeordnet sei. Diese simpliziale Ab- 
bildung fiihrt ri, in 7, (74) iiber,*® so daB 


(10) Qt 4, a, (74), 


also 4, 7, (vr?) ~0O (in K;) ist; da aber ri ein Nachfolger von ri ist, so ist 
m,(ri)~rt (in K,), was zusammen mit (10) die unserer Voraussetzung 
widersprechende Homologie 4;74~0 ergibt. 

5. Beweis der Ungleichung B’(F)>A"(F).  Vorbemerkung. Eine 
Folge 


(11) r= (r%, 7%, ..., 7%, ...) 


“7 - yee? 

von 0»-Zyklen soll ein (r-dimensionaler) Vollzyklus heiben, wenn fiir jedes 
é>0O man ein » so bestimmen kann, dad fiir p> 6,<¢ ist, wihrend 
fiir je zwei Zahlen p, q, p>n, q>n, die Relation r”yr% gilt. 

Zwei Volizyklen xr, und r, heiBen homolog, wenn es zu jedem « ein 
gibt, so daB v2 >r% fir alle p>n ist. Somit ist auch die Unabhingigkeit 
der r-dimensionalen Vollzyklen definiert.*® 

Auch der Begriff der Basis der r-dimensionalen Vollzyklen lat sich in 
wenigen Worten feststellen; es gilt nimlich folgende Definition: 

Ein endliches System von Vollzyklen 


(12) Y1, Te, coe, Uk 


heift eine Basis, wenn die (12) linear unabhangig sind und wenn iiberdies 
jeder r-dimensionale Vollzyklus einer linearen Kombination der (12) 
homolog ist. 

Ein unendliches System von Vollzyklen 


(12’) Ti, Ta, ++) my °° 


heifSt eine Basis, wenn die (12’) linear unabhingig sind (in dem — iibrigens 
einzig méglichen — Sinne, da8 keine endliche lineare Kombination dieser 


48 Wir verzichten auf den oberen Index h bei der Projektion 7% (ri). 


49 Der Begriff des Vollzyklus ist (unter dem Namen “Fundamentalfolge”’) von Vietoris, 
a. a. 0.15, eingefiihrt worden. Im orientierten Falle hatte man in der Definition des Voll- 
zyklus die Bedingung 9p rt durch fp rIp~ Mg rFr zu ersetzen; (Lefschetz, a. a. 0.16). 


Ubrigens kénnte man diese Bedingung auch durch r% > Me+t r9e+1 mit lim €, = 0 ersetzen. 
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Zyklen homolog Null ist) und wenn man iiberdies zu jedem « ein endliches 
Teilsystem (12°) der (12’) finden kann, von der Eigenschaft, daB jeder 
r-dimensionale Vollzyklus einer linearen Kombination der (12*) e-homolog ist. 

Es ist leicht einzusehen, da$ die +-te Brouwersche Zahl einer ab- 
geschlossenen Menge F' endlich bzw. unendlich ist, je nachdem F' eine 
endliche oder unendliche Basis der r-dimensionalen Vollzyklen besitzt. 
Auf die nahere Untersuchung dieser Basen kommen wir erst im § 12 zuriick. 


6. Es sei jetzt A"(F') > k; man hat zu zeigen, daB auch B’(F’) => k ist. 
Aus der Ungleichung 4’(F') > k folgt zunachst leicht5® die Existenz von k 
unabhangigen Vollzyklen 
(12) Vi, To, +++, Un, 
= Of ry eri), ringer, O = lim 6, lim 4,,, 


i ag m 
mn m—>o 


(13 ) lx, 
“| ¢$= 1,2,---,k. 
Es existiert somit eine feste Zahl « von der Eigenschaft, da6 fiir jedes m 
die rom a-unabhangig sind. Es seien jetzt (4) und (5) ein (beliebiges) 
Projektionsspektrum und die zugehérige Folge von Unterteilungen von F’. 
Man kann offenbar annehmen, daf (in den Bezeichnungen des § 4) 2¢,< « 
ist; durch eine eventuelle Weglassung endlich-vieler Anfangsglieder in jeder 
der Folgen (13;), 7 == 1, 2,---.k%, kann man erreichen, daf samtliche 0», 
und 47m kleiner als d = d($,) sind. Man wihle jetzt wieder fiir jeden 
Eckpunkt 6; von rv? einen Eckpunkt a, von K, unter der iiblichen Be- 
dingung F;,5;; auf diese Weise entsteht eine «,-Transformation des 
Zyklus roi in einen Zyklus 7,C K,; da die ri e«-unabhangig und die 
Simplexe von K, kleiner als 2¢,<«@ sind, so sind die k Zyklen 71, 77, ---, r* 
in K, unabhangig; es bleibt also nur iibrig, zu zeigen, daB die ri wesent- 
liche Zyklen sind. Es sei m so grob, daB fiir simtliche m> n &ém< d ist. 
Es geniigt, zu beweisen, daSi jeder Zyklus ri in K,, (m = n) einen Nach- 


50 Vg. Vietoris, Math. Ann., 97, S. 464, Zeilen 11 u. w. von oben. Dieselbe Behauptung 
gilt auch im orientierten Fall fiir die hier gegebene (dem Inhalt nach von Lefschetz her- 
riihrende) Definition von Vollzyklen. Dagegen stimmt diese Behauptung (wie es Vietoris 
auch selbst bemerkt) fiir seine Zyklendefinition im orientierten Falle nicht. Da auch fiir 
den orientierten Fall der Dualititssatz gilt, so erweisen sich die Brouwerschen Zahlen 
als die richtigen Zusammenhangszahlen, so dah die von Vietoris vorgeschlagene Modifikation 
derselben als unzweckmaSig zu betrachten ist. Was den Beweis des Dualititssatzes im 
orientierten Fall betrifft, so ist ein solcher (und zwar sogar fiir eine allgemeinere Forme!) 
zum erstenmal von Lefschetz 16 gegeben worden. Die hier angegebene Abanderung der 
Zyklendefinition geniigt iibrigens, um den Dualitatssatz auch im orientierten Falle unter 
Zuhilfenahme der entsprechenden Modifikationen des Alexanderschen bzw. des Frankl- 
Pontrjaginschen Satzes zu beweisen. 
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Nachfolger von 7 genommen werden kann). 





bilde in der iiblichen Weise mittels einer &¢m-Transformation «% simplizial 
auf einen Zyklus r,'C K,, ab; dadurch entsteht eine «,,-Homologie 


Gow yi. 
(14) r;’ e Ym) 
andererseits ist ri r’t, was zusammen mit (14) — angesichts der Un- 
1 


gleichungen ém<d, 4,<d — die Relation 





(15) yo» rh, 


md 


und folglich die Existenz eines d-Komplexes Q’*}, 
(16) Qa rf tre 


ergibt. Es seien c die Eckpunkte von Q’**; unter diesen Eckpunkten 
kommen sowohl Eckpunkte 0}; der Zyklen rh, als auch gewisse Eck- 
punkte a,...;, von Km (namlich die Eckpunkte der Zyklen 7*,) vor. Den 
Eckpunkten }; waren schon friiher gewisse Eckpunkte a, von K, zugeordnet 
(so daB dadurch rf auf 7‘ abgebildet wurde); man lasse jetzt jedem unter 
den Punkten « vorkommenden Eckpunkte q;,...;, seine Projektion a;, ent- 
sprechen; den noch iibrig bleibenden Punkten c ordne man einen beliebigen 
a unter der einzigen Bedinsung c:C F; zu; auf diese Weise entspricht 
dem Komplexe Q”** ein Teilkomplex Q/ *? von K,, wobei die Berandungs- 
relation (16) in 


(16) pr+t _, »f + my (rin) 






iibergeht; somit ist 7, (7*,)~7i (in K,), d.h. ré, ist ein Nachfolger von 
ri, w. Zz. db. W. 

7- BemerkungI. Aus den obigen Uberlegungen folgt, daf auch der 
Begriff des Vollzyklus sein von metrischen Begriffen unabhangiges Analogon 
in der folgenden Definition findet: 

Definition des Projektionszyklus. Wenn Ki, Ko, ---, Km, +++ ein 
Prajektionsspektrum von F ist und rm ein Zyklus aus Km und dabei ein 
Nachfolger von rm-1 ist, so heift die Folge (1, rs, +++. %m, +++) ein Pro- 
jektionszyklus. 

Zwei Projektionszyklen 


e = (n, FBy ** %9- Fan ** -) und Q _— (ri, re, lacthe Tm; vee) 





heiBen homolog, wenn fiir alle hinreichend grofen m 


folger ri‘, besitzt (weil dann fiir alle m’, 1<m'<n der Zyklus 7,,,, (r*) als 


Zu diesem Zweck wahle man j so grof, daB 6;< d($») ausfallt und 
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¥m~tm (in Km) 
ist.5' 

In den Uberlegungen der §§ 6-7 ist der Beweis der folgenden Tatsache 
enthalten: 

Die r-te Brouwersche Zahl von F ist gleich der Maximalzahl der unab- 
hiingigen r-dimensionalen Projektionszyklen (die in bezug auf irgendein Pro- 
jektionsspektrum von F definiert sind). 

Daraus folgt ohne weiteres: Wenn dim F=4 und r>A ist, so ist 
A’ (F) = 0. 

Es ist iibrigens ohnehin klar, da® jeder Projektionszyklus als ein Voll- 
zyklus im Sinne der Definition des § 5 aufgefaBt werden kann; aus § 6 
folgt aber leicht, daB auch umgekehrt jeder Vollzyklus (als solcher) einem 
Projektionszyklus homolog ist. 

Bemerkung II. Alle bisherigen Betrachtungen sind mutatis mutandis 
auf den “orientierten” Fall iibertragbar (wie es jedesmal in FuSnoten 
erwaihnt wurde). Wenn man sich prinzipiell auf den Fall der Begriffs- 
bildungen “modulo 2”’ beschrankt, so kann der Begriff eines Projektions- 
zyklus durch den noch scharferen Begriff eines echten Projektionszyklus 
ersetzt werden; man erhalt diesen Begriff, wenn man in der obigen 
Definition des Projektionszyklus das Wort ‘“Nachfolger” durch ‘“‘echter 
Nachfolger” ersetzt und 7m4n (aus Km+n) als echten Nachfolger von 
rm(aus Ky») bezeichnet, wenn (mod. 2) rm = am(1m+n) ist. Es ergibt 
sich dabei, da{ die Brouwersche Zahl B’(F’) mit der Maximalzahl der 
unabhaingigen echten Projektionszyklen identisch ist. 

Bemerkung III. Die in diesem Kapitel gegebene Definition der Brou- 
werschen Zahlen hat die Eigenschaft, von der speziellen Wahl des Pro- 
jektionsspektrums der Menge F' vollkommen unabhangig zu sein; die 
Brouwerschen Zahlen driicken also eine Eigenschaft der Menge F' aus, 
die als eine jedem diese Menge approximierenden Projektionsspektrum 
zukommende Eigenschaft auftritt. 

8. Es sei jetzt FC R” und 


(17) T= (1, 2,°°*,) Tm, °°*) 


ein Vollzyklus (der also insbesondere auch ein Projektionszyklus sein 
kénnte); wenn y”~’—! irgendein in R” — F gelegener Zyklus ist, so sagen 
wir, daB y"~" mit r verschlungen ist, wenn y”~*—" mit allen rm von einem 
bestimmten m an verschlungen ist®'*. In diesem Falle ist die Verschlingungs- 


51 Im orientierten Falle hatte man sich (analog wie in der Fufnote 49) der Lefschetzschen 
Koeffizienten « zu bedienen. 

51a Vol. wegen des Begriffes der Verschlingung (und der zugehérigen Literaturangaben) 
z. B. die unter 39 und 16 angegebenen Arbeiten von Pontrjagin und mir. 
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zahl v(x, y"~*—) definitionsgemi8 1; man iiberzeugt sich leicht davon, dab 
im Falle, wenn (im Sinne der soeben gemachten Definition) r nicht mit 
y”-*-1 verschlungen ist, die Verschlingungszahl (im klassischen Sinne) der 
Zyklen 7» und y”—*—' stets (bis auf endlich viele eventuell auftretende 
Ausnahmswerte von m) Null ist, so daB man veranlaft ist, in diesem Falle 
p(x, y*-"-") = 0 zu setzen. 

Es seien jetzt endlich-viele Vollzyklen 


(18) Ti, Ta, +++, Th 
in F' und ebenso viele Zyklen 
(19) gre gett 5+ geet 


in R”—F gegeben. Nach der soeben festgelegten Definition ist fiir jedes 
Indexpaar 7, 7, die Verschlingungszahl b(r,, 7?~”~*) = 0 oder 1 erklart, so 
da8 man von der Verschlingungsmatrix |» (x,, 7~”~*) || sprechen kann; wenn 
der Rang dieser Matrix der héchste (also Xk) ist, sagen wir, dah die 
Systeme (18) und (19) verschlungen sind; offenbar tritt das dann und nur 
dann auf, wenn jede (nicht identisch verschwindende) lineare Kombination 
der Zyklen des einen der beiden Systeme mit mindestens einem Zyklus 
des andern Systems verschlungen ist. Wenn die Zyklen der beiden 
Systeme (18) und (19) eine solche gegenseitige Lage haben, da® jeder 
Zyklus des einen Systems mit einem einzigen Zyklus des anderen ver- 
schlungen ist (d. h. wenn die Verschlingungsmatrix die Einheitsmatrix ist), 
sagen wir, daB (18) und (19) eindeutig verschlungen sind. . 

9. Der DUALITATSSATZ (1) ergibt sich nunmehr ohne weiteres aus folgenden 
beiden Tatsachen: 

I. Es seien 
(19) , oe , cas er 


in Re" — F unabhiingig und U eine zu allen Zyklen (19) fremde Polyeder- 
umgebung von F. Dann gibt es in Fk Vollzyklen 


(18) Tyr Ug, ets Uys t= (1 1s +8) Te 2) 


so, daB die beiden Systeme (18) und (19) eindeutig verschlungen sind 
und infolgedessen die (18) in U unabhiingig sind. 

(Dabei heifen die (18) in U unabhingig, wenn fiir ein hinreichend 
grobes m kein Komplex Q’*!C U einer Relation von der Gestalt 
Q’*1>4,r? geniigt; in analoger Weise definiert man fiir Vollzyklen 
auch den Begriff der Homologie in U.) 

Il. Wenn F, U und ein in U unabhiingiges System (18) gegeben sind, so 
lift sich in R” —U ein mit (18) eindeutig verschlungenes System (19) 
konstruieren. Die Zyklen (19) sind sodann unabhiingig in R® — F. 
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Den Beweis dafiir, daB (18) und (19) als verschlungene Systeme kon- 
struiert werden kénnen, habe ich in meiner unter '® zitierten Note in aller 
erforderlichen Ausfiihrlichkeit erbracht, so daB es wohl iiberfliissig ist, ihn 
hier zu wiederholen; eine elementare Matrizentransformation®? erlaubt so- 
dann die (18) (im Falle I) bzw. die (19) (im Falle II) durch solche lineare 
Kombinationen derselben Zyklen zu ersetzen, daB die Verschlingung ein- 
deutig wird. 

10. Aus den beiden Siatzen I, II des letzten Paragraphen ergeben sich 
weitere Konsequenzen, die einerseits erlauben, den Dualititssatz durch 
einen verschirfenden Zusatz zu erginzen, andererseits aber fiir unsere 
weiteren Betrachtungen, insbesondere von Gebietsgrenzen im R”, von 
Wichtigkeit sind. 

Vorbemerkung. Es seien /?C R”" und U gegeben. Eine Basis von 
n U unabhangigen Vollzyklen r-ter Dimension soll mit 87(F), die Anzahl 
ihrer Elemente mit Sy (F) bezeichnet werden. Wie leicht ersichtlich, ist 
Bu (F) stets eine endliche Zahl.53 
Ein System von in R” —U liegenden Zyklen 


(20) ; etn es re alg 


soll eine $7” '(R’— F) heiBen, wenn folgende beide Bedingungen 
erfiillt sind: 
a) die (20) sind unabhingig in R”— F; 
b) jeder in R” — U liegende Zyklus y”~"~" ist einer linearen Kombination 
der Zyklen (20) in R"— F homolog. 


52Es sei eine modulo2 zu betrachtende quadratische Matrix mit s Zeilen und dem 
Range s gegeben. Es handelt sich um den Beweis der folgenden Behauptung: Man kann 
die Spalten dieser Matrix so durch lineare Kombinationen derselben ersetzen, daf (nach 
ihrer eventuellen Permutation) die Matrix sich in die Einheitsmatrix (immer modulo 2) 
verwandelt. 

Diese bekannte Tatsache beweisen wir (mit Pontrjagin) am einfachsten wohl so: 

Es seien ay die Elemente der Matrix (wobei i der Spalten- und j der Zeilenindex ist); 
unter den Unterdeterminanten der k-ten Spalte ist wenigstens eine von Null verschieden; 
es sei dies Aim; man betrachte jetzt das Gleichungssystem 


2. We = ay, 1LS5S8, jem. 
i,ittk 
Es seien x;— ¢; die Lésungen dieses Gleichungssystems. Wenn man jetzt die k-te Spalte S;: 
durch S:+c:S', 1+k, ersetzt, so sind alle Elemente der resultierenden Spalte gleich 0, 
mit Ausnahme des m-ten, das gleich 1 ist. Die Wiederholung dieses Verfahrens fiihrt 
uns zu einer Matrix, deren Spalten je ein einziges von Null verschiedenes Element ent- 
halten; dabei liegen diese von Null verschiedenen Elemente simtlich in verschiedenen 
Zeilen, so daf man nach einer Permutation der Spalten die ‘Einheitsmatrix erhilt. 
53 Vgl. Vietoris, a. a. 0., S. 461. 
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Die Anzahl der Elemente einer Si; '(R”— F’) (die von der speziellen 
Wahl dieser Sj,” * (R”— F) unabhangig ist) soll £7; "~* (R” — F) heiBen. 

11. Es gelten folgende Satze: 

Hilfssatz 1. Es ist By (F) = &t” ' (R"— F); insbesondere bilden die 
zu einer By(F) baw. Biz” *(R"—F) nach den Vorschriften des § 9 
konstruierten Systeme (19) bzw. (18) eine Bi; ”* (R"— F) bzw. eine B7(F). 

Der Beweis besteht aus einer unmittelbaren Anwendung der beiden 
Behauptungen des § 9. 

Hilfssatz I’. Es seien F, U und in R’— U liegende, in R”— F unab- 
hingige Zyklen 
(21)  % ; aaa” Pe le 


gegeben, deren Anzahl k<p = #7; "| (R"— F) = &v(F) ist. Wem 
die Vollzyklen 
(22) V1, V2, °°, Uk 


ein mit (21) eindeutig verschlungenes System bilden, so kann man (22) 
zu einer 81, (F’) dadurch erganzen, daf man Vollzyklen hinzufiigt, von denen 
keiner mit einem der Zyklen (21) verschlungen ist. 

Der Beweis verlauft ganz kurz wie folgt. Da die (21) in R"— U liegen 
und in R”— F uwnabhingig sind, lassen sie sich in eine Bt” ° (R" — F) 
aufnehmen, die aus den Zyklen 


(23) rr, ene , Sie wea ee ) Salts 
bestehen mige. Zu den Zyklen (23) kann man ein System von Vollzyklen 
(24) T1,'T2, °°, Up 


so wahlen, daf (23) mit (24) eindeutig verschlungen ist. Ich behaupte, 
daB die Zyklen 
(25) Ty, Ug, +++, Uk, Tk+1, °°, Up 


eine By (F) bilden; da ihre Anzahl p ist, geniigt es zu zeigen, da6 die 
(25) in U unabhangig sind. Es sei nun, im Gegenteil dazu, eine Homologie 


(26) Myth vs; ~0 (in U) 


vorhanden; da sowohl die (22) als auch die (24) in U unabhingig sind, 
mub wenigstens ein 4’, z. B. 4', und wenigstens ein 2/ von Null verschieden 
sein; da einerseits r,, andererseits aber keiner von den Zyklen r;, 7 = 2, 


3,---,k, sowie keiner von den Zyklen rij, 7 = 1, 2,---,p—k, mit 
yi’ verschlungen ist, so ist die linke Seite von (26) ebenfalls mit 7” 
verschlungen, so daf die Homologie (26) widerspruchsvoll ist. 

12 
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In einer véllig analogen Weise beweist man auch den 
Hilfssatz II’. Unter denselben Voraussetzungen wie im Hilfssatz II’ 
kann man (21) zu einer By” (R"” — F) dadurch erganzen, daB man Zyklen 
hinzufiigt, von denen keiner mit einem der Vollzyklen (22) verschlungen ist. 

12. Wenn man den Begriff der eindeutigen Verschlingung auch auf un- 
endliche Systeme von Zyklen (bzw. Voll- oder Projektionszyklen) ausdehnt, 


indem man sagt, daB 











(26) Ti, Ta, ***, Umy*e> 
mit 
(27) ae Satie re oe ee", soe 









eindeutig verschlungen ist, falls fir 7 + 7 stets v(r,, yi") = 0 und fir 
jedes i v(r,, 7”) = 1 ist, so bekommt man folgende Verscharfung des 
Dualititssatzes (1): 

Zusatz. Die r-dimensionale Basis von F' und die n—r— 1-dimensionale 
Basis von R"—F kénnen stets so gewthit werden, daf die beiden Basen 
mitenander eindeutig verschlungen sind. 

Beweis. Man denke sich eine Folge von unendlich fein werdenden Poly- 
ederumgebungen 


(28) 










We ino Ba vas 










von F und fange z. B. mit einer Bry, (F) an. Zu dieser Br, (F) konstruiere 
man eine mit ihr eindeutig-verschlungene S7," (R" —F). 

Die Elemente von By, (F'), die ja in U; unabhangig sind, sind es erst 
tr recht in U,, so da® die ganze Br, (F’) jedenfalls (als ein echtes oder un- 
F echtes) Teilsystem in die zu konstruierende Br, (F’) aufgenommen werden 
a kann; auf Grund des Hilfssatzes II’ kann man die Br, (Ff) zur Br, (F) 

+ durch solche neue Zyklen erginzen, daB keiner dieser neuen Zyklen mit 
einem Zyklus aus Sr," (R" — F) verschlungen ist. Zu der auf diese 
Weise gewonnenen Br, (F) konstruiere man eine mit ihr eindeutig ver- 
schlungene Si, "—! (R" —F) und ersetze in ihr die ersten Bu” (R" —F) 
Elemente durch die Elemente der schon konstruierten 87," ‘(R"—F). 
Genau wie beim Beweise des Hilfssatzes II’ iiberzeugt man sich davon, 
daB das soeben erhaltene Zyklensystem wiederum eine 8%," | (R"—F) 


bildet, die offenbar mit unserer By, (F) eindeutig verschlungen ist. 
Auf diese Weise fortfahrend erhailt man zwei Folgen von Basen: 



















So = Si Steet ote al et RRA a 






: (29) Bu, (F), Bu, (F), --+, Br, (F), --- 
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und 
(30) B7""(R"—F), BU," (R"—F), ---, Bu," (R"—F), --- 













von der Eigenschaft, daB bei jedem m Br, (F) ein Teilsystem der Br, u(P), 
Bi,” *(R"—F) ein Teilsystem von By,",*(R"—F) und 8%, (F) mit 


On41 


Bir,” '(R"— F) eindeutig verschlungen ist. a8 

Zwei Fille sind nun méglich: entweder sind von einem bestimmten m ; 
an alle By, (F) baw. alle By,” (R" — F) untereinander identisch, — oder : i 
wichst die Anzahl der Elemente von $y,(F) und von 8%,” (R"— F) < eet 






mit m iiber alle Grenzen. Im ersten Fall ist die r-te Brouwersche Zahl 
von F endlich und man erhalt eine endliche r-dimensionale Basis von F 
und eine mit ihr eindeutig verschlungene »—r—1-dimensionale Basis 
von R"—F. 

Im zweiten Fall erhalt man zwei eindeutig verschlungene Systeme von 
Zyklen: 8" (F') und $"-’-!(R"— F), wobei das erste System aus allen in 
den Basen (29) und das zweite aus allen in den Basen (30) vorkommenden 
Zyklen besteht. Es mégen 












. 


ase | 
(31) V1, T2,***, Um,**> ‘4 
bzw. ; 
(32) Breer oe, ial. ar, ica 


“a om ” ee a 
“Line eauigs Tai oa” Sines Whee a ae Raat a honed 


die Elemente von 8" (F’) bzw. 8"-*-1(R"— F) sein. Wie leicht ersichtlich, 
ist keine endliche lineare Kombination der (31) in F, der (32) in R"—F 
homolog Null. Jeder zu F' fremde Zyklus y"~*—' ist bei hinreichend 
grobem m in R”—U,, enthalten und also einer endlichen linearen Kombi- 
nation der (32) in R“—F homolog. Somit ist (32) eine n—r— 1-dimen- a8 
sionale Basis von R"— F. et 

Da jeder Volizyklus r in jedem U» einer Linearkombination der in : 
By, (F') vorkommenden tr» homolog ist, so ist (31) eine r-dimensionale an 
Basis von F, womit der Zusatz bewiesen ist. a9 
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13. Bemerkung. Den Beweis des Zusatzes konnte man ebensogut mit x J tf 
der Betrachtung einer B87,” '(R"—F) anfangen; da aber jeder 7", $: ; iL 
der in R”—F nicht homolog Null ist, bei einer passend gewahlten U, in “ia f | 
die Br," (R"— F) aufgenommen werden kann, hat man folgendes ; i ) 

Korollar. Es sei y"~"— ein beliebiger Zyklus, der in R”—F gelegen : ; : 
und daselbst nicht ~0 ist; man kann dann die den Bedingungen des Zu- ‘ : 
satzes geniigenden 8” (F’) und 8"-*-!(R"— F’) so wiahlen, dab y"~*— ein ig j it ) 
Element yon $"—"—! (R" — F) ist. ‘aq i 4 
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Eine analoge Behauptung gilt natiirlich auch fiir einen beliebigen Voll- 
zyklus r, der in F' nicht homolog Null ist. 

14. Die obigen Betrachtungen sollen jetzt auf das Problem der irre- 
duziblen Verschlingung®* angewandt werden: dieses Problem besteht darin, 
topologische Eigenschaften einer im R” liegenden Menge F aufzustellen, die 
Siir die Existenz eines mit der Menge F irreduzibel-verschlungenen n—r—1- 
dimensionalen Zyklus notwendig und hinreichend sind. 

Die Wichtigkeit dieser Frage beruht auf folgendem bekannten 

Satz. Eine abgeschlossene Menge F' ist dann und nur dann die gemein- 
same Grenze von zwei oder mehr zusammenhingenden Gebieten im R”, 
wenn es einen mit dieser Menge irreduzibel-verschlungenen nulldimen- 
sionalen Zyklus gibt. 

Beweis. Es sei y° mit F irreduzibel-verschlungen. Man kann stets 
annehmen, daB 7° aus einem Punktepaar a, b besteht. Es seien nun A und B 
die Komponenten der Punkte a und b in R”®—F, und Fy, und F; die 
Grenzen von A und B. Dann ist Fu + /, C F; zu zeigen ist, dab Fz = F= F, 
ist. Letztere Identitat folgt aber daraus, da® jeder Streckenzug ab sowohl 
F, als auch F;, trifft, so daB 7° mit F, sowie mit F, verschlungen ist, 
was (da 7° mit F irreduzibel-verschlungen ist) nur dann mdglich ist, wenn 
die obige Identitat gilt. 

Es sei jetzt F' die gemeinsame Grenze zweier zusammenhangender Ge- 
biete A und B des R”; man wihle die Punkte aC A und )CB; der 
Zyklus y° = (a, b) ist natiirlich nicht ~Oin R“—F. Es sei jetzt F” eine 
beliebige echte abgeschlossene Teilmenge von F' und x ein Punkt von 
F'— F’; man betrachte eine zu F” fremde spharische Umgebung V von x 
und wihle in derselben zwei Punkte: a CA und b’C B. Man verbinde 
a und a’ in A, b und b’ in B durch Wege aa’ und bb’, man verbinde 
endlich a’ mit b’ durch die geradlinige Strecke a’ b’. Der Weg 
ab = aa'+a'b'+b’b liegt sodann in R”—F’, so dab y°~0 (in R"— F’) 
ist, w. z. b. w. 

15. Um die am Anfang des vorigen Paragraphen gestellte Frage zu 
beantworten, bedarf man einiger neuer Definitionen. 

Definition I. Es sei in der abgeschlossenen Menge F ein Vollzyklus 


(33) 


[= (1, Ye, ++, Ym; +++) 








gegeben. Jede abgeschlossene Teilmenge F” von F von der Eigenschaft, dab r 
ein Vollzyklus von F’’ ist, heift ein Trdger von r. Wie leicht beweisbar,™ 


54 Kap. ITI, § 13 (S. 153). 
55 Vgl. Anhang I. 
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ist der Durchschnitt aller Trager von r ebenfalls ein Trager von r; dieser 
soll der kleinste Trager heifen.®* 

Definition Il. Es sei eine abgeschlossene Menge F' und daselbst 
eine Homologie 





















(34) r~0, c= (r%t, 7%, ..., r™, ...), lim bn = 0, 
m—>0o 
gegeben; es sei ferner 
(35) ae inn, Ee cg 1 
(36) mm at 


eine “die Homologie (34) realisierende Folge von Komplexen” (wobei die madd 
Qh? nm-Komplexe in F, lim qm =, sind). Jede Menge F’, die als topo- | 


logischer Limes einer konvergenten Teilfolge von (36) auftritt, soll ein Tréager 
der Homologie®® (34) heiBen.5* Dabei heift der Zyklus x ein kombinatorischer RE 
Rand der Menge F’ und der kleinste Traiger F’’ dieses Zyklus eine kom- Ty 
binatorische Randmenge der Menge F’. :¢ 
16. An diese Definitionen, die auch ein allgemeineres Interesse darbieten ral 
diirften, schlieBt sich folgende, speziellere an: a 
Definition III. Eine r-dimensionale Basis 


(37) ey ey >> Bae 


ears 


heiBt ausgezeichnet, wenn sie ein durch folgende Eigenschaft ausgezeichnetes 
Element, etwa r,, enthalt: 

Es gibt eine positive Zahl @ von der Beschaffenheit, daB jeder Traiger 
eines Zyklus r mit der ganzen Menge F identisch ist, sobald dieser Zyklus 


* 
RE ee Se 
de toda net eR eM ’ 


73h 
7 


> 
— 















einer Homologie ry‘ x; mit 4* + 0 geniigt. ‘ | 
* Z | 
Man iiberzeugt sich leicht davon, da& bei einer Homéomorphie F — / (F’) | / 
* 
eine ausgezeichnete Basis von F' in eine ausgezeichnete Basis von F' iiber- 4 ; 
* ° eas ° ta | 
geht (als « kann man eine beliebige Zahl wahlen, die so klein ist, dafi aus Ge 1 
o* 5S - 
e (x, y)< a (in F) folgt, daB die den Punkten x und y entsprechenden Punkte - coe 
x und y von F eine Entfernung <«@ haben). eth) 
Somit ist die Lésung des am Anfang des § 14 aufgestellten Problems fa ' : 
durch folgenden Satz gegeben: oo 
VERSCHLINGUNGSSATZ. Es set F' eine im R” liegende abgeschlossene Menge. [ ; 
Die notwendige und hinreichende Bedingung dafiir, daB es einen mit F “3 1 4 
56 Ohne Einschrankung der Allgemeinheit kinnte man voraussetzen, da die rm (als endliche ; if 
Punktmengen betrachtet) stets eine konvergente Folge (Hausdorff, Mengenlehre, 8. 146, § 2) + it 
bilden, d. h. man kann nur konvergente Zyklen betrachten, die dieser Bedingung geniigen. + i 4 
Offenbar ist dann lim top rn G F’, wenn F’ ein Trager von r ist. Analoges gilt fiir (35). tie 
ee 
eae 
So to 
Fz th } 
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irreduzibel-verschlungenen n— r—1-dimensionalen Zyklus gibt, besteht in der 
Existenz einer ausgezeichneten r-dimensionalen Basis der Menge F. 

KorollarI. Die Ezxistenz eines mit F irreduzibel-verschlungenen Zyklus 
ist eine topologisch-invariante Eigenschaft der Menge F. 

Korollar II. Die Higenschaft einer abgeschlossenen Menge, die gemein- 
same Grenze von mindestens zwei zusammenhiingenden Gebieten des R” zu sein, 
ist invariant gegeniiber topologischen Transformationen dieser Menge. 

17. Beweis des Verschlingungssatzes, 

a) Die Bedingung ist notwendig. Es sei in der Tat y”~’*— irreduzibel- 
verschlungen mit F. Infolge des Korollars I des § 13 existieren zwei mit- 
einander eindeutig verschlungene Basen 


(38) es ccs 
und 
(39) | er, aes, satlien. oe, or 


von F bzw. R*— F, wobet yp) = y"** ist. 
Es sei jetzt 3a = o(F,y""—) und U eine der Bedingung 


S(F,«)C UC S(F, 24) 


geniigende Polyederumgebung von F. Ich behaupte, daB (38) eine aus- 
gezeichnete Basis von F, und zwar, da8 1, ihr ausgezeichnetes Element ist. 
Es sei in der Tat r irgendein Vollzyklus, der einer endlichen Linear- 
kombination der Zyklen (38) «-homolog ist: 


(40) tryvdiy, i=1,2,---,k; M+0. 


Es ist zu zeigen, dafB jeder Trager des Zyklus r mit der ganzen Menge F 
identisch ist; dazu geniigt aber wiederum zu beweisen, da®, wenn F” ein 
solcher Trager ist, y*-"-! in R*—F’ nicht homolog Null sein kann. 

Da 7" mit r, und mit keinem der iibrigen Zyklen (38) verschlungen 
ist, so ist y*-"—! mit der rechten Seite von (40) und folglich (da die Homo- 
logie (40) in U stattfindet) mit r verschlungen. Es bleibt uns also nur 
iibrig, folgende Tatsache zu beweisen: 

Hilfssatz. Wenn y"-*—! mit v verschlungen und F’ ein Triiger von t ist, 
so kann y”7*— in R°—F" nicht homolog Null sein. 

Es sei 
(41) Y= ("1,725 °° *) Kms °° D3 










ohne Einschrinkung der Allgemeinheit kann man voraussetzen, daB die 
Folge 7,, 72,°++, m,-+-: eine konvergente Folge ist. Man bezeichne mit 
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Q"” einen beliebigen in R” durch y"~*—' begrenzten Komplex; da r mit 
y”*— verschlungen ist, so hat bei jedem noch so groBen m Q"—" mit rm 
gemeinsame Punkte, d.h. bei jedem; beliebig kleinen « ist Q"-". S(F’,«) + 0; 
dann ist aber auch Q””. F’ +0, womit unser Hilfssatz und folglich die 
ganze Behauptung a) bewiesen sind. 

b) Die Bedingung ist hinreichend. Es sei in der Tat (38) eine aus- 
gezeichnete Basis und r, ihr ausgezeichnetes Element; man wihle eine 
solche Umgebung U von F, daf x, in U nicht homolog Null ist und iiber- 


dies UC s(F, 4 ist, wo @ die in der Definition III vorkommende Zahl 


ist. Man kann dann r, in eine aus Elementen von (38) konstruierte BY (F) 
aufnehmen; es sei 

(42) ‘1, Ys, coe, Uk 

diese By (F) und 

(43) ee, wrt, ne Sy . eas 


eine mit (42) eindeutig verschlungene Si; (R"— F). Ich behaupte, daB 
yr-*— mit F irreduzibel verschlungen ist. 

Zunachst ist y?*—* in k"— F gewiB nicht ~ 0; es geniigt also zu zeigen, 
daB bei jeder Wahl der echten Teilmenge F’ von F 


(44) yrs 0 (in R*— FP) 


ist. Es sei F” eine Teilmenge von F, die so gewahlt ist, daB die Homo- 
logie (44) nicht zutrifft. Dann gibt es in F” einen Vollzyklus r mit dem 
yi” verschlungen ist. Als Vollzyklus von F' betrachtet, ist r in U einer 
Linearkombination ‘der (42) homolog 


(45) rridir, (in U), 


woraus folgt, daB y*—' mit der rechten Seite von (45) verschlungen ist; 
da y?-* mit r, und keinem anderen Zyklus (42) verschlungen ist, muf 
4*+0 sein; zufolge der Wahl von U kénnen wir annehmen, daf die 
Homologie (45) eine «-Homologie ist,5” so daB jeder Trager des Zyklus r 
57 Es sei in der Tat 
t= (71, %2, +++, Pm, ++) 


r= (ri, rh, eee, rt ees) 


und _ => m+ di tin (in U); man nehme an, da alle vorkommenden Komplexe in = Sim- 


plexen gegeben sind und wahle fiir jeden Eckpunkt von gq" einen der zu diesem Eckpunkte 
am nichsten liegenden Punkte von F; dadurch gehen die rm bzw. rm in sich und ag in 
einen «-Komplex Qy iiber, wobei Qn’ > rm +Air'm ist, 


: , aah) - or 
’ * . A oe. 
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mit F identisch ist; dies ist mit der Tatsache, daf r ein Vollzyklus der 
Menge F’C F ist, nur dann vertraglich, wenn F” = F ist, w. z. b. w. 

18. Wenn man in der Richtung der Definition III (§ 16) noch einen Schritt 
weiter machen wollte, wiirde man Mengen F' zu betrachten haben, deren 
jeder r-dimensionale Vollzyklus, insofern er in F nicht ~0 ist, die ganze 
Menge F als seinen einzigen Trager besitzt. Es ist leicht zu zeigen, dab, 
wenn F'C R” ist, die obige Eigenschaft nichts anderes besagt, als daB 
jeder »—r—1-dimensionale Zyklus y"~"— C Rk” — F entweder in R"—F 
homolog Null, oder mit F' irreduzibel-verschlungen ist. Wie leicht kon- 
struierbare Beispiele zeigen, folgt daraus im allgemeinen nicht, da8 fir 
jede echte Teilmenge F” von F' die r-te Brouwersche Zahl verschwindet. 
Dagegen gilt folgender Satz: 

Satz I. Wenn dim F =r und jeder r-dimensionale Vollzyklus entweder 
in F' homolog Null ist, oder letztere Menge fiir seinen einzigen Triiger hat, so 
hat jede echte Teilmenge F’ von F eine verschwindende r-te Browwersche Zahl. 

Dieser Satz folgt aus einer, nach meiner Ansicht viel interessanteren 
Tatsache, zu deren Formulierung ich eine neue Definition brauche. 

Definition IV. Man sagt, daB ein Vollzyklus r von F' identisch ver- 
schwindet, wenn er in jedem seiner Traiger homolog Null ist. 

19. Der Satz I folgt ohne weiteres aus dem 

Satz II. Wenn ein r-dimensionaler nicht identisch verschwindender Voll- 
zyklus einer abgeschlossenen Menge F daselbst homolog Null ist, so ist jeder 
Triiger dieser Homologie mindestens r-+ 1-dimensional. 

Wir beweisen diesen Satz zunichst fiir den Fall, in dem FC R” ist. 
Es sei F” ein Trager des gegebenen Vollzyklus r, wobei wir annehmen, 
daB F” so gewahlt ist, daB xr in F’ nicht ~0 ist. Es gibt sodann einen 
mit rx verschlungenen y"~’—! C R” — F’. Es sei ferner F”’ ein beliebiger 
Trager der Homologie 
(46) r~ 0. 


Somit kann eine konvergente Folge von komplexen Q» gewahlt werden: 


(47) F” = lim top Qm, 


wobei, wenn rt = (7, 72, ---, %m,---) ist, fiir jedes m 


gilt. Da y”"—1 mit r verschlungen ist, kann man annehmen, da8 fiir 
jedes m 
(49) vita, 7") = 1 


ist. Die untere Grenze aller Entfernungen oe(7rm, y"—’—") ist eine positive 
Zahl 2 und die Relationen (49) bleiben erhalten, wenn man 7», durch einen 
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aus 7m mittels einer 4-Transformation hervorgehenden Zyklus 7», ersetzt. 
Es sei jetzt dim F’ < r. Vermdge Kap. I, Satz Il, kann Qm (bei hin- 
reichend grofem m) in einen héchstens r-dimensionalen Komplex Qn -iiber- 
gefiihrt werden, von dem man annehmen kann, daf Q;, zu y"~’—" fremd ist; 
bei dieser 7-Uberfiihrung geht 7» in einen Zyklus r;, iiber, der einerseits 
mit y"—*—" verschlungen sein mu6, andererseits es sicher nicht ist, weil er 
den zu y”~’—' fremden Komplex Q), begrenzt. Durch diesen Widerspruch 
ist der Satz II im Spezialfall FC R” bewiesen. 

20. Der allgemeine Fall folgt sodann aus einem von Menger bewiesenen 
“Kinbettungssatze”, der besagt, da® jede endlich-hoch dimensionale Menge 
in einen Euklidischen Raum topologisch eingebettet werden kann,®® in 
wenigen Worten: um ihn auf den schon erledigten Spezialfall zuriick- 
zufihren, geniigt es, den Homologietriger F’’, der nur im Falle dim F”’ < r 
zu untersuchen ist, in einen R” einzubetten. Da aber der Mengersche Satz 
ein viel tiefer liegendes Ergebnis darstellt, als unser Satz IJ, scheint mir 
wiinschenswert, einen elementaren Beweis auf einem anderen Wege zu suchen. 

21. Dieser Weg ist durch folgende Bemerkung gegeben: 

Hilfssatz. Ein nicht identisch verschwindender Vollzyklus kann nicht 
mittels k. T. seines Trigers in identisch-verschwindende Zyklen iibergehen. 

Wir nehmen fiir einen Augenblick an, da® dieser Hilfssatz bereits 
bewiesen ware. Es sei sodann dim F”’ < r, woraus folgt, daB F”’ mittels 
k. T. in héchstens r-dimensionale Komplexe K und r in auf diesen Kom- 
plexen liegende r-dimensionale Vollzyklen rx iibergeht; diese Vollzyklen 
sind tiberdies in den Komplexen K homolog Null; da aber jeder Komplex 
als eine Teilmenge eines R” betrachtet werden kann, so verschwinden sie 
(vermége des schon bewiesenen Spezialfalles des Satzes IJ) identisch; dies 
widerspricht jedoch dem Hilfssatze. 

22. Beweis des Hilfssatzes. Es sei 


(50) [= (11, Vay ++5 my +++) 


ein konvergenter Vollzyklus, von dem man weif, dafi er mittels «-Trans- 
formationen eines seiner Trager — also jedenfalls seines kleinsten Trigers 
F’ — in identisch verschwindende Vollzyklen 


(51) US OT, rie tm), lim x= 0 


58 Menger, Proceed. Akad. Amsterdam, 29 (1926), 8.482; Jahresbericht d. D. M. V., 
35 (1926), S. 149 und 36 (1927), S. 12; Wiener Akademie, Akademischer Anzeiger Nr. 1 
(Stzg. der math. nat. Kl., 12. Jan. 1928); ausfiihrlicher Beweis in Mengers Buch Dimensions- 
theorie (Leipzig, Teubner, 1928), Kap. IX, 8. 287-303. 
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iibergeht; bei unserer ¢,-Transformation geht F’ in einen Trager Fy von r* 
iiber; ferner sind die r* konvergente Zyklen, und es ist: 


52) Fy = lim n top rk C FX. 


Da die (51) identisch verschwinden, so ist fiir jedes k r*~0O (in Fy), so 
daB es dx,m-Komplexe Qx,m in Fy mit 
(53) Qk, m =, lim 9), mm 


mm > 2 


gibt. Man betrachte jetzt die Folge 
(54) Q1, m, » Qo, m, » iin. Qk, m, Seg 


wobei mx unter der Bedingung 9x,m,< «x gewahlt ist; indem man eventuell 
(50) durch eine Teilfolge ersetzt, kann man voraussetzen, daB (54) kon- 
vergiert und m, = k ist; dann aber ist notwendig 


(55) F” = lim top Q.x C F’. 


Man beachte jetzt die Tatsache, da® rf aus r, mittels einer «¢,-Trans- 
formation entstanden ist; infolgedessen sind r* und r, miteinander ¢,-homo- 
log, und zwar beranden sie zusammen einen (“ringférmigen”) Komplex qx, 
dessen simtliche Eckpunkte sich unter den Eckpunkten von 7 +r, befinden; 
wenn man den ¢&-Komplex Qk,x-+qx mit Q, bezeichnet, so ist 


(56) Qk —>Tk. 


Man lasse jetzt jedem Eckpunkt von Qj, einen unter den zu diesem Punkte 
am nachsten liegenden Punkten von F” entsprechen, wodurch Q; in einen 
zu F” gehdrenden 3¢,-Komplex Q;; und rx in sich iibergeht; dabei bleiben 
die Berandungsrelationen erhalten, so da8 


(57) Q>r. (in F”’) 


ist; da aber lim &; = 0 ist, so bedeuten die Relationen (57) nichts anderes, 
k—> 


als dab r~0 (in F’), womit der Hilfssatz und der Satz II bewiesen sind. 
23. Aus dem Satz II folgt (unter Benutzung der Resultate des § 7): 
Korollar I. Jn einer 4-dimensionalen Menge F gibt es keinen nicht 
identisch verschwindenden Zyklus von einer Dimension > 34. 
Auferdem ergeben sich ohne weiteres: 
Korollar II. Wenn ein in einem kompakten metrischen Raume F' gelegener 
singularititenfrecer r-dimensionaler Zyklus I" einer stetigen Deformation unter- 
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worfen ist, deren Endresultat r wenigstens einen Punkt von I" nicht enthiilt, 
so ist die Spur® von I* bei dieser Deformation mindestens r+ 1-dimen- 
sional. 

Es geniigt eine Kreislinie in die aus derselben Kreislinie und eines 
ihrer Radien bestehende Figur stetig zu deformieren, um sich zu tiberzeugen, 
daB das obige Korollar im allgemeinen nicht verschairft werden kann. 

Korollar Il. Es sei F ein topologischer Raum, der ein stetiges Bild 
eines n-dimensionalen Komplexes K" ist: F = f(K"); wenn K™" einen nicht 
verschwindenden Rand hat und die Abbildung f daselbst eineindeutig ist, so 
ist der Bildraum F mindestens n-dimensional. 

An die soeben bewiesenen Resultate schlieBt sich iiberdies folgende 
Tatsache an: 

Satz Ila. Hin Triiger eines nicht identisch verschwindenden r-dimensionalen 
Vollzyklus ist eine mindestens r-dimensionale abgeschlossene Menge. 

Es sei in der Tat r = (71, r2, ---, fm, +--+) ein Vollzyklus, dessen Trager 
F’ eine héchstens r—1-dimensionale Menge ist. Durch kleine Trans- 
formationen der rm (denen eine Homologie in F” entspricht) kann man 
erreichen, daB die r» Teilkomplexe der die Menge F” approximierenden 
héchstens »— 1-dimensionalen Komplexe K,» sind; dann sind aber die rm 
eo ipso in diesen ‘Km homolog Null, womit auch die Homologie r~0O (in #”), 
also der Satz Ila, bewiesen ist. 

24. Wir kehren zu den irreduziblen Verschlingungen und verwandten 
Begriffen zuriick. Aus den Uberlegungen der §§ 18-23 folgt, daf im 
Falle einer r-dimensionalen Menge F jede der beiden Bedingungen: 

a) ein 7-dimensionaler Vollzyklus kann nur dann eine echte Teilmenge 

von F' als seinen Trager besitzen, wenn er in F homolog Null ist — 
und 
b) ein v-dimensionaler Vollzyklus kann nur dann eine echte Teilmenge 
von F als seinen Trager besitzen, wenn er identisch verschwindet — 
gleichwertig mit der Bedingung: 
c) die r-te Brouwersche Zahl einer beliebigen echten Teilmenge F” von 
F ist Null — 
ist. 

Wenn iiberdies / C R*” ist, so ist jede der Bedingungen a), b), c) mit 
folgender weiterer gleichwertig: 

d) jeder » — 7 —1-dimensionale Zyklus in R"—F ist entweder homolog 
Null (in R“—F) oder irreduzibel verschlungen mit F. 


59 Kinen Spezialfall dieses Satzes (fir im R" gelegene Mengen) habe ich in Fund. Math., 13 
bewiesen. Dort befinden sich auch alle notwendigen Definitionen beziiglich stetiger 
Deformationen, 
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Folgende Frage bleibt dagegen unbeantwortet: 
Kann es vorkommen, daf in einer n-dimensionalen Menge F fiir ein 
bestimmtes r <n alle nicht identisch verschwindenden r-dimensionalen Zyklen 
die Menge F als ihren einzigen Triiger besitzen? 

25. Bereits im Kapitel III haben wir gesehen, daB eine Menge FC R", 
zu der es einen irreduzibel verschlungenen y”~*—! gibt, mzndestens r-dimen- 
sional ist und sogar durch keine r — 2-dimensionale Menge zerlegt werden 
kann. Wenn also eine solche Menge genau r-dimensional ist, ist sie eine 
r-dimensionale Cantorsche Mannigfaltigkeit © sie kann aber im allgemeinen 
auch von einer héheren Dimension sein: es ist leicht eine zweidimensionale 
FC R* zu konstruieren, deren einzige von Null verschiedene Brouwersche 
Zahl, nimlich die erste, den Wert 1 hat und die Eigenschaft besitzt, daB 
jeder eindimensionale Zyklus in R*— YF entweder homolog Null oder 
irreduzibel verschlungen mit F ist. Im Falle r=mn—1 (d.h. im Falle, 
wo F eine nulldimensionale irreduzible Verschlingung zulaft, also die 
Grenze zweier Gebiete ist) ist dagegen dim F = n—1. 

26. Diese Uberlegungen lassen folgende Definition als berechtigt 
erscheinen: 

DEFINITION EINER GESCHLOSSENEN CANTORSCHEN MANNIGFALTIGKEIT: Eine 
Cantorsche Mannigfaltigkeit von der Dimension m heift geschlossen, wenn thre 
m-te Brouwersche Zahl von Null verschieden ist, wiihrend die m-te Brouwersche 
Zahl jeder echten abgeschlossenen Teilmenge von F den Wert Null hat. 

Eine m-dimensionale geschlossene Cantorsche Mannigfaltigkeit heife 
regelmifig geschlossen, wenn ihre m-te Brouwersche Zahl den Wert 1 hat. 

Wir kénnen dann die letzterwahnten Tatsachen wie folgt zusammenfassen: 

Satz Ill. Eine abgeschlossene Menge FC R" hat dann und nur dann 
die Eigenschaft, den Raum zu zerlegen und gleichzeitig die Grenze aller 
durch sie bestimmten zusammenhiingenden Gebiete zu sein, wenn sie eine 
geschlossene n—1-dimensionale Cantorsche Mannigfaltigkeit ist. Wenn sie 
regelmiifig geschlossen ist, und nur in diesem Falle, ist die Anzahl der 
Gebiete 2. Hine im R” gelegene r-dimensionale geschlossene Cantorsche 
Mannigfaltigkeit hat die Eigenschaft, daB es in threm Komplementiirraume 
n—r—1-dimensionale Zyklen gibt, die daselbst nicht homolog Null sind; 
alle solche Zyklen sind mit der gegebenen Mannigfaltigkeit irreduzibel ver- 
schlungen, wobei durch diese Eigenschaft die geschlossenen r-dimensionalen 
Cantorschen Mannigfaltigkeiten unter allen im R” gelegenen r-dimensionalen 
Mengen F' charakterisiert sind. 

27. Wir beweisen jetzt folgende wesentliche Verscharfung des Satzes IV 
des Kap. III: 


60 Die Definition einer Cantorschen Mannigfaltigkeit. ist in der Fufnote 43 (Kap. III) 
wiedergegeben. 
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Satz IV. Wenn eine r+1-dimensionale geschlossene Cantorsche Mannig- 
faltigkeit F als Summe zweier echter abgeschlossener Teilmengen F’ und F"' 
dargestellt ist, so enthilt die Durchschnittsmenge ® = F'.F" mindestens 
einen r-dimensionalen Vollzyklus t, welcher zwar nicht in ®, aber sowohl 
in F" als auch in F" homolog Null ist. 
Beweis. Es sei 

(58) F = F'+F" : 
und 
(59) 


- . = * ” ae , 
: : aS A > pi tani gress priate aie 
“e 4 pabeidapeee a : pr yeetes 7 
<) + oe Crea, * Aedes Mae Na bee cyanea eaeet “ ¢ atoer 


3 = (81, S2,---,8m,-*-), 8s =r+l, 











ein r-+1-dimensionaler Vollzyklus, der in F nicht ~0 ist. Es mége dabei 


8m ein O-Zyklus und lim 6» = 0 sein. 
mo 


Man bezeichne durch K,, den Teilkomplex von sm, welcher aus allen 
zu F” nicht fremden Grundsimplexen besteht; Ky bestehe dann definitions- 
gemé6 aus allen tibrigen Grundsimplexen von s»,. Die beiden Komplexe 
Ky und Ky haben denselben Rand 7» und man kann annehmen, daf (nach 
einer eventuellen 6,,-Verriickung) 7m zu ® gehdrt. 

Ich behaupte, da8 


(60) (ri, V2, °**, Tm; °° -) 


os 44 
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ein Vollzyklus in ® ist. Da rm ein d»-Zyklus in @ ist, geniigt es zu 
zeigen, daB man die ¢» unter der Bedingung lim ¢«»,— 0 so wahlen kann, 
0 





wy wt 


mm 
daB 7m’ 7m+n ist. Man nehme zu diesem Zwecke die durch 














(61) Sm = Sm+n (in F) 


bestimmten &m. Es sei Km,nr—>$m+Sm+n und Ky,» die Gesamtheit aller ‘et 
zu F’ nicht fremden Grundsimplexe von Km,n; der Rand von Ky,n ist * 
Kn+Kmintgq, wobei gq ein eventuell (und zwar im Falle rm = rm+n) io 
verschwindender ém-Komplex in @ ist; jedenfalls ist aber g>7m+ min, : 
d. h. Tm & Ym+h (in ®). ; ue 
Den Vollzyklus (60) bezeichnen wir durch r; aus seiner Definition folgt, + 
da8 x sowohl in F” als auch in F”’ homolog Null ist; es bleibt nur noch ‘ £ 
iibrig, zu zeigen, daB r in ® nicht homolog Null ist. mi] a 
Es sei im entgegengesetzten Falle bs 


ee 


Qm 7 Tm (in ®), lim 7m = 0. 
- m—>oo 


Da die r-+1-te Brouwersche Zahl fiir F’ und F”’ verschwindet, gibt es 24 
fiir jedes « ein solches m,, daB fiir alle m>m, die Zyklen i: 
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i = Qn+ Km bzw. Sm 7 Qm+ Km 


in F’ bzw. in F”’, also jedenfalls in F e-homolog Null sind. Dann miiBte 
aber auch s+ sin = Sm (fiir alle m > me) e-homolog Null, also (da ¢ beliebig 
ist) $~0O in F sein, was unserer Voraussetzung widerspricht. 

28. Genau auf dieselbe Weise wie den Satz IV beweist man folgende 
Tatsache: Wenn y"-"?~0 in R®—F’ und R°—F", aber nicht in 
R"—(F'+ F”) ist, so gibt es einen Vollzyklus x in F’. F”, welcher in F’ 
sowie in F”’, aber nicht in F’. F” homolog Null ist. 

Man konstruiert in der Tat zuerst einen mit y”~*—? verschlungenen Voll- 
zyklus (59) und sodann den durch (60) gegebenen r, der in F’ und F” 
homolog Null ist. Wenn nun angenommen wird, da6B r~0 (in F’- F’”) ist, 
so existieren wieder die Zyklen s;, und s,; da aber y”~’—? mit 8, also 
mit allen sm verschlungen ist, mufB y"~*-? auch mit unendlich vielen sj, 
oder s;, verschlungen sein; wenn dementsprechend fiir unendlich viele m 
z. B. 0(sm, y"-7—?) = 1 und F’’ C F’ der topologische Limes der s;, ist, 
so kann y”-*~? in R"—F’”, also erst recht nicht in R"— F’ homolog 
Null sein, womit unsere Annahme als widerspruchsvoll erwiesen ist. 

29. In der soeben bewiesenen Tatsache ist der Beweis der einen Halfte 
des folgenden Satzes enthalten: 

Satz V (VERALLGEMEINERTER PHRAGMEN-BROUWERSCHER SATZz). Wenn jeder 
n — rv —1-dimensionale Zyklus in R"— F" bew. in R”— F"' daselbst homo- 
log Null ist, so gibt es dann und nur dann einen y"~*—* der in R"—(F"+ F”) 
nicht homolog Null ist, wenn ein r —1-dimensionaler Vollzyklus in F'. F"’ 
existiert, welcher in F’ und F”’, aber nicht in F’. F” homolog 0 ist. 

Die wichtigste Folgerung aus diesem Satz ist 

Der verallgemeinerte Phragmén-Brouwersche Zerlegungssatz. 
Wenn keine der beiden Mengen F’ und F”' den R” zerlegt, so zerlegt die 
Menge F'+ F” den Raum dann und nur dann, wenn es einen n— 2- 
dimensionalen Vollzyklus in F’. F’’ gibt, welcher in F' und F", aber nicht 
in F’. F" homolog Null ist. 

Um den Satz V zu beweisen, bleibt es nach dem Resultat des § 28 nur 
iibrig zu zeigen, daf aus der Existenz eines r in F’. F’’, welcher in F’ 
und F’’, aber nicht in F’- F”’ homolog Null ist, die Existenz eines "~*~? 
folgt, welcher in R”— (F’+ F”’) nicht homolog Null ist. 

Das geschieht aber mit Hilfe einer Lebesgue-Alexanderschen Methode® 
in wenigen Worten. Zunichst folgt aus unseren Voraussetzungen die 
Existenz eines in R”— F’. F” gelegenen, mit r verschlungenen y”~"—!; da t 
in F" sowie in F” homolog Null ist, hat jeder mit t verschlungene Zyklus 








61 Lebesgue, Comptes Rendus, 154 (séance du 27 mars 1911); Alexander, Trans. Amer. 
Math. Soc., 23 (1922), 8. 343. 
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mit jeder der beiden Mengen F’ und F” gemeinsame Punkte. Man betrachte 
jetzt die beiden zueinander fremden abgeschlossenen Mengen y”~*~!. F” und 
y"-’-1. F’”’ und eine so feine Unterteilung 4 des Komplexes y"~*—', daB 
kein Simplex dieser Unterteilung gleichzeitig mit F’ und F’’ gemeinsame 
Punkte hat; es seien sodann Kj” der aus allen zu F’ nicht fremden 
Simplexen dieser Unterteilung gebildete Teilkomplex von y"~’—, K;”* 
der aus den iibrigen Simplexen von 4 bestehende Komplex und y"~’~? der 
gemeinsame Rand von K;” und Kz’; ich behaupte, daB y*-’-? in 
Rk*— (F’+ F’”’) nicht homolog Null sein kann. 

Es sei in der Tat Q°7' > y"-"— (in R"— (F’+ F”)); da Kt "7+ Q""* 
m F” und K;”*+ Q"”~ au F” fremd ist, kann keiner dieser Zyklen 
mit r verschlungen sein; dann kann aber auch ihre Summe (mod. 2) nicht mit r 
verschlungen sein, was unméglich ist, weil diese Summe Kj" + Ke ”~* 
cm ye! ist, 

Der Satz V ist hiermit bewiesen. 

30. An die Definitionen des § 15 schlieBen sich unmittelbar einige 
Betrachtungen an, welche das mehrdimensionale Analogon des Begriffes 
eines zwischen zwei gegebenen Punkten irreduziblen Kontinuums dar- 
stellen. 

Definition IV. Es sei F' eine echte oder unechte Teilmenge von F, die 
als Homologietriiger eines threr nicht identisch verschwindenden Vollzyklen 
t~0 (in F) auftritt; wenn keine echte Teilmenge von F' als Triiger der- 
selben Homologie betrachtet werden kann, heift F’ eine in bezug auf t 
irreduzible Membran. 

Ein Punktepaar a, b kann stets als ein nulldimensionaler Vollzyklus 
einer Menge F' 5 a+b betrachtet werden, und man sieht sofort ein, daB 
F dann und nur dann eine in bezug auf diesen Zyklus irreduzible Membran 
darstellt, wenn F' ein zwischen a und b irreduzibles Kontinuum ist. Die 
irreduziblen Membranen treten also als eine naturgemife Verallgemeinerung 
der irreduziblen Kontinuen auf. 

Es ist leicht zu zeigen, daB, wenn die Mengen F,, Fy, ---, Fm, --- Trager 
einer und derselben Homologie r~ 0 (in F’) sind und iiberdies eine gegen 
eine Menge F” konvergierende Folge bilden, so ist F’ ebenfalls ein Trager der 
Homologie r~ 05; da andererseits eine abnehmende Folge abgeschlossener 
Mengen immer gegen den Durchschnitt dieser Mengen konvergiert, so ist 
der Durchschnitt einer abnehmenden Folge von Tragern einer und derselben 
Homologie wiederum ein Trager dieser Homologie, m. a. W., die Eigenschaft 
einer »bgeschlossenen Menge F’C F ein Trager einer festen Homologie 
t~O (in F) zu sein, ist eine induktive Eigenschaft. Daraus folgt aber der 

Satz VI. Jeder Triiger einer Homologiec r~0 (in F) enthiilt eine in bezug 
auf den Zyklus ct irreduzible Membran. 
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: 31. Unter den Vollzyklen r = (r;, 72, +--+, Tm, +++) sind solche besonders 
ausgezeichnet, bei denen unendlich viele Zyklen r irreduzible®? Zyklen sind. 
Solche Vollzyklen sollen irreduzible Vollzyklen genannt werden. Von ihnen 














‘ gilt der 
ii Satz VII. Eine in bezeug auf einen r-dimensionalen irreduziblen Voll- 
t zyklus v irreduzible Membran kann durch keine hichstens r — 1-dimensionale 






Menge zerlegt werden. Eine solche Membran ist also (wenn sie nicht von 
einer héheren Dimension als r-+1 ist) eine r + 1-dimensionale Cantorsche 
Mannigfaltigkeit. 

Beweis. Es seir~0 (in F), F’” ein Trager dieser Homologie, welcher 
durch eine héchstens r — 1-dimensionale Menge ® in zwei zueinander fremde 
offene Mengen G@’ und @” zerlegt wird; wir wollen zeigen, daB diese Voraus- 
setzungen mit der Irreduzibilitat von r unvertriaglich sind. 

Es sei in der Tat 
(62) 
















‘); 


= (1, Ya, **t, Tmy** 








wobei die rv» samtlich irreduzible Zyklen sind. Es seien ferner die 
qm-Komplexe ( lim 7m = 0) 
m—>2 


(63) 






Qn > Tm 









mit lim top Qn = F’” gegeben. Man bezeichne mit Q), den aus allen zu 
F’ = G+ © nicht fremden Grundsimplexen von Q, bestehenden Komplex, 
mit Q», die Gesamtheit aller iibrigen Grundsimplexe von Qn. 

Durch eine “kleine Transformation” der Komplexe Qm (die die Konvergenz 
‘ nicht stért) kann man erreichen, dafi simtliche den beiden Komplexen Qin 
* und Q;, gemeinsame Elemente bei jedem m auf den, die Menge ® approxi- 
mierenden, héchstens »—1-dimensionalen Komplexen liegen. Somit haben 
die beiden r + 1-dimensionalen Komplexe Q), und Q), einen héchstens r—1- 
dimensionalen Durchschnitt, woraus folgt, daB der Rand von Q» sowie 
der Rand von Qi, im Rande von Qm, d.h. in 7m enthalten ist; da aber 
rm irreduzibel ist, und die Rander von Q;, und Q), nicht identisch sein 
kénnen (ohne daB 7» verschwindet, was ja nicht der Fall ist), so muf der 
Rand des einen unter den beiden Komplexen Q;, und Q, mit rm identisch 
sein, wahrend der Rand des anderen verschwindet. Es sei dementsprechend 
fiir unendlich viele m etwa Qin > rm; Qin > 0; diese Q), approximieren dann 
eine in F” enthaltene Menge F’, die ein Trager unserer Homologie ist. 

Der Satz VII ist hiermit bewiesen. 
# 32. An die hier gegebene Definition der irreduziblen Membran schliefen 
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62 Ein Zyklus heiBt nach Veblen irreduzibel (“circuit”), wenn er keinen echten Teil- 
zyklus von derselben Dimension, wie der gegebene Zyklus selbst, enthilt. 
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sich zahlreiche Probleme an, die sich alle in die Fragestellung einordnen, 
inwiefern die Theorie der irreduziblen Kontinua auf allgemeine irreduzible 
Membranen sich iibertragen 1a6t.® 


Princeton, N. J., 
15. Januar bis 15. April 1928. 


Anhang I. 


BEMERKUNGEN UBER DEN BEGRIFF EINES VOLLZYKLUS UND SEINES TRAGERS. 
Wenn man einen Vollzyklus 


(1) t= (1, 72, +++, Pm, ++ *) 





hat, so ist es natiirlich, als erlaubte Operationen folgende beide Operationen 
einzufiihren, die den Vollzyklus r in einen Vollzyklus r’ transformieren, 
welchen wir als einen von xr nur unwesentlich verschiedenen Vollzyklus 
betrachten (insbesondere ist stets r~ 1’): 
a) Ubergang von (1) zu 

Y= (ri, re, ai: rk; +++), 


wobei ri = 7m, ist (und die rj, also eine Teilfolge der Folge rm bilden). 
Diese Operation erlaubt stets einen Vollzyklus durch einen kon- 
vergenten Vollzyklus zu ersetzen; (vgl. FuBnote **), 

b) Die sogenannten unendlich-kleinen Abiinderungen eines Vollzyklus (1). 
Diese bestehen darin, daB man eine gegen Null konvergierende Folge 
positiver Zahlen 

(2) I, De, 222, Pm, oes 


wihlt und jedes r» in ein 7, dadurch verwandelt, daB man die Eck- 
punkte von rm héchstens um +, verschiebt. 

Am bequemsten erscheint es, folgende (von Lefschetz herrithrende) 

Modifikation des Begriffes eines Vollzyklus einer im (kompakten metrischen) 

Raume F' liegenden abgeschlossenen Menge F” einzufiihren: eine Folge (1) 





63 Fiir eine solche Untersuchung dirfte insbesondere folgender Begriff des r-dimensionalen 
lokalen Zusammenhanges einer abgeschlossenen Menge von Wichtigkeit sein: F’ heift 
r-dimensional lokal zusammenhingend, wenn fiir jedes ¢« man ein solches d finden kann, 
daf jeder in einer ¢-Umgebung eines beliebigen Punktes von F liegende héchstens 
r-dimensionale Vollzyklus in einer e-Umgebung desselben Punktes homolog Null ist. 

Wie ich persénlichen Mitteilungen Herrn Alexanders entnehme, ist auch ihm dieser Begriff 
bekannt. Als eine natiirliche Verallgemeinerung des entsprechenden eindimensionalen Satzes, 
kénnte man sich z. B. folgende Frage stellen: Kann man behaupten, daB jede in bezug 
auf eine einfache geschlossene Kurve irreduzible Membran, deren simtliche Brouwerschen 
Zahlen verschwinden und die zweidimensional lokal zusammenhiangend ist, notwendig ein 
zweidimensionales Element darstellt? 
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ist ein Vollzyklus in F’, wenn die Zyklen rm Zyklen in F sind (im Sinne 
der Definitionen des § 5 des Kap. IV), die folgender Bedingung geniigen: 
zu jedem «>O 1JaBt sich eine natiirliche Zahl k bestimmen, so da8 
fir alle h = 0, 1, 2,.-- die Zyklen 7x4, ¢-Zyklen sind, die samtlich 
in S(F’, «) liegen und dortselbst untereinander «-homolog sind. 
Offenbar geht jeder Vollzyklus von F” (in diesem neuen Sinne) in einen 
Vollzyklus von F” (in unserem friiheren Sinne) mittels einer unendlich 
kleinen Abanderung iiber. 
Es ist bequem, sich auch fiir den Begriff einer Homologie 











r~0 (in F’, FC F) 













einer analogen Modifikation zu bedienen. 
Fiir die so modifizierten Begriffe beweist man miihelos folgende Tat- 

sachen: 

1. Der Durchschnitt zweier Traiger von r ist ein Trager von r. 

2. Wenn jede der abnehmenden abgeschlossenen Mengen 











FOOD: Of: 





(3) 








Trager des Vollzyklus r ist, so ist auch der Durchschnitt F aller Mengen (3) 
Trager desselben Zyklus (es geniigt ja zu bemerken, dafi die Mengen F, 
zu ihrem Durchschnitt konvergieren). Aus diesen beiden Eigenschaften folgt, 
daS der Durchschnitt aller Traiger von r wiederum ein Trager (und zwar 
der kleinste Trager) von r ist. Wenn man bei unserer urspriinglichen 
Definition bleiben will, so ist letztere Behauptung dahin zu modifizieren, 
daB es fiir jeden Vollzyklus r eine kleinste Menge gibt, die als Trager 
eines von t durch unendlich kleine Abainderung entstandenen Vollzyklus 
i auftritt. 

e Analoges ist mutatis mutandis auch fiir Homologietriger zu bemerken. 
. | Es ware eigentlich am bequemsten, jede Menge F’C F, in welcher der 
ih Vollzyklus r homolog Null ist, als Trager der Homologie r ~ 0 zu bezeichnen 
und dabei nur vorauszusetzen, daB die Komplexe Qc’ — rm in S(F’, &m), 


lim ém = 0, liegen. Ebenso wie im Falle der Vollzyklen selbst kinnte 
m >a 


ia man von kleinsten Tragern einer Homologie sprechen (das sind dann gerade 
die “irreduziblen Menbranen’’); nur besitzt im allgemeinen eine Homologie 
mehrere kleinste Trager. 

E Fiir die so gewonnene neue Definition eines Homologietrigers gilt ohne 
4 weiteres der Satz II des Kap. IV sowie die Theorie der §§ 16-30. Man 
. | sieht iibrigens, daB jeder Homologietriger in diesem neuen Sinne einen 
Homologietriger im Sinne der Def. II des § 15 enthalt, wihrend jeder 
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Homologietrager im alten Sinne erst recht ein solcher im neuen Sinne ist. 
Deshalb ist die ganze Abinderung der Definition — abgesehen vielleicht 
von ihren methodologischen Vorziigen — nur von geringer Bedeutung. 


Anhang II.* 
DER GEOMETRISCHE DIMENSIONSBEGRIFF. 


Die obige Darstellung regt zur Einfiihrung einer (wenigstens a priori) 
neuen topologischen Invariante ein, welcher wir den Namen der geometrischen 
Dimension einer abgeschlossenen Menge geben. 

Definition der geometrischen Dimension. Unter der geometrischen 
Dimension der abgeschlossenen Menge F wird die grifte Zahl A(F) = r+1 
verstanden von der Eigenschaft, daf es in F einen nicht identisch ver- 
schwindenden r-dimensionalen Vollzyklus x gibt, der in F homolog Null ist. 
Wenn es einen solchen Zyklus fiir kein r gibt, ist definitionsgeméf A(F) = 0; 
wenn zu jedem noch so grofen r ein in F' berandender®™ nicht identisch 
verschwindender r-dimensionaler Vollzyklus existiert, heift F unendlich- 
dimensional. 

1. Wir werden im folgenden unter A(F) stets die geometrische, unter 
dim F' die gewéhnliche (‘‘mengentheoretische’) Dimension der Menge F 
verstehen. Aus dem Satz II des Kap. IV folgt sodann ohne weiteres, dai 
dim F' > A(F) fiir jedes F ist. Daraus folgt wieder, daB die geometrische 
Dimension eines (im gewéhnlichen Sinne) n-dimensionalen Komplexes gleich n 
ist. Ebenso leicht itiberzeugt man sich davon, daf fiir eine im A” liegende 
abgeschlossene Menge F dann und nur dann A(F’) = » gilt, wenn F innere 

' Punkte enthalt. Aus dem Hilfssatz des § 21 (Kap. IV) folgt ferner, dab 
der soeben eingefiihrte Dimensionsbegriff dem Browwerschen Invarianz- 
prinzip geniigt, d.h., daB die geometrische Dimension nicht durch k. T. 
erniedrigt werden kann. 

Weitere Satze beziehen sich auf Teilmengen Euklidischer Raiume. Man 
beweist zunichst leicht (mit Hilfe von Kap. IV, Satz V): 

I. Wenn F einen nicht identisch verschwindenden yr -+-1-dimensionalen 





*In diesem Anhang sollen einige Resultate zusammengestellt werden, welche unmittelbar 
an die vorliegende Arbeit (insbesondere an das Kap. IV) anschliefen und einerseits fir 
diese Arbeit einen gewissen Abschluf bilden, andererseits aber zu ganz neuen Frage- 
stellungen fiihren. Hier sollen nur kurz die Resultate selbst skizziert werden; eine aus- 
fiihrliche Darstellung (insbesondere die Beweise) findet der Leser in meiner Arbeit “Zum 
allgemeinen Dimensionsproblem” (Géttinger Nachrichten, Sitzung 6. Juli 1928). Es sei 
noch bemerkt, da die in letzterer Arbeit (Fubnote 12) irrtiimlicherweise gegebene Definition 
des Trigers eines Zyklus durch unsere Definition I (Kap. IV, § 15) zu ersetzen ist (beide 
Definitionen sind iibrigens aquivalent — bis auf erlaubte Abainderungen von Vollzyklen 
im Sinne des Anhanges I). 

64 Berandet = homolog Null. 
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Zyklus enthilt (r > 0), so enthilt F auch einen berandenden nicht identisch 
verschwindenden r-dimensionalen Zyklus. 

Daraus ergibt sich unmittelbar: 

Il. Wenn die r-te Brouwersche Zahl von F von Null verschieden ast, so 
ist A(F) > r. 

Il. Wenn A(F) = m ist, so gibt es zu gedem r, OS ry < m—1, einen 
nicht identisch verschwindenden berandenden r-dimensionalen Vollzyklus. 

Aus dem Satz I folgt, daB, wenn / C FR” ist und der Zyklus y”~*— in 
Rk” — F liegt und dort nicht berandet, A(¥’) = r ist. Insbesondere hat 
die Begrenzung eines beschriinkten Gebietes des 7?” stets die geometrische 
Dimension n —1. 

2. Definitionl. Hs see FC R” und a ein Punkt von F. Wir sagen, 
dap F in der Niihe von a ein r-dimensionales Hindernis darstellt, wenn es 
eine positive Zahl « von der Beschaffenheit gibt, daP bei jedem noch so kleinen 
0 in (R" — F)-S(a, 0) Zyklen y"-*— liegen, welche in (R" — F)-S(a, €) 
nicht beranden. 

Als Rechtfertigungssatz fir den neuen Dimensionsbegriff ist folgender 
Satz zu betrachten: 

IV. Es sei FC R"; A(F) ist dann und nur dann gleich r, wenn F in 
der Niihe mindestens eines Punktes ein r-dimensionales Hindernis und nirgends 
ein Hindernis hiherer Dimension darstellt. 

Beim Beweise dieses Satzes spielt der Begriff einer «-Modifikation eines 
gegebenen Komplexes K” eine wesentliche Rolle. Darunter wird eine 
Abinderung des Komplexes K” verstanden, die darin besteht, da{ man jedes 
Simplex 77 von K” (0 < r < m) durch einen (eventuell singularen) Polyeder- 
komplex Z; ersetzt, und zwar so, daf dabei folgende Bedingungen erfiillt seien: 

a) wenn 7; >2 T}" ist, so ist Z7 > 2 Z; 

b) es gibt fiir jedes x und jedes ¢ einen Punkt x; C 7;. so dak 77 +-Z7 CS(zj, €) 
ist; (der Komplex A” ist in einer so feinen Simplizialzerlegung zu 
denken, daB seine simtlichen Simplexe 7; kleiner als « sind). 

Der Beweis von IV stiitzt sich im wesentlichen auf den verallgemeinerten 
Phragmén-Brouwerschen Satz (Satz V des Kap. IV) und ergibt gleichzeitig 
mit dem Rechtfertigungssatz folgendes Ergebnis: 

IV’. Eine im R” gelegene abgeschlossene Menge F hat dann und nur dann 
die geometrische Dimension 7+, wenn bei jgedem « jeder hichstens n—r—1- 
dimensionale Komplex mittels einer ¢-Modifikation von Punkten der Menge F 
befreit werden kann, wiihrend ein solcher n—r-dimensionaler Komplex K"" 
und ein solches « gefunden werden kinnen, dafi K"~* und jede e-Modifikation 
desselben mit F' gemeinsame Punkte hat. 

Zum letzteren Satz ist zu bemerken, da{B — wie man dem _ bekannten 
Beispiel von Antoine mihelos entnimmt — in seiner Behauptung die 
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é-Modifikationen der Komplexe nicht durch «-Deformationen ersetzt werden 
kénnen. Dagegen gilt folgendes Resultat: 

IV”. Wenn FC R” ist, so ist dann und nur dann dim F = r, wenn 
man bei jedem € jeden hichstens n — r — 1-dimensionalen (aber nicht jeden 
n — r-dimensionalen) Komplex mittels «-Deformationen der Menge F von 
Punkten letzterer Menge befreien kann. 

3. Die weitere Untersuchung der geometrischen Dimension geschieht auf 
Grund folgender Begriffsbildungen. 

Definition Il. Es sei A(F) =m und a ein Punkt von F; a heift ein 
direkter Kernpunkt von F, wenn es ein solches « gibt, dap bei jeder &-Aus- 
sonderung® F = A+B+D des Punktes a die Menge B einen m— 1- 
dimensionalen Vollzyklus enthiilt, welcher in A-+-B, aber nicht in B homolog 
Null ist. Ein direkter Kernpunkt einer abgeschlossenen Teilmenge von F 
heift schlechthin Kernpunkt von F. Ein Punkt von F, der kein Kernpunkt 
ist, heiBt ein absoluter Randpunkt von F; die Gesamtheit aller solchen 
Punkte bildet den absoluten Rand von F. 

Jede abgeschlossene Menge (endlicher geometrischer Dimension) enthalt 
Kernpunkte; es gilt sogar mehr: der absolute Rand einer m-dimensionalen 
Menge kann héchstens m— 1-dimensionale abgeschlossene Mengen ent- 
halten. Das alles ist in einem fiir die ganze Theorie grundlegenden Satze 
enthalten, zu dessen Formulierung wir wieder eine neue Definition brauchen: 

Definition II]. Eine abgeschlossene Menge ®. heifit eine Kernmenge, 
wenn © = G ist, wobei G eine aus lauter direkten Kernpunkten yon ® 
bestehende (in ®) offene Menge ist. 

Sodann lautet unser Satz folgendermafen: 

V. Jede abgeschlossene Menge von der geometrischen Dimension m enthiilt 
eine m-dimensionale Kernmenge, und zwar eine solche, die durch keine 
hichstens m — 2-dimensionale abgeschlossene Teilmenge zerlegt werden kann. 

Auch beim Beweise dieses Satzes bildet der verallgemeinerte Phragmén- 
Brouwersche Satz das wesentliche Hilfsmittel; es zeigt sich iiberdies beim 
Beweise, daB die m-dimensionale Kernmenge ® = (G, deren Existenz die 
Behauptung des Satzes IV bildet, folgende fundamentale Eigenschaft hat: 

Wenn man in der abgeschlossenen Menge @ die Teilmenge #” — G— G 
durch einen Punkt & ersetzt®, so entsteht ein m-dimensionales geschlossenes 
Gebilde @* — G+. 





65 Kine Zerlegung F— A+ B+ D der abgeschlossenen Menge F in drei paarweise 
zueinander fremde Teilmengen heift eine e-Aussonderung des Punktes a, wenn A und D 
offen sind (also B abgeschlossen ist) und iiberdies ac A, A+ BCS(a, £) ist; wichtig 
ist, daB im Fall e'<e jede e’-Aussonderung zugleich eine e-Aussonderung ist. 

66 Der Punkt £ erhalt als Umgebungen die Mengen U(&) = &+-(—¥), wo I eine beliebie, 
die Menge ¥ enthaltende, offene Teilmenge von @® ist. 
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(Dabei sagen wir, daf eine abgeschlossene Menge F' ein m-dimensionales 
geschlossenes Gebilde ist, wenn A(/’) = m ist und wenn iiberdies man F 
in einen R” so einbetten kann, da6 es einen mit F irreduzibel verschlungenen 
Zyklus y*~’-! in R*—F gibt; eine invariante Charakterisierung der 
geschlossenen Gebilde ist in den §§ 16—18 des Kap. IV gegeben.) 

Ein unmittelbares Korollar des Satzes V ist: 

Wenn G im Kleinen kompakt ist, so ist die geometrische Dimension des 
(eindeutig bestimmten) kompakten Raumes F = G+6&, in den G durch 
3 topologische Hinzufiigung eines Punktes iibergeht®’, gleich dem Maximum der 
aa Dimensionen der kompakten abgeschlossenen Teilmengen von G. 

4 Auch folgender Additionssatz ergibt sich leicht aus dem Satz V: 
- VI. Wenn F = 3h und A(F) = m ist, so ist fiir mindestens ein k 
= 


A( Fx) = m. 
: 4. Die fundamentale Frage: ob stets A(F’) = dim F ist, bleibt bis jetzt 
‘ unentschieden. Sie ordnet sich in folgende Fragestellung ein, die ich als 
das allgemeine Dimensionsproblem bezeichne und als die vielleicht aktuellste 
| gegenwirtige Frage der mengentheoretischen Topologie (im weitesten Sinne 
‘ des Wortes!) betrachte: 

Gegeben seien eine abgeschlossene Menge F, eine natiirliche Zahl n und 
eine ganze Zahl r, OF rln—1; man nehme an, das zu jedem 
r-dimensionalen Vollzyklus « der Menge F man eine zum Triiger von v fremde 
hichstens n—vr—1-dimensionale Menge © finden kann, so dag rin F—@® 
nicht berandet® und daf es Volizyklen x gibt, fiir die man letzteres Ergebnis 
- mit keiner Menge ® von einer Dimension <<n—r—1 erreichen kann. In 
welchen Fiillen lift sich aus obiger Sachlage schliefien, daf F (im gewthn- 
lichen bzw. in unserem Sinne) n-dimensional ist ? 
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Anhang III.* 


o 3 GESCHLOSSENE. CANTORSCHE MANNIGFALTIGKEITEN 
UND IRREDUZIBLE MEMBRANEN. 









Aus dem verallgemeinerten Phragmén-Brouwerschen Satz (Kap. IV, § 29, 
; Satz V), ergibt sich leicht folgender, wie mir scheint, wichtiger 
' ih: Satz VIL. Jede m-dimensionale geschlossene Cantorsche Mannigfaltigkeit F 
kann stets (und zwar auf unendlich viele Weisen) als Vereinigungsmenge 
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* 
3 67 Vgl. Alexandroff, Math. Ann. 92, (1924), S. 294. 
@ 68 Es gibt verschiedene Méglichkeiten zu definieren, wann ein Vollzyklus eines im Kleinen 
- kompakten Raumes nicht berandet; vgl. hierzu die schon zitierte Arbeit “Zum allgemeinen 
Dimensionsproblem”, FuBnoten 29 und 8. 

* Zu diesem Anhang bin ich yon der Druckerei angeregt worden, welche auf diese Weise 
die durch die vorigen Anhinge zerstérte Paritit der Seitenzahl des Heftes herstellen wollte. 
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zweier (in bezug auf denselben m —1-dimensionalen Vollzyklus 8) irreduzibler 
Membranen F’ und F" dargestelit werden, so daf iiberdies F’ = G, und 
F” = G, ist, wobei G, und Gz zwei zueinander fremde nicht leere offene 
Teilmengen von F sind (und F’. F" in F nirgends dicht ist).® 

Beweis. Vorbemerkung. Auf Grund des Mengerschen Einbettungssatzes 
kénnen und wollen wir annehmen, da6 F eine Teilmenge von J” ist (nm hin- 
reichend groB). 

Es sei ® eine beliebige nirgends dichte abgeschlossene Teilmenge von F’. 
durch die letatere Menge zerlegt wird: 


F=G6,+0+4,, F = G,+Gs, G+ G, = 0. 





Vermége des verallgemeinerten Phragmén-Brouwerschen Satzes existiert 
in G,-G, ein m—1-dimensionaler Vollzyklus $, welcher in F, = G, und 
Fy = Gs, jedoch nicht in F, - Fy berandet. Vermége des Satzes VI (Kap. 1V) 
existiert sodann eine in bezug auf $ irreduzible Membran F’ C F, und eine 
ebensolche Membran F”C Fy. Die abgeschlossenen Mengen F” und F” 
haben folgende Eigenschaften: 

1. F°C RR; F°C BR; 

2. jeder n — m — 1-dimensionale Zyklus in Rk” — F’’ und jeder ebensolche 

Zyklus in Rk” — F” ist dortselbst homolog Null; 

3. es gibt in F’: F” einen m — 1-dimensionalen Vollzyklus (naimlich 8), 

welcher in F’ und in F'”, aber nicht in F’. F” berandet. 

Auf Grund des Satzes V existiert also ein y"-”""C R°—(F"+ F"), 
welcher dort nicht berandet; also ist 8" (F’+ F”) > 0 und mithin F’+ F” 
= F, also (da F°C G,, FC G, und G,-G, = 0 ist) F’ = G,, F"= G 
womit alles bewiesen ist. 

Es ware interessant festzustellen, ob man in der Formulierung des 
Satzes VIII verlangen kann, daf 7”. F” mit dem kleinsten Trager des 
Vollaykius 8 identisch sei. 


69 Man vergleiche diesen Satz mit den bekannten Sitzen iiber irreduzible Kontinua und 
ebene Gebietsgrenzen. 
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SEMI-PARALLEL TRANSFORMATIONS OF LINES 
OF CURVATURE.* 


By M. M. Stornick.+ 











1. Let S and § be two surfaces in one-to-one point correspondence such 
that the tangent planes to the two surfaces at corresponding points, P 
and P, are not parallel. If there exist two families of curves, one on 
each surface, which have the property that they correspond and have 
parallel tangents at corresponding points, the surfaces are said to corres- 
pond by a semi-parallel map.t We propose to discuss the case in which 
the curves corresponding by parallel tangents are lines of curvature on 
; the surfaces, and the lines of curvature on the two surfaces correspond. 
13 Let the two surfaces be represented parametrically so that corresponding 
points have the same curvilinear codérdinates; i. e., 
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(1) S: 2 = x(u, v),§ S: % = Z(u, v). 








The families of lines of curvature, one on each surface, which correspond 
by parallel tangents shall be the uw-curves; the other families of the lines 












I of curvature shall be the v-curves. 

4 i 2. Since the lines of curvature of a surface form a conjugate system, 
. | we must have 

i (2) fy = OU, fy = aU, 








where U represents a triple of functions of u alone.| For the same reason, 
f=0; and because the lines of curvature form an orthogonal system, 
F=0.9 The point equation of the lines of curvature of S is 


_ Zs 
Gun — vloeV 6.+ blog VG 8,. 
Ov Ou 


Consequently, as seen from the first of equations (2), @ must be a function 
of v alone. The same is also true for the surface 8S. 


¥ ee 
* Received February 22, 1928. 
+ National Research Fellow. 
t W. C. Graustein, Semi-parallel maps of surfaces, Annals of Math. (2), vol. 27, pp. 271-27. 
§I.e., x = x (es, v), ¢= 1, 2, 8. 
- \| Loc. cit. § 3. 
4 qj The first and second fundamental quadratic forms of S are written: 







Tai ct trendline Rains 
A ES 







a eee ate nes 











‘ - Edw+2Fdudv+Gdv’, edw?+2fdudv+gdv’. 
, 188 









SEMI-PARALLEL TRANSFORMATIONS. 189 


The v-curves on both surfaces are seen to be geodesics, and being at 
the same time lines of curvature, are therefore plane curves. Hence the 
surfaces S and S are surfaces of Monge or molding surfaces. * 

Since the tangents to corresponding u-curves at corresponding points 
are parallel, the planes of corresponding v-curves are either parallel or 
coincident. Hence corresponding rulings of the director-developables of 
both surfaces are either parallel or coincident. 

A necessary:and sufficient condition that two surfaces be related by a semi- 
parallel map in which the lines of curvature correspond and such that the 
curves which correspond by parallel tangents are lines of curvature on their 
respective surfaces is that the surfaces be either surfaces of Monge, the edges 
of regression of whose director-developables are in a Combescurian relation 
or identical, or molding surfaces whose director-cylinders have parallel rulings 
or are identical.t Corresponding plane generating curves (which are lines 
of curvature on the surfaces) are those lying in corresponding parallel or 
coincidental planes; and the lines of curvature corresponding by parallel 
tangents are the orthogonal trajectories of these plane curves. 

The sufficiency of this condition is at once evident from the definitions 
of sufaces of Monge and molding surfaces, when surfaces of these types 
are related to one another as indicated in the theorem. 

3. The point equation of the lines of curvature on 8S is 


dlog VE 
(3) tw = 
Hence 


and therefore the triple of functions U of wu alone are such that 
i+U2+Us = 1; 


i.e., U represents the direction cosines of the tangential directions to the 
u-curves. 

In order that a surface S:z be in the relation of a semiparallel map 
with S of the type under discussion, the following equations must be 
fulfilled : 

(5) Zu = AU, fo = hut+7f, 

* Cf. L. P. Eisenhart, Differential Geometry, pp. 305 and 307. 

TIf corresponding generating plane curves of the two surfaces in the map are in 
a Combescurian relation, the map will be a parallel one. We shall include this case, and 
only this case, of a parallel map, as a special type of the semi-parallel maps under 
discussion. 
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where € represents the direction cosines of the normal to S. These 
equations are compatible if and only if 






(6) Wee | 2 
Ay = 0, Yu = 0. 


hy BE,—2ye 






The fact that 8 and y are functions of v alone leads to the fact that G 
is a function of v alone (ef. equations (5)), which has already been noted. 

Given, now, any arbitrary functions # and y of v only. Then any 
function 2 of uw and v, satisfying the first of equations (6), will render 
equations (5) compatible; and so determine surfaces S:Z which are mapped 
on S by a semi-parallel map in the manner we are discussing. The existence 
of such maps and the relations of the surfaces in the map to one another 
have already been made evident geometrically above. 













t 4, Consider now two surfaces or two molding surfaces S:a and S:z, 
| with the same director-developable, whose plane generating curves are in 
a any one-to-one point correspondence. The lines of curvature on the 






surfaces will be in the relation of a semi-parallel transformation of the 
f type being discussed here. The normal to S, whose direction cosines we 
| ie indicate by ¢, lies in the plane of the generating plane curve. Consequently 
the codrdinates x are of the form 








x= 2+em+8. 






From geometric considerations, @ and o must be functions of v alone. 
a 2 This follows analytically when we demand that equations (5) be fulfilled.* 
i i It is evident that two surfaces of Monge or two molding surfaces with 
a the same director-developable and mapped by a semi-parallel map of our 
: 4 type will have their lines of curvature corresponding by a fundamental 
transformation.t That is to say, the developables of the congruence of 
the lines joining corresponding points of the two surfaces intersect the 
surfaces in their lines of curvature. The point of intersection, P, of the 
tangents to the plane generating curves at corresponding points also traces 
a surface of Monge or a molding surface—according as the case may be— 
with the same director-developable and in the relation of a semi-parallel 
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*Tf 7 = og we have the case in which the map “’ S on S is a parallel one; i. e., 
the correspondence between corresponding plane generating curves is Combescurian. We 
have agreed to include this case as a special type of our semi-parallel maps. 

+L. P. Eisenhart, Transformations of Surfaces, Princeton (1923), p. 34. 
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map of our type with both S and S. The lines of curvature of the surface 
traced by P is a Levy transform* of those of S and 8, 

In order that a semi-parallel map of our type be also fundamental, the 
tangents to each pair of corresponding plane generating curves at corre- 
sponding points must intersect one another. If the plane generating curves 
lie in parallel planes, this is impossible. Hence the only case of a fundamental, 
semi-parallel transformation of the lines of curvature is that in which both 
surfaces have the same director-developable. 

The lines of curvature of any two surfaces of Monge or molding surfaces 
having the same director-developable are related to one another by a fundamental 
transformation which is also semi-parallel. Conversely, if the lines of cur- 
vature of two surfaces are related to one another by a semi-parallel, funda- 
mental transformation, the surfaces are either surfaces of Monge or molding 
surfaces with the same director-developable. 

5. We shall now consider the case of two surfaces of Monge (not molding 
surfaces) with the same director-developable in more detail. 

Let C be a skew curve: y = y(u), the parameter uw being chosen so 
that du = do/o, where a is the are of C and 1/¢ its curvature. Let @, 8,7 
each be triples which represent the direction cosines of the tangent, principal 
normal and binormal of C, respectively. 

A surface S: « = x(u,v), traced by a curve in the osculating plane 
of C may be parametrically represented by 


(7) v= y(u)+A(u, v) @(u)+r(u, v) Bu). 


In order that every point x trace an orthogonal trajectory of the osculating 
plane of C, the coefficients of @ and # in 


(8) tu = @+4u—vatd+mat+—"y 


obtained by the use of the Frenet-Serret formulas, must vanish. Here 1/r 
is the torsion of the curve C. The surface is a surface of Monge on which 
the lines of curvature are parametric, the v-curves being plane. The 
equation of the surface S may now be written 


(9) r= y—vnyatr®Z, 


where “u.+»—g = 0. The equation of a second surface of Monge, 
S, with the same director-developable is of the form: 


(10) r= y—matyAZ. 


* Loc. cit., p. 18 and p. 39. 
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We have then : 
= Q 


(11) ty = Sy, ee: 








From these equations the torsions of corresponding u-curves are found to be 






1 t a t 


(12) T v0 ’ T ve 


i.e., from (11) 
(13) 








The tangents to corresponding v-curves of (9) and (10) at corresponding 
points intersect in a point whose codrdinates can be written 







(14) a+ ety = T+ Ma. 





: We assume that the plane generating curves of both surfaces are not in 
4 a Combescurian relation.t The differentiation of (14) with respect to u 
yields the fact that w and wp are functions of v alone. 

We have seen in the preceding section that the semi-parallel map 
existing between the lines of curvature of two surfaces of Monge with 
the same director-developable is also fundamental. The invariant of a 
fundamental transformation may be defined as the cross ratio in which a 
pair of corresponding points — one on each surface of the map — is 
divided by the focal points of the line joining them.{ In our case it is 
: found to be 














_ Tp 
=F 










Since both » and w are functions of v alone, J will be constant for 
points along the curves mapped by parallel tangents if and only if 7/7 
is a function of v alone. 










*It is of interest to point out that with the parameter « chosen in the manner here 
indicated and v chosen as the are of the plane generating curve, the square of the linear 
element of a surface of Monge can be put into the form 


ds? = T*du?+dv?. 


The functions 7 and y here are the same as 4 and U respectively in equations (5). 

+ If such were the case, the map would be a parallel one. We have heretofore included 
this case in our discussion; and the following theorems, in fact, hold in this case 
also. This follows from the fact that if the relation between the two plane generating 
curves in corresponding positions is Combescurian, we shall have x, = Va, where V is 
a function of v alone. 

+ Cf. W. C. Graustein, An invariant of a general transformation of surfaces, Bull. Amer, 
Math. Soc. vol. 32 (1926), p. 359, 
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A necessary and sufficient condition that the invariant of the semi- 
parallel, fundamental transformation existing between the lines of curvature 
of two surfaces of Monge with the same director-developable be constant 
along each pair of curves — one on each surface — corresponding by 
parallel tangents is that the ratio of the torsions of the curves of each such 
pair be constant. “A 

From (12) we see that 7/7’ = »/y. Consequently, if J is to be a function 
of v alone, »y = V(v)v. Equations (9) and (10) become respectively 


, y — (va — vB), r= y — Vv) (vy a — v8); 


i.e., corresponding points x, x, and y are collinear. Conversely, if this 
is the case, the ratio v/y is a function of v only. 

A necessary and sufficient condition that the invariant of the semi- 
parallel, fundamental transformation existing between the lines of curvature 
of two surfaces of Monge with the same director-developable be constant 
along each pair of curves — one on each surface — corresponding by 
parallel tangents is that corresponding points of the two plane generating 
curves be collinear with the point of contact of their plane with the edge 
of regression of the director-developable. 

We shall now discuss the case of two molding surfaces with the same 
director-cylinder, 7. Let C: y= y(u) be the parametric representation 
of any right section of 7, where u is chosen so that du = da/@, o being 
the are of C and 1/@ its curvature. 

A point in a tangent plane to Ff has codérdinates of the form 


x= yt+idat+ry. 


Here « is a triple representing the direction cosines of the tangent to C, 
and y one representing those of the binormal. The direction y is constant 
and is that of the rulings of I. 

Using the Frenet-Serret formulas and demanding that x trace an ortho- 
gonal trajectory of the tangent planes to I, we have 


(15) Ly = AB, 
(16) e+s4, = 0, v, = 0. 
Hence a molding surface with I as its director-developable is parametric- 


ally represented by 
(17) S: 2 = y(u)+Alu, v)e+r(v) y(u), 


and the parametric curves are the lines of curvature. The function 4 is 
such that it satisfies (16). 
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Let S be another molding surface with I as its director-cylinder: 





(18) S: & = y(wtatu, etre). 
where 
(19) 








Assuming that the generating plane curves of S and S in corresponding 
positions are not in a Combescurian relation,* the tangents to those curves 
at corresponding points will intersect in a point whose coérdinates are of 
a6) the form (14), and here, too, » and w are functions of v alone. 














at The invariant of the semi-parallel, fundamental transformation established 
ia between the parametric curves of S and S is, in this case, 
| 
2 T Le 
Au 






Hence J is a function of v alone if and only if 2/2 is a funetion of v 
alone. From (16) and (19), it follows that (A— A), 0. Hence both 4 
Le and 4 are functions only of the parameter v. In that case, however, 
i. hi g must vanish (cf. equation (16)); i.e., / is a line and the molding sur- 
ee faces S and S reduce to surfaces of rotation. 

i The invariant of the semi-parallel, fundamental transformation existing 
d between the lines of curvature of two molding surfaces with the same director- 
















; 

| cylinder is constant along each pair of curves—one on each surface—corre- 
i } sponding by parallel tangents if and only if the director-cylinder is a line. 
a The two molding sw:faces are then surfaces of rotation with a common axis, 
i and corresponding plane generating curves are those coplanar with the 
i common axis of rotation. 

i * Of. second footnote in § 5. 

- Princeton UNIVERSITY, 





one February 22, 1928. 
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ON THE LINEAR ORDINARY q-DIFFERENCE EQUATION.®* 


By C. Raymonp ADAMs. 


Introduction. The equation 


(1) Zz u@sgra) = 0, 


in which the a;(x) are known functions of the complex variable zx, q is 
a constant +0, and f(x) is the function to be determined, is called the 
homogeneous linear ordinary q-difference equation of the mth order. We 
assume the coefficient functions a;(2) to be analytic or to have poles of 
finite order at the origin; then there is no lack of generality in supposing 


(2) a(x) = ao+anxr+ae2x?+--- (¢ = 0,1,--+,m) 


for |x|<R, with at least one of the constants aj different from zero. 
The algebraic equation 
(3) Aoo 0" + a0 Q"—* +++ ++ An—-1,00 + Gro = O 


is termed the “characteristic equation for « = 0” of (1). We distinguish 
two essentially different cases according as the roots of the characteristic 
equation are or are not all finite and different from zero. In the first of 


these cases (when |q| is +1) the existence of a set of m power series 
formally satisfying (1), which converge for |~|< R and thereby provide 
a full set of solutions analytic in the vicinity of the origin, may be inferred 
from the general theorems of Grévyt on functional equations. This case 
has also been studied by Rydet and, in part, by Carmichael.§ In the 
second case, which from a reasonable point of view is the more general, 
the question of existence of formal and analytic solutions has been left 
practically open.|| 

This paper aims especially to present a new treatment of the first case, 
which has quite clear advantages of simplicity and brevity over the earlier 
studies of the problem, and to investigate the second case. In detail the 


* Received April 26, 1928. Presented to the American Mathematical Society, April 6, 1928. 

+ “Etude sur les équations fonctionnelles”, Thése (Paris), 1894; reprinted in large part 
in the Annales de l’Ec. Norm. Sup., (3), vol. 11 (1894), pp. 249-323. 

{“A contribution to the theory of linear homogeneous geometric difference equations 
(q-difference equations)”, Dissertation (Lund), 1921, 45 pp. 

§In his paper, “The general theory of linear g-difference equations”, Amer. Journ. 
Math., vol. 34 (1912), pp. 147-168, Carmichael imposes the restriction that no root of (3) 
shall equal the product of another by an integral power of q (including 9°). 

\|In a very limited way it has been touched on by Mason, “On properties of linear 
q-difference equations with entire function coefficients”, Amer. Journ. of Math., vol. 37 
(1915), pp. 439-444. 
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points of particular interest are as follows: (a) the method of power series 
with suitable convergence proofs is used throughout; (b) in both cases 
a full set of » series expansions formally satisfying the equation (1) is 
found* when |q| is +1 (§ 1); (c) by appropriate convergence proofs the 
existence of a full set of analytic solutions is established in the first case 
(§ 2); (d) the third and seventh paragraphs of § 2 provide a notably simple 
and concise proof of the existence theorems obtained by Carmichael;t+ 
(e) a study is made of the convergence of the formal series solutions in 
the second case ($3); and (f) a formal solution is found for the non- 
homogeneous q-difference equation of order m and inferences are drawn 
concerning its convergence. 

A parallel situation is found at infinity when the functions aj(a) are 
analytic or have poles there; the analogy is so complete that we leave 
the corresponding theorems to be inferred by the reader. 

1. Formal series solutions. In this section we shall merely state the 
facts concerning the series developments which formally satisfy the 
equation (1) in both cases. That the series do satisfy (1) formally may 
readily be verified by substitution and calculation of the coefficients. 

CasE 1: the roots of (3) are all finite and different from zero (doo + 0, Ano + 0). 
In this case the entire situation as regards formal series may be summed 
up thus briefly. 

Let oj = gq (j = 1,2,---, p) be a set of p roots (p= 1) of the 
equation (3) satisfying the following conditions: (a) 


(4) rj = 1— ™; (j = 2, 3,---, p), 


where mj is a positive integer or zero and the subscripts of the v’s are 
so chosen as to make 
0 < m < ms < --- < Mp; 


(b) no root of (3) outside this group is equal to g”*™” for m a positive 
or negative integer or zero. Then there correspond to the roots of this 
set p formal solutions of (1): 

x P(z), 

a"? [P(x)+tP(a)], 
(5) a* [P(z)+tP@)+t P@)], 

2’? [P(a)+tP(2)+ Piz) + --- +t?" P(a)], 


*Immediate application may be made here of a method introduced by the author in 
a recent paper, “On the irregular cases of the linear ordinary difference equation”, Trans. 
Amer. Math. Soc., vol. 30 (1928), pp. 507-541. This paper will hereafter be referred to as I. 
T Loe. cit., pp. 148-161. 











q-DIFFERENCE EQUATIONS. 


where we have 


and P(x) is used in a generic sense to denote a power series in x. 
Throughout this paper those determinations of logxz and logq will be 
taken in which the coefficient of V —1 is positive or zero and less 
than 27. 

Some of the coefficients in the power series of (5) are arbitrary; their 
distribution is worthy of note. In the first solution the constant term 
in P(x) is arbitrary and subsequent coefficients are determined uniquely 
in terms of it. In the second solution, if m, is zero, the constant term 
in each P(x) is arbitrary and coefficients that follow are uniquely deter- 
mined in terms of them; if m, is not zero, the constant term and the 
coefficient of x”? in the first P(x) are arbitrary and all other coefficients 
of both power series are uniquely determined in terms of them. Though 
the situation becomes more involved as one proceeds, similar statements 
can be made for the other solutions. 

It should be mentioned also that if mj; is zero for 7 = 2, 3,---,k<p, 
none of the power series in the first k solutions (5) that follows a power 
of ¢ may disappear entirely; in the contrary case this is not true. For 
example, in the second solution the second P(x) would vanish identically 
if mg were not zero and the following condition were satisfied: 


0 0 - + Lh,2,0 


» 0 - os Z,2,0 


0 0 - + DLm—s,2,0 | 
0 Lo, 2, mS °* ° Lm,—2,2,0 | 
Lo, 2,m,—1 Ly, 2, m,—2 wet: Lm,—1,2,0 


Peer Ln,2,m,—2 + + Lm,,2,0 


where 
a ie A +-J 
(6) Lin = ani 8 + ay Qe 9 +o. Aang + ani. 


CasE 2: some of the roots of (3) are infinite, or some are zero, or both 
(one or both of aoo, a,° = 0). This case may be treated as in I.*) We 
denote by ay, the first non-zero coefficient in a;(x)(¢ = 0, 1,---, ), and 
choosing ¢ and j axes plot the points (7,7;). A portion of a Newton 
polygon, which “roofs over” the sets of points (7,7;) and is denoted by 
L, is then constructed. 


* Loc. cit., pp. 511-513. 


- 


SO OBA Var Sn tee 


al ates Ra 
. 


snes 


oraard 
._ 


on. + oe 


- 


ES ee eR 


LEME AED Di ta REA CRA ONG ENO 


bs * > 7 +7 “ 
Sept eran MGS eT RS mm natal a : 


Cs Serf 


19-2 ng tenet x 














198 C. R. ADAMS. 


In this case it is a misnomer to call (3) the characteristic equation of (1), 
Sor there are in fact several characteristic equations, one associated with 
each segment of L. If one of the segments is horizontal, the characteristic 
equation associated with that segment (obtained from (3) by suppressing 
infinite and zero roots) picks out its quota of formal solutions precisely 
as (3) distinguishes m solutions in Case 1. In the case of a segment of 
slope « + 0, the transformation 


Bag 
(7) S (x) = q? . ” g(x) 


plays the réle of (8) in I and has the effect of bringing the segment of 
slope # into a horizontal position. 

In the first place let w be an integer and let the characteristic equation 
associated with the segment of Z having this slope possess a set of roots 
oj = 7'(j = 1, 2,---, p) satisfying the same conditions as does the set 
described under Case 1. Then there corresponds to this set of roots a set 
of formal solutions exactly like (5) except for the additional factor 


£ e- 
; ; 
q in each one. 


Secondly, let « be a fraction, 1/s in lowest terms and s positive; then 
after making the transformation (7) and suppressing the factors common to 
all the terms of the equation (1) we have an equation of the same sort 
except that certain of the power series coefficients are multiplied by a factor 
of the type x”’*, w being a positive integer. Let further the characteristic 
equation associated with the segment of Z in question have a set of roots 
0; = qi (j = 1, 2,---, p) satisfying conditions like (a) and (b) under Case 1 
except for the substitution of mj/s for mj and m/s for m; to this set of 
roots there corresponds a set of solutions just like (5) except that each 

# 
solution contains the additional factor q?° ~? and each power series P(x) 
is replaced by one proceeding according to the sth root of x, P(x’). 

2. Analytic solutions in Case 1. We propose to show that in Case 1 
a full quota of analytic solutions is provided by the formal series, which 
converge for x in the vicinity of the origin, when |q| is different from 1. 

Without loss of generality we may clearly assume a(x)= 1. It is 
evident also that |qg| may be taken >1: for, if |g| were <1, we might 
set f(q"x) = h(x) and q-! = q’; then (1) would be unchanged in type 
and would still come under Case 1, and |q’| would be >1. For the present 
it will be assumed further that all of the power series a;(x) (i = 1, 2, ---,n) 
have radii of convergence >1; a little later we shall prove that this 
hypothesis is not essential. 
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We begin by proving* directly the convergence of the series in the first 
of solutions (5), 
(8) x" (o+se2+ea + .--). 
The coefficient s, is determined by the relation (cf. (6)) 
k—1 


> si Tn-i,1,i 
i 
(9) ™ Lo, 1, & 


Considering first the numerator of this quotient, we observe that the power 
series a;(x) are convergent for x — 1; therefore we have 


|ay|< MM’ G = 1,2,---,m3 7 rena? 0,1,---). 





The quantities | q’*|(i = 0,1,---,»—1) have an upper bound MW”. As 
for the denominator, we may write 
| Lore | = | QF") . j1+ 
| 


a 
pete tos bm 

k may be chosen so large that the second factor on the right will 
be > 4; for such a value of k, say k,, and for all larger values the 
modulus of the denominator will exceed 3|9""*” |. For k<k,, we have 
| Loan) = Cx\q""*” |, where Cy is + 0. Let the least of the positive 
numbers C;, C2, ---, Cy,—1, 4 be denoted by C. Then we have 

k—1 


(10) nM’ M" \q \m—nae— >? | si | 
| |< — 
Cia" | |qi* 


Defining Ss» as | s9|, we obtain the following upper bound for sx: 


k-1 
nM 2 si 


| |< [qe 





(11) &k = 1, 2... 





where 
M’ M" 
C\ | 


As k becomes infinite the limit of 


k—1 
sie Si 
Sk ia| 8 lq | 


= ki 
Sk--1 “A a nM 

Sk + p> 8; Yicum +1 
f= 


is |q|; we therefore infer the convergence of (8) for |z|<|q. 





. This first proof is essentially the same as that of Mason, loc. cit., pp. 440-442. 
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If one of the subsequent solutions of (5) should reduce to the same type 
as the first through the identical vanishing of the power series which 
follow powers of ¢, the above proof covers the convergence of this series. 
It need only be observed that in this event the denominator of (9) is zero 
for some positive value (or values) of k, but that whenever it is, the 
numerator is also zero. 

Let us next consider the second solution of the set (5), 


(12) a *[(up + uy e+ uy a? «--) + t(so +5, 2+ sgx*+ «--)]; 


these s, are of course not to be confused with those of (9). Indeed we have 


k-1 

a 8 Lyi, 2,i 
~=0 

x= — 


Lo, 2,% ; 
and these constants satisfy inequalities exactly like (10) and (11); we 





v9) 
define their bounds s, as in (11) and infer the convergence of p Kx", 
1=0 


‘= 


co 
and therefore of > sa, for |a|<|q). Setting 
i= 


n(r;+D (n—1(r,-+1) oT 
Lin = NAD j +(n—1)aiq j -L aoe + An—1,iq'>" : 


we find that the u, satisfy the relations 


k—1 


2 [oti Ln —i, 2,i + 91 Lie-i,2,i] + 8x Lo,2,n 
t= 
“= ——— — 


Lo, 2,% 





Allowing M” now to stand for the bound of | q”*|(i = 0,1,---, ) and 
proceeding as before for (9), we find 


k-1 k—1 
nM | ui n(n—1) M 2 | si| n(n+1)M| % 
ae a ne 





| Uk |< 


Since, however, | s;| satisfies an inequality like (10), the sum on the right 
is less than 


k-1 
n*(n+ 1) M* & [\ui| +2/si/] 
Taare 


q 
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Defining %» as the modulus of w%, we obtain an upper bound wu for | u,! 
(k = 1,2,---) by replacing |u;| by ui; and |s| by s; in this expression. 
Let us examine the quotient 

















k-1 
“ | p> [wi t+23,) 
Uk aces iq! k—1 
Ue + Qn + 2 [ui +251) 
¢== 
(13) 1 
a lq! k—1 
n®(n+ 1) M? 2nM a" 
~[qeret TI Tet eS 
& (wi +2 
‘= 


es) k—1 
The series >’ s; is convergent. As k becomes infinite, )u; must either 
i=0 4=0 


| > 


approach a limit or become infinite; in either event the limit of the 
iv) 


quotient (13) is |qg|. Hence it follows that the series >’ ux? converges for 
i=0 


& 
\2|<|q|. This proof clearly establishes likewise the convergence of the 
series in any of the later solutions (5) which may perchance reduce to the 
type (12). 

It is manifestly possible to extend the above proof to cover the con- 
vergence of the series P(x) in all the other solutions of the set (5). 

We may now show that the hypothesis that all the power series a;(x) 
have radii of convergence greater than 1 is not necessary. Assume the 
smallest radius to be R<1. The power series a;(x/q*), where @ denotes 
a positive integer, are then all convergent for |~|<|q*|R, which exceeds 
1 for @ sufficiently large. If @ is so chosen, the equation 


(14) = ai (x/q") f (q"*“ x) = 0, 


by the above discussion, has a full quota of formal power series solutions 
si(a) (¢ = 1, 2, ---, n) all convergent for |z|<\q|. But s(q“x) (¢= 1, 2, ---, m) 
is then a formal solution of (1), of the type of those in (5), and convergent 
for |a|<|q'-*). 

By repeated use of the equation (1) it follows at once that 7f the co- 
efficient functions ai(x) are meromorphic, there exist n solutions of (1), 
si(a) (¢ = 1, 2,---, ), each of which is analytic over the entire finite plane 
except perhaps at the origin and at points which are congruent externally* 





*\q| being >1, the points qa, g*x,---[q-'x, q-*a,---] are said to be externally 
[internally] congruent to the point x. 
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to the poles of ai(x) (i = 1,2,---, ); at these latter points the solutions 
have poles or are analytic; in the vicinity of x =0 they are given by the 
convergent series developments (5). In the same way it may be concluded 
that, whatever the character of the functions ai(x) may be away from the 
origin, the formal series (5) converge and represent solutions s;(x) which are 
analytic for |a|<|q|R (with the possible exception of x = 0), where R is the 
minimum distance from the origin to a singularity of ai(x) (t = 1, 2,---, n). 
The general solution of (1) is 


I(x) = = pi(x) s(x), 


in which the pi(x) are arbitrary functions satisfying the relation p(qx) = p(x). 

If conditions like those here imposed upon the nature of the coefficient 
functions a;(x) at the origin hold also at infinity, there exists a second set 
of n solutions s; (2) (¢ = 1, 2,---, m) which are given in the neighborhood 
of infinity by expansions like (5) except that all the power series proceed 
according to 1/z. If, further, the a;(x) are polynomials [rational functions], 
the solutions of the first set are given in terms of those of the second 
set by relations 


si(x) = > Pi (x) s}(x), 
J = 


in which the functions p(x) satisfy the relation p(qgx) = p(x) and may 
be proved, as in the regular case, analytic [except for poles] away from 
zero and infinity. 

3. Analytic solutions in Case 2. It is readily shown by the methods 
of § 2 that in this case the formal series associated with the segment of L 
JSarthest to the left [right] are convergent when |\q| is >1[< 1]. An examina- 
tion of the coefficients of the series associated with other segments of L 
leads one to suspect that those series may be divergent. Nevertheless it 
is quite clear that they are sometimes convergent, for a q-difference equa- 
tion (1) may easily be constructed which has for solutions any specified 
set of convergent series of the type described under Case 2, §1. We 
proceed to a detailed investigation of the equation of second order. 

There is no loss of generality in taking the equation in the form 


(15) f(g?x) + (dor + aura + «+ )f(qx) + 2# (Q2,u+ deur 2+ -- f(a) = 0 


with w a positive integer and 
a0; 2, u + 0. 


This equation has two formal solutions 





q-DIFFERENCE EQUATIONS. 
(16) 8: (x) = 2 (so+812+4+ ---), 


4a 
(17) a(x) = gq?” a" (sot on2-+ +»), 


the first of which is convergent in the vicinity of < = 0. We propose 
to make use of (16) to reduce the order of (15). Defining the operator 4 
by the relation 


Ag(x) = g(qx) — g(x) 
and denoting its inverse by 2, we set 


T(x) = 8 (x) F(z). 
Equation (15) then becomes 


(18) d" (sotsugat --)g(qa) tla" (sotsu gat ---) 
+ (a+ au2+ -- )q° (S10 + S11 qzu+-:- ] g(x) = VU. 


By virtue of the equations determining the s,; (i = 0,1,---), the terms 
in the bracket of degree less than mw disappear; the term in 2“, however, 
has a coefficient not zero since a2,, is + 0. 

Equation (18) has a solution 


4 ee 
5 to) 


(19) g(x) = 4 x” (8 + 8,2 -+----), 


the series in parentheses being convergent for |z|< R. To evaluate g(x) 
is our next concern; if we set 


Ha 
=9(x) = q? af U(a), 


l(x) must be determined to satisfy the relation 


(20) at g” Ugur) — U(x) = %+5x2+---. 
A formal series expansion for /(z), 


(21) eS ee ee 


can readily be found; in fact the coefficients are determined to be 


;= ine (@¢ = 0,1,---,#—1), 
sith tt G@ =», +1,--). 
We now have formally 


Fey 
Sy(x) = ks, (x) q? 2 (ba t+hae+ ---) (k = const.) 
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since the constants (after ~) in the formal solution (17) are uniquely deter- 
mined save for an arbitrary constant multiplying the entire expression. 
It follows that the series in (17) will have a radius of convergence > 0 
according as that of (21) is => 0. 

One readily sees that the power series (21) formally satisfying a non- 
homogeneous q-difference equation like (20) has a radius of convergence 
that may be zero or not zero. An illustration of the first possibility is 
obtained when the series on the right in (20) reduces to a single term 
Smx™; this is easily proved by direct examination of the coefficients /;. 
The second possibility is clearly shown by letting the series on the right 
be determined by substituting for 7(x) in the left member any power series 
with a positive radius of convergence. 

But let us examine the series 











oe) 
(22) oe laut ait (j = 0,1,---,w—1). 
t= 
We may write 
(23) enpirtj = gM Ot )tAt2+---+m—De Q, | 
where 
Su4j Soutj ae 
ceed By Ca ¥ mutj 
Qm,j s+ qt + grt Fry gm rt D+A+2+---+m—D) 
and hence | 
Lim+1) wi git! Qm+1,j 








As m becomes infinite Qm,; becomes a series which is evidently convergent, 
since the ratio of the (n+ 1)th term to the nth is numerically equal to 


1 
| qr tine | 


Snutj 
Sint) wt 








the limit of the first factor is zero while that of the second is 1/R*, 
which is finite. The determination of whether a limit is approached by 
(24), and if so what limit, is not likely to be easy in general; it may be 
remarked, however, that a sufficient [necessary] condition that the radius 
of convergence of (21), and therefore of the series in (17), be zero [positive] 
is the non-vanishing [vanishing] of the sum [sums] of any one [all] of the 
series which the Qmj become as m increases indefinitely. 

The method here employed of reducing the order of the equation by 
the aid of known solutions may be used in studying the same problem 
for equations of higher order. We shall not attempt here a detailed 
analysis of the general problem; suffice it to say that the series associated 
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with segments of L other than that farthest to the left when |\q| is >1 
[right when |q| is <1] may either diverge or converge.* 

These results give rise to two interesting questions which we are not 
now prepared to answer, namely: When not all the formal solutions in 
Case 2 have positive radii of convergence, does there exist a full com- 
plement of solutions analytic in the neighborhood of the origin? In 
case such a set does exist, do the formal solutions which converge only 
for x = 0 provide an asymptotic representation of corresponding analytic 
solutions? 

4, The non-homogeneous equation. In this section we consider 
very briefly the equation obtained by adding to the left member of (1) 
a function b(x) of the same character as the a; (za): 


(25) = ai (x) f(g" z) + d(x) = 0. 


Without loss of generality we may assume the a;(x) to be as given by (2) 


and 
b(x) = bo + b; 2 + de x® 4- --- for jai < R, bo + 0. 


If among the quantities q' (i = 0,1,---) there are exactly p roots (p => 0) 
of (3), each root being counted according to its multiplicity, the equation (25) 
has a formal solution 


(26) s(x) = P(w)+tP(~)+--- + Pia), 


in which the coefficients of the power series P(x) may be calculated by sub- 
stitution in (25). If \q| is >1[<1] and the equation (3) has no infinite 
[zero] roots, we may further suppose ao(x) = 1 [an (x) = 1] and all the 
power series in (26) may be proved convergent in the vicinity of x = 0 by the 
methods of § 2. If \q| is >1[<1] and (3) has infinite [zero] roots, the 
series in (26) may or may not converge in the vicinity of x = 0. The 
last conclusion is drawn from the analysis of equation (20) in § 3. 

The general solution of (25) is of course given by the sum of a particular 
solution and the general solution of the associated homogeneous equation (1). 





* Equations with simple coefficients illustrating the two possibilities for the equation (15) 


= fQx) +af qx) +qxf@) = 0, 
of which the solution (17) is divergent, and 

(l1—qza’) f(q?x)—(lL+a—q2°+ qx) f(qx)+2(1—q? x’) f(x) = 0, 
of which the solution (17) is convergent. 


Brown UNIVERSITY, PROVIDENCE, R. I., 
April 23, 1928. 
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A GENERALIZATION OF THE CAUCHY-RIEMANN 
EQUATIONS.+ 


By K. P. WILiiaMs. 


1. In the customary development of the theory of functions of a complex 
variable the Cauchy-Riemann equations are derived as a necessary and 
sufficient condition that «-+-zv possess a derivative with regard to x+7y. 
The remarkable significance of this property leads to the conception of 
an analytic function of the complex variable. One of the important results, 
continually used, but not always commented upon, is that the sum, difference, 
product, and quotient of two analytic functions are analytic. If we reflect 
upon this property we see that the Cauchy-Riemann equations possess 
peculiar group properties with regard to certain operations. Or, if we 
please, we can say that those equations are related in an essential way 
to the formal rules for differentiating a sum, product, and quotient of two 
functions. This leads us to raise the question whether the possession of 
such properties is sufficient to completely identify the Cauchy- Riemann 
equations. One would hardly expect that it was. If indeed it is not, we 
will be led to seek a generalization of those equations, and so see the 
complex variable theory as a peculiarly significant and particularly simple 
case of a broader theory. 

2. The general considerations that precede are formulated with the 
precision necessary to an actual development in the following way. 

Let u(x, y) and v(x, y) satisfy the equation 


(1) Aue t+ buy+ cvrt+dvy = 0, 
where a,b, c,d are real constants, not satisfying any of the four cases: 


a=0, b=0; =0, d=0; 
c=0, d=0; =0, c=0. 


We propose the following problems: 

(i) Let it be required to annex to (1) another relation (or relations) 
such that if «* and v* are other functions satisfying (1) and the annexed 
relation, so also are U and V, where U-+-7V is the sum, product, or quotient 
of w+zv and u*+7v*, it being understood that U and V take the place 
of w and v, respectively, in (1). 





+ Received February 6, 1928; in revised form September 11, 1928. 
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(ii) If an undesirable generality remains, let it be required to find some 
other natural and significant condition to impose, which will either lead 
to the Cauchy-Riemann equations, or to a simple generalization of them. 

(iii) Let it also be required to find functions f(z, y), g(x, y) such that 
we can say in the general case that u-+-zv is an analytic function of f+ ig.t 

3. A necessary condition to annex to (1) in order to satisfy the require- 
ment (i) is easily obtained. We observe that u* — 0, v* = 1 is a solution 
of (1). It follows that U and V must satisfy (1) where 


U+iv = i(ut+iv). 


U = —v, V=u 


That is, 


must satisfy (1). Hence w and v must not only satisfy (1), but must also 


satisfy 
— aveg— bvy+cuz+duy = 0. 


This equation is distinct from (1); for the relations 
c=ka, d=kb, a=-—ke, 6 = —kd 


give k® = —1. This contradicts the fact that all coefficients in (1) are 
assumed to be real. 

It is seen now that we can assume that one of the coefficients in (1) 
is zero without lessening the generality of the problem. If d+0,b+0, 
we can eliminate v, from (1) and (2). We therefore replace (1) by the 
equation 
(3) Atz+ Buty+Cve, = 0.t 


The equation to annex to this as necessary for the possession of property (i) 
by solutions of (3) is seen to be 


(4) — Avg — Bry+Cur = 0. 


Equation (3) is obtained from (4) by the same formal process that 
gives (4) from (3). Thus the relation between the equations is reciprocal. 

4, Equation (4) is also a sufficient condition to annex to (3) in order 
to satisfy (i). So far as the sum of solutions is concerned this is obvious. 
We have then to consider multiplication and division. 

(a) Let w* and v* be other solutions of (3) and (4). 


Put 
J ikl O+iV = (ut+iv) (u* + iv*), 


+ The sense in which this is to be understood is implied in the theorem of § 6. 

tif d= 0, (1) is of the form (8). If, however, b= 0, we cannot obtain (3); but (1) 
is of the form (3) with w and v interchanged. The alteration in the subsequent work 
is obvious. 
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so that 
U = uu* — vv, V = u*v+ur*. 


It is a matter of simple calculation to prove that U and V satisfy (3) 
and (4). 
(b) Next let 
1 


utiv’ 
7 u —v 


ee ro ut ty? * 


It can again be proved that U and V satisfy (3) and (4). 

(c) It follows from (a) and (b) that if we put 

utiv 
u* + iv*’ 
the functions U and V satisfy (3) and (4). 

5. We next proceed, in accordance with (ii), to seek a new condition 
which will lessen somewhat the generality of the functions defined by (3) 
and (4). 

We have from (3) and (4) 

(5) Atzr + Bugy+ Ctze = 
(6) Atizy + Bttyy + Crzy 
(7) — Atgrxr — Bory + Cuzz 
(8) a Avry ee Boy - Cuzxy cass 


U+ivV = 
so that 


U+iV = 


If we multiply (5), (6), and (7) by A, B, and C, respectively, and add, 
we find 
(9) (A? oe ) Urr ot B lbyy ote 2A Butyx => 0. 


If we multiply (5), (7), and (8) by C, — A, and — B, respectively, and 
add, we find, 
(A? ae C*) Vex + B’ Vyy =. 2A Bory = 0. 


The functions w and v therefore satisfy the same second order equation. 
The discriminant of the equation is B?C? so the equation is of the elliptic type. 

5. Let us now assume that wu is an arbitrary solution of (9) and deter- 
mine v so that w and v satisfy (3) and (4), if this can be done by im- 
posing a condition on the constants in the equations. 

Put 


a, yf 
(10) y= t° [(A?+ C®)uz+ ABuy] dy —|B®uy+ A Buz|dz. 


J0 
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The function so determined is independent of the path in view of (9). 


We have 
Ve = —(B¥uyt+ABuz), 


Vy = (A?+ C*®) tre + ABuy. 
Substituting in (3) and (4) we find 


A(1— BC)uz+ B(IA— BC) uy 
C(1— BC) uz 


We are therefore led to impose the condition 
BC = 1. 


It is clear that we can put B = 1, C= 1. We therefore have the 
equations 


A x 2 0, 
11) Ur t+ Uyt+ v 


Uz— Ave—vy = 0, 
y 


as a natural generalization of the Cauchy-Riemann equations. The asso- 
ciated second order equation is 


(12) (1+ A%) fer +2A foyt+Syy = 9, 


and is the corresponding generalization of the equation of LaPlace. 

If now we impose the condition that the second order equation be sym- 
metric, we arrive at the familiar equations of complex variable theory. 
Thus the case which is of fundamental intrinsic significance is obtained 
by imposing a purely formal property. 

6. We come now to the question raised in (iii). 

We shall reduce (12) to normal form by a linear substitution. This can 
be done in various ways, and the question will be developed with sufficient 
generality to show how different substitutions can be obtained. 


We put 
E = axt+by, q = cxr+dy, 


and substitute in (12). The necessary and sufficient conditions that the 
resulting equation reduces to 


(13) fatSm = 


sie: (a?— ¢*)(1+ A®)+ (ab — cd) 2A+(b*— d*?) = 0, 
2ac(1+ A®?)+(ad+be)2A+2bd = 0. 


These equations can be combined so as to produce the following equations 
equivalent to them: 
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[(a+ic)A+(b+id)]}*?+ (a+ io? 
[(a—ic)A+(b—id]}?+(a—ic?® = 


We shall not consider all solutions of these equations but will use the 
one set of relations 


(a+ic)A+(b+id) = t(a+ic), 
(a—ic)\A+(b—id) = —i(a—ic). 


From these equations we find 
aA+b = —c, 























cA+d =a. 






The last equations are satisfied by a= 1, b= —A,c=0,d= 1. 





SE ts 



























; : : Thus the substitution 

de (14) F=2-Ay aay 
ie 2 

: ae will reduce (12) to the form (13). 

ip | ‘ Other substitutions can be obtained from the relations above. 

# ] é The substitution (14) reduces (3) and (4) to 

ih i 

; : Uy tvy = 0, Uug—v = 0. 

a Fe 

i % | But these are the Cauchy-Riemann equations. It follows that u(&, 7)+ 7v(&, 7) 
if Bs is an analytic function of §+ 77. 

i if We can now state the following theorem, omitting familiar statements 
| i as to regions, etc. 

he THEOREM. Jf u and v satisfy (11) then u+iv is an analytic function 
a of Z= (w@+iy)— Ay. 

oR As an example, consider the function 

ae A 

a ik: aie, os Se ae 

: | u ita x"+ xy, 
a F i which is seen to satisfy (12). From (10) we have 

Te ny 1—4? 

te v= [—Avt+(1+4)y]dy—[F—4eet Ay dx 

i Fy 0,0 1+ A 

BE yi 1a at 

1% It is not difficult to show that 

; jo = —1,| ta... | 22 
i utiv = ita A+>s(l A*)|Z*. 
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CONTACT TRANSFORMATIONS.* 


By LutHer PFAHLER EISENHART. 


It is the purpose of this paper to give an exposition of the theory of 
contact transformations and to apply the theory to Riemannian spaces 
and to dynamical systems. Liet in his treatment of the subject begins 
with what may be called the non-homogeneous case, since one of the 
cobrdinates is distinguished from the others; he develops the theory of 
the homogeneous case therefrom. In this paper the order is reversed, 
so that the equations may be written in symmetrical form. 

In §§ 1-4 discontinuous homogeneous transformations of various types 
are treated and in § 5 infinitesimal transformations and continuous groups 
of one parameter. The reader is supposed to be familiar with the elements 
of the theory of continuous groups. The theory of non-homogeneous 
transformations both discontinuous and continuous is developed in § 6, 
and in §7 the subclass of these transformations which is generally used 
in the transformation of the Hamiltonian equations of mechanics. In fact 
it is shown in what sense this application to mechanics is part of the 
general theory of this restricted type of contact transformation. 

Of particular interest is the case when the hessian of the characteristic 
function (§ 5) of a group of homogeneous transformations is of maximum 
rank. This case is studied in § 8 and in § 9 the geometrical properties 
of these transformations are discussed. In particular we have in this 
theory waves and wavefronts associated in accordance with Huygen’s 
principle.t In § 10 an application is made to the geodesics of a Rie- 
mannian space and in § 11 to the trajectories of a holonomic conservative 
dynamical system for which the time does not enter in the constraints 
and the potential energy. In the latter the dynamical trajectories coincide 
with the trajectories of the associated contact transformation and the 
wave surfaces of the latter are orthogonal to the trajectories, orthogonal 
in the Riemannian metric defined by means of the expression for kinetic 
energy. The trajectories may also be identified with the paths of light 





* Received October 16, 1928. 

+ Theorie der Transformationsgruppen, zweiter Abschnitt, Leipzig, 1888. 

{In some respects the treatment is similar to that given by Vessiot, Sur l’interprétation 
mécanique des transformations de contact infinitésimals, Bull. Soc. Math. de France, vol. 34 
(1906), pp. 230-269; also by Levi-Civita, Lezioni de meccanica razionale, vol. 2, part 2, 
pp. 452-469, Bologna, 1927. 
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through an isotropic non-homogeneous medium in accordance with Fermat's 
principle, as Hamilton pointed out long ago. However, the time is not 
the same for the dynamical trajectories and the paths of light. All of 
these ideas are important because of their bearing on the new wave- 
mechanics. 

1. Point transformations of a space. Consider an n-dimensional 
space V, of codrdinates x‘; throughout this paper latin indices take the 
values 1 to n. If g* are m functions of the z’s, the equations 


(1.1) x aa gi (at, ---, x") 


may be looked upon as defining a transformation of the points of V, among 
themselves; that is, a given point of codrdinates 2* is transformed into 
the point of codrdinates z’, given by (1.1), in the given codrdinate system. 
From (1.1) it follows that the point of codrdinates 2*-+ dz* is transformed 
into the point of codrdinates z‘-+ dz’, where 


RaSR dg" , 
(1.2) de = 5x) dx’; 
throughout the paper a repeated index indicates the sum of terms obtained 
on assigning to the index all of its values. 

If we require, as will always be done, that the jacobian of the ¢’s is 
of rank n, there exists for a neighborhood of a point an inverse of (1.1) 
in accordance with the fundamental theorem of implicit functions.* If we 
write the inverse in the form 


(1.3) at = p(x! ---, 2%), 


any function f(x) is transformed into a function f of the z’s defined by 


(1.4) F(z, ---, 2") = f(y, ---, 9”); 

also we have 

(1.5) S(g', +++, 9") = S(e', «++, 2). 
If we put 


(1.6) i of p= of 


dat’ 02%’ 
we have from (1.4) und (1.6) 

= 0 gp 
(1.7) i Sree Pi BFK 


* Cf. Fine, Calculus, New York, 1927, p. 253. 
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and from (1.5) ; 
aa) a gal 
° Pi = Pj dat . 


Equations (1.7) define the induced transformation of the functions p; at 
a point P(x‘) into the functions p; at P(z*), and (1.8) define the inverse 
transformation. 

From the foregoing it follows that a family of hypersurfaces 


(1.9) S(a', +++, 2") = a, 


where a is a parameter, is transformed into the family 


(1.10) Se, 7 Se x") = a. 
For any displacement in one of the hypersurfaces (1.9) at P(a*) we have 
(1.11) pdx = 0. 


Accordingly p; are the components of the normal to the hypersurfaces if 
the z’s are cartesian codrdinates in a euclidean space. If we make any 
change of codrdinates x into 2, we have that the p’s defined by (1.6) 
are transformed according to the covariant law 
bir ge, OS 

Pi Pj axl 
Consequently we call the functions p; in any codrdinate system the com- 
ponents of the covariant normal to the hypersurface.* From (1.2) and 
(1.7) we have 
(1.12) pidzt = pda’, 
since 

0g" ak P 

7” Oa! dak ok, 
where ; 
(1.14) 6, = 1 or 0, asj=—k org $k. 


Comparing (1.11) and (1.12) we see that when a hypersurface (1.9) is 
transformed into the hypersurface defined by (1.10) for the same value 
of a, the covariant normal at a point of the former is transformed into 
the covariant normal to the latter at the corresponding point. 

If in place of taking a set of functions p; as defined by (1.6), we take 
any functions of the z’s as the components of a covariant vector-field, 





* A covariant normal is a covariant vector and determines »—1 directions at a point 
by equation (1.11), that is the tangent hyperplane at the point. 
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the equations (1.7) define a second covariant vector-field, of components 
pi at each point in space, into which we say that the given field is trans- 
formed, when the points are transformed in accordance with (1.1). Moreover, 
equation (1.12) holds also in this case. At a point P(z*) for a given set 
of functions p;, equations (1.11) define m—1 independent directions; so 
that we may say that p; define an elemental V,»—1, or a hyperplane at P. 
From (1.12) it follows that when a point P is transformed into a point P 
by (1.1), an elemental V,_, at P is transformed into one at P, the deter- 
mining functions p; at P being given by (1.7). Consequently equations 
(1.1) and (1.7) define a transformation of points and elements at them 
into points and elements. 

From the foregoing it is evident that, if two hypersurfaces are tangent 
at a point P, their transforms are tangent at the transformed point P, and 
the covariant normal to the two hypersurfaces at P is transformed into 
the common covariant normal to their transforms at P. 

2. Contact transformations. We consider a generalization of the 
transformations (1.1) and (1.7) of the form 


(2.1) x= gt (x',---, 23 m1, -++, pn), pi == Wa (a", ---, 25 pry ++, Pn) 





in the 2m variables z* and p;, such that equations (1.12) hold, that is 
) 
(2.2) ws (5% ¥ dat = ap) = prasX, 


for arbitrary values of the pact dx? and dp; A transformation 
(2.1) satisfying this condition is called a contact transformation; the 
significance of this term will appear later. From (2.2) it follows that 
a necessary and sufficient condition is that g* and y; satisfy the equations 








0 pd 0 gp 
(2.3) Wo =P, Ws a « 
From the second set of these equations it ae that the rank of the 
J 
jacobian | os | must be less than m. If the rank is m—vr, on the 


0 pi 
elimination of the p’s from the first set of equations (2.1) we obtain r 
independent equations 


(2.4) Fa (x}, +++, x™; wi, ces, x") = 0 (a = 1,--,, r). 








From (2.4) it follows that the differentials at a transformed point 
corresponding to differentials at a point P(2*) are given by the system 
of equations 


(2.5) é Fa 4 one 


Oat wt 





a = 0. 
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Since the conditions (1.12) must be satisfied as a consequence of (2.5), 
we must have 


of 0 Fu Ee 0 Fu 
(2.6) a= Qa Si? i= Ce a ’ 


6 ER rere ee = <e ars y ae 
ee pr kdhrte Pai <a ae ra oe to ran 
Sette agg tte om P 


where the @’s are parameters such that, when these expressions for p; are 
substituted in the first set of equations (2.1), the latter are satisfied identically 
because of (2.4). From the second set of equations (2.6) it follows that 
the rank of the jacobian matrix | cae | must be ry. Consequently r of 
these equations can be solved for the o’s, which as thus obtained are 
homogeneous functions of r of the p’s of degree one, and when these are 
substituted in the remaining n—7,7 equations, we obtain n—v,r equations 
involving x‘, x‘ and p;, the latter entering homogeneously of degree zero. 
Since on solving these new equations and (2.4) for the x’s, we obtain the 
first set of (2.1), it follows that gy’ are homogeneous of degree zero in 


the p’s, and consequently 


(2.7) pi- 


+ > “4 Tat 
>. + ~ - > 
ee: Me ee ee ET ees eee 





Oy 
— = Q 
0 pi 


Also from the first set of equations (2.6) we have that the functions 
wi (= pi) are homogeneous of degree one in the p’s. 

In order that the first set of equations (2.3) admit a unige solution in 
the w’s, it is necessary and sufficient that the jacobian of the 9’s with 
respect to the x’s be of rank n, that is, 


(2.8) | 22, | £0. 


r rae Ot: 7es _ the - 4 en < = 
aL ETI Sy Ras RPI RS MBE hee ESS ee RT 


When this condition is satisfied and the solutions y; of these equations 
are substituted in the second set, we have the m equations of condition 


Wage aes 
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From these equations it follows that 


ag _ ay ag* i 
(2.9) 2 Di = WwW Oa’ py = 9, 


where the 2’s are so defined. From the first of these sets of equations 
we have 





0? gk =(= zit @ AN 


8 gi 0? gk 
4. + Au Ahr —— ; 
Oph Opi OPh da! aera 


02/02" 
In consequence of (2.8) the conditions of integrability of the first set of 
equations (2.9) are 

OA Au 


La - a 
Opn $y 6 Ee ” ee 





Multiplying by p;, summing for j and noting that from the second set of (2.9) 
we have 


: Se 
Fru =% Zp Btae =O, 


we find that 4% — 4”, that is, 4% is symmetric in the indices. From (2.9) 
we have 
bg ag _ wie ag! 


Opi dat Oa; O2'° 
Since 44 is symmetric in i and j, we have the identities 


dg* ag! __ agk 0 gy? 


Ox* Opi Opi Oat pai 





(2.10) (¢*, 9) = 


Conversely, if gy‘ are any functions of x and p; satisfying (2.7), (2.8) 
and (2.10) and y; are functions defined by the first set of (2.3), then these 
functious are such that 


dy ay* by dgk age 
Yom 02 oe tn, op, °° 


Because of (2.8) it follows that these functions y; satisfy the second set 
of (2.3). Hence we have: 

A necessary and sufficient condition that a set of functions y determine 
a contact transformation (2.1) for which the wW’s are uniquely determined 
is that the functions g* be homogeneous of degree zero in the p’s, that the 
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jacobian of the 9's with respect to the x’s be of rank n and that (2.10) be 
satisfied.* 

3. Geometrical properties of contact transformations. We con- 
sider now the geometrical significance of equations (2.4) and begin with 
the case when there is a single equation 


(3.1) FG", ..-, 2; z',-..,29) = 0 


arising from the elimination of the p’s from the first set of equations (2.1). 
In this case a point P(x‘) is transformed into the points of the hyper- 
surface =, whose equation is given by (3.1) when the z’s are given the 
values at P. Now equations (2.6) become 


z oF oF 
(3.2) Nts. . B= - Oz: 


Each choice of p; in (2.1) determines an elemental V,-; at P, and for this 
choice there is a determined point P on the hypersurface =. Moreover, 
from the first of (3.2) it is seen that the transform of the vector p; is the 
covariant normal to the hypersurface = at P. Also if the z’s in (3.1) are 
given these values, this equation in the 2’s defines a hypersurface =, all 
of whose points transform into P. In particular it follows from the second 
of (3.2) that the vector p; chosen at P is the covariant normal to = at P. 
Consider a hypersurface, S, whose equation is 


(3.3) F(x", +++, a") = 0. 


To each of its points there corresponds a hypersurface ¥ by means of (3.1). 
When in particular we put pj = 2h in the first of (2.1) these equations 
define a hypersurface S, the z’s being defined in terms of the z’s as para- 
meters, which are subject to the condition (3.3). Thus each point P(x‘) 
of § is transformed into a definite point P(x‘) of S. A displacement 


on S is given by 





_, [dg , dg! oa) ; 
‘= : - 
ied 52 Op, Ox ond 


of 


for each variation of the z’s subject to the condition oy te = 0. 


Because of this consideration and (2.3) it follows that p; given by (2.1) 
for this case satisfy the condition ppdz'=— 0. Hence if f(z, ---, xz”) =0 





*This theorem was established in a different manner by Lie, 1. c., p. 137. 
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is the equation of S, resulting from the elimination of the z’s from the 
first of (2.1) (in which pj = 74) and (3.3), it follows that pj = 4 af 
If we take the hypersurface = corresponding to the point P(z*), the point 


on it determined by p; = if is the point P referred to above and 


pi given by (2.1) for these p’s are the components of the covariant normal 
to =. Hence = and S are tangent at P. 

We consider now the general case when 7 >1 in (2.4). From (2.6) it 
follows that the jacobian matrix of the F’s with respect to the a’s is 
necessarily 7, and likewise the matrix of the F’s with respect to the z’s. 
Geometrically this means that a point P(z*) is transformed into the points of a 
space of n—r dimensions, say =,_,, and that a point P(~,) is the transform of 
the points of a space of m—r dimensions, Say 2,-,.* Each choice of p; at a 
point P determines an elemental V,—. at P, and for this choice there is a unique 
point P of =,—, defined by the first set of equations (2.1). Any displacement 


in 5,-, at P satisfies the conditions $ 


dx* 
pidxt = 0, as follows from (2.6). Hence p; are the components of a 
covariant normal to 2,—,, in the sense that a covariant vector 4; in a V, 
which satisfies the condition 4; dz‘ = 0 for all displacements at a point in 
a sub-space of V, is called a covariant normal to the sub-space at the point. 
When p; are chosen, x‘ are determined as we have seen and then the 
corresponding =,—,, and from the second set of (2.6) it is seen that pi 
are the components of a covariant normal to this =,—, at P. 

As in the case when r = 1, each point of a hypersurface (3.3) is trans- 
formed into a 2,-, and each of these varieties is tangent to the hyper- 





dx‘ = 0 and consequently 


7) 
bat 
first of (2.1) and eliminate the x’s from these equations and (3.3). 

We call the space 2,_, defined by (2.4) for a point the fundamental 
variety of the transformation for the point. Also we say that two sub- 
spaces, of orders p and q respectively (p => q), of a space V» are tangent 
at a point P, if every covariant normal to the former at P is a covariant 
normal to the latter at P. Accordingly we have: 

When the points of a hypersurface and all the elements at these points 
undergo a contact transformation, the fundamental varieties of the trans- 
JSormation for the points are tangent to the hypersurface which is the 
transform of the points for elements tangential to the given hypersurface; 
and the transformed elements are tangential to the hypersurface. 


surface whose equation is obtained, when we replace p; by S in the 





* These observations are consequences of the fundamental theorem on the existence of 
solutions of a set of equations involving implicit functions, cf. Fine, 1. c. 
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As a corollary of this theorem we have that if two hypersurfaces are 
tangent at a point, that is, have the same covariant normal to the point, 
the envelopes of the two sets of varieties =,—, for the points of the two 
given hypersurfaces will be tangent at the point which is the transform of 
the given point. The foregoing results justify the term contact trans- 
formations. 

Consider a sub-space of m—p dimensions, S,—», defined by the equations 


(3.4) So(z', +--+, 2") = 0 (o = 1,---,p). 


With each point P(x‘) of Sy—p there is an associated S,-,. If in the 
first set of equations (2.1) we put 


0 fe 
= yt YS 
(3.5) pi uu Ox ? 


where the w’s are parameters, we obtain the codrdinates of a point 
P(x) of 2,-,. Since the functions g‘ are homogeneous of degree zero 
in the p’s, when we eliminate the z’s and w’s from (2.1), (3.4) and (3.5), 


we get a single equation in the x’s, that is, the locus of the points is 
a hypersurface S. Its equations in parametric form are 


oa ; 0 fs a 
— eo @@é 4 o ek rename 
(3.6) # = g(x, oe aa? , ue aan)” 


the parameters being the 2’s, subject to the conditions (3.4), and the 
ratio of the w’s. Any displacement on S at P is given by 


(3.7) : oF, dx) + 2% a(ue 24), 
0 pK 


dak 


Oa 


for any variations of the u’s and for variations of the x’s subject to the 
Ofc bgt 

Ox 

Oy 


; dx! =0; in these equations 5 indicates the expression 
i 
which results when p; in —— are replaced by the expressions (3.5). Since 


conditions 


Ope 
0px 
(2.3) hold whatever be p;, we have 


pdx’ = pdx = uw? ste dxi = 0. 


Since this equation holds for all displacements in S, it follows that p; are 
the components of the covariant normal to S. When the codrdinates of 


a point P(x) of S,-» are substituted in the right-hand member of (3.5), 
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the p’s so defined for all values of the u’s are the covariant normals to 
Sn—p at P. Hence we have: 

When the points of a sub-space of dimensions n— p and all the elements 
at these points undergo a contact transformation, the fundamental varieties 
of the transformation for the points are tangent to the hypersurface which 
is the transform of the points and the vectors which are the covariant 
normals to the sub-space; and the transformed elements are tangent to the 
hypersurface. 

4. Definition of contact transformations by means of funda- 
mental varieties. Suppose that in a V, of codrdinates x‘ we have 
ry equations of the form 


(4.1) Fa (a, +++, 2"; w,---, 2") = 0 (« = 1,---,r), 


where the z’s are parameters. If, and only if, the jacobian matrix 


5 oe is of rank ry because of the equations (4.1), then for each set of 


ted of the z’s equations (4.1) define a variety of m—r dimensions, 
say 2,-,. Any covariant normal to S,-, has components of the form 


, OFs | 
(4.2) i = = Sat | 


for suitable values of the parameters u*; and any choice of the w’s deter- 
mines a covariant normal. A necessary and sufficient condition that the 
n-+r equations (4.1), (4.2) can be solved for the z’s and u’s uniquely is 
that the jacobian of these equations with respect to these quantities does 
not vanish because of (4.1) and (4.2); this follows from the general theorem 
concerning implicit functions.* This jacobian is 


OF, OF, 
Ox ax” 
0 F, oF, 
0a! Ox” 
1 ag ——__——- 0° Fee . u 8° Fa oF 
| dx'dx* Oxi Ox"™ Ga! 


0 


OR OF oF, 


i* — — 
Ox*Ox™ da" 








*It is assumed that the functions F,, and their first and second derivatives are con- 
tinuous for the domain under consideration. Cf. Fine, 1. c. 
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Since this determinant does not involve the p’s, it must not vanish because 
of (4.1) alone. Since the latter do not involve the w’s, it must not vanish 
for arbitrary values of the u’s and as a result of (4.1). If we apply the 
rule of Laplace to this determinant, we see that the rank of the matrix 
| 0 Fe 

0x" 

Since we are concerned only with the determination of the z’s, we may 
arrive at our result by solving (4.1) and the equations resulting from (4.2) 
on the elimination of the u’s. By a suitable numbering of the z’s, we have 


that the determinant ore for a, 8 = 1,---,r is of rank r, in con- 


0 Fe || 


must be r. 


sequence of the assumption concerning the matrix 24: Then by the 


elimination of the w’s from (4.2) we have n—r ot equations 


OF; OF, OF, 
Oa} "6a" dae 


0 F, =e OF, OF, 
dai da" d2% 
Po 








In order that these equations and (4.1) be solvable for the z’s, it is seen 
| 22s fi 


that the matrix must be of rank y for the equations (4.1), as 


previously seen from “the considerations concerning the determinant (4.3). 
It is evident from (4.4) that these solutions, say 


(4.5) xt = g' (x, p) 


are such that the g’s are homogeneous of degree zero in the p’s. When 
these expressions are substituted in (4.1), we have identities in the z’s 
and p’s. Differentiating these identities, we have 


0 Fe 


(4.6) aa 





9 


Fe) Ogi 0 (5) 0g a 


+5 dat da/] Opi 


where [S| indicates the result of replacing the z’s by the g’s in oe 
If we denote by u% the functions obtained by solving (4.2) for the u’s 
after the x’s have been replaced by the g’s, and put 
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(4.7) 


then from (4.2) and (4.6) it follows that y; satisfy the conditions (2.3), 
and consequently the functions gy‘ and y; define a contact transformation. 
Hence we have: 

If Fa are r functions of 2n variables, x* and x', such that the determinant - 
(4.3) is of rank n+r for the equations Fa. =O for all values of the para- 
meters u%, equations (4.5) and (4.7) define a contact transformation.* 

If we consider a hypersurface S, defined by (3.3), and in place of (4.2) 
take 

0Fe 


(4.8) ZL +e t= 0, 


and then solve for the z’s these equations, after the elimination of the ’s, 
and (4.1), we get the equations in parametric form, the x’s being the para- 
meters subject to the condition (3.3), of the hypersurface S defined in § 3. 
Eliminating the z’s from these equations, we get the equation /(z',---,7") = 0 
of 8S, which would likewise be obtained by eliminating directly the x’s and 
i’s from (4.1), (4.8) and (3.3), in accordance with the usual theory of 
envelopes. 

When we have a contact transformation defined by (2.1) and obtain the 
corresponding set of equations (2.4), the above mentioned conditions upon 
the corresponding determinant (4.3) are necessarily satisfied. We observe 
furthermore, that in the form of (4.3) the variables x‘ and x‘ enter sym- 
metrically. Consequently, if we interchange the roles of the z’s and z’s 
in the above process, we obtain a unique contact transformation 


(4.9) at = y' (Z, p), | cies Wi (x, p)- 


This transformation is the inverse of the former. For, if we take any 
point P(a) and a point P(z*), such that (4.1) are satisfied, and in (4.5) 
replace p; by the quantities (4.2), the resulting equations are satisfied 
identically for all values of u*, and p; are given by 


my 0 Fe 
—_ a 
(4.10) p= —uU oz 


’ 
as follows from (2.6). A similar result is true, if we proceed with (4.9) 
by means of (4.10). Hence we have: 


* Cf. Lie, 1. c., p. 149. 
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Every contact transformation admits a unique inverse contact trans- 
formation. 
If we have two contact transformations, namely (2.1) and 


x = 9 (z, Pp), pu= Wile, p), 
we have 
Didg' = pidz', Wwdg' = pidat, 


Replacing p; and 2; in the first by yj and g', we have Wdy' = pidz’. 
Consequently we have the theorem of Lie:* 

The totality of contact transformations in 2n quantities x‘ and pi form 
an infinite group, which contains the inverse of each transformation. 

For the inverse of the transformation (2.1) we have analogously to (2.3) 


al bat 
Pk a alt = pi; Pr 0p) 


= 0. 


Differentiating the first with respect to a, we have from the resulting 
expression that 
Oa* Ope 


af as 





{a ‘2 


Differentiating the second with respect to pj, we have 
{pis pj} = 0. 


If we differentiate the first with respect to pj and the second with respect 
to x and subtract the resulting equations, we have 


h {x pit — dj 
where 
(4.11) 6 =1 or 0, as i=j or it). 


Consider 2” independent functions u*, for «a = 1,---,2n, of 2 and pj. 
Since 
dat Out gs Oe Out gg tat Out _ Oy OU 
du* da ad du* ap; : du* dp; aut dat 
we have 


= 0, 


2n 


Lid 
2 (u“, u?) {u®, u"} — bf, 





*L.c., p. 189. 








ee a Se ee 
Rae, Pe m be coi 


se 








os -aE 


earns 


a er ra ti eS 
siz Se RR en ge gai oe oe pa iies: 














224 L. P. EISENHART. 


where (u“, w’) is defined by (2.10). Applying this identity to the above 
case we have 
(a, 2") = 0, (2, pj) = 6, — (i, pj) = 0. 


Hence we have the theorem:* 
For a homogeneous contact trangformation the functions y' and Yj satisfy 
the identities 


(4.12) go} ={vi,w}=0, {9',w} = &, 
and Pane | | 
(4.13) (y’, 9’) ec (Wi, YW) = 0, (9, Wy) =e dj. 


5, Infinitesimal contact transformations. As we wish to consider 
one parameter continuous groups of contact transformations, we begin 
with a study of infinitesimal contact transformations. Such a transformation 
is defined by equations of the form 


(5.1) at = # + Fdt, pi = pit ni St, 


where the &’s and y’s are functions of the z’s and p’s such that these 
equations must satisfy the conditions (2.3). This gives the conditions 
” 





oes | 
(5.2) UTP = 0, Pj 8 pi 
If we put 
(5.3) C = pF, 


we have by differentiation and as a consequence of (5.2) 


ac 0 &/ _ ee 
oat — Pog ~~ Gy, — Pte a = 











(5.4) SF, 


From the second set of these equations and (5.3) we have 


ac 
Op 





(5.5) C= pj 


Consequently C is homogeneous of first degree in the p’s. Differentiating 
(5.5) with respect to 2’ and pi, we obtain respectively 
aC a°C a? C 


(5.6) te Fin “* Fie 


which are equivalent to (5.2) because of (5.4). 





* Cf. Lie, p. 137; also Whittaker, Analytical Dynamics, p. 300, Cambridge, 1927. 
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Conversely if C is any function of the a’s and p’s homogeneous of first 
degree in the p’s, and we take & and 7; as defined by (5.4), the con- 
ditions (5.2) are satisfied, because (5.6) are a consequence of (5.5). 
Accordingly we have: 

Every infinitesimal contact transformation is defined by equations of 
the form . 

(6.7) w= of +o Ot, i ie gn to 

f 0 pi anf’ 
where C is homogeneous of first degree in the p’s; moreover, any such 
function C determines an infinitesimal contact transformation. 

The function C is called the characteristic function of the transformation. 

If we form the differentials of (5.7), we obtain 
a*C a°C 
pox da + 0 pi 8 pr dpn)8¢. 


ee a?C , a?C 
dpi do—(sargqi C+ Garppe me) ot 


dz att (eS 


(5.8) 


Equations (5.7) and (5.8) define the extended infinitesimal transformation 
of the elements 2, pi, da‘ and dp;. For this extended transformation p; dt 
is invariant, as follows from the determination of (5.7). Hence in accordance 
with the general theory of continuous groups the quantity pidz‘ is 
invariant under the finite group G, generated by the extended infinitesimal 
transformation, and the finite equations* of G, are given by the integrals 
of the equations si ” ‘ 
ee es 
say 


(5.10) xt = g(a, p, 2), pi = Wila, p, 0), 


and their differentials. Consequently (5.10) define a one-parameter group 
of contact transformations. 
From the foregoing considerations we have: 

The most general one-parameter group of contact transformations is given 
by the solution of equations (5.9) in which C is an arbitrary analytic 
Function of the x’s and p’s which is homogeneous of degree one in the latter. 

Equations (5.9) admit the integral C—h, where hf is an arbitrary 
constant. This means that in the 2n-dimensional space of codrdinates 
x and pi, each integral curve, or trajectory, lies in one of the hyper- 
surfaces 4 =h. When in the right-hand members of (5.10), the quantities 


* Cf. Lie, p- 212. 
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xz’ and p; are given particular values, these equations define such an 
integral curve, and the hypersurface is determined by the valw: of C for 
the particular point. Since C is homogeneous of degree one in the p’s, 
g* are of degree zero and y; of degree one. Hence if we replace p; by pi/h, 
we get a curve for which g* are unaltered and p; = w/h, and these 
satisfy the condition 

(5.11) C= 1. 


From the standpoint of contact transformations this change is of no 
significance, so that except for the case C = 0, we may in all generality 
take (5.11) as holding. 

When real initial values of the p’s can be chosen so that C = 0, this 
equation holds along the trajectory; such a trajectory we call singular. 


In this case, as follows from (5.2) and p;&/ = 0, the &’s are determined 
ac 


0 pi 


a . . ; : 3 
and 2e involve a factor which makes them vanish or become infinite 


omy to within a factor. Consequently, if C is of such a form that 


when C=O, we remove this factor. Consider for example the case 
when C is the square-root of a homogeneous quadratic form in the p’s, say 


(5.12) C= Vg pip;, 


in which the g’s are functions of the z’s. For the non-singular trajectories 
we choose the p’s so that C = 1, in which case equations (5.9) become 
ef . 

(5.13) ied ee” 
From (5.1) and (5.3) we have that when C0, pidx'=—0O. This 
condition is satisfied by the first set of (5.13) and accordingly we take 
(5.13) as the equations for the singular trajectories also, when there are 
such trajectories. We observe also that g¥ pip; = const. is a first integral 
of these equations. 

If we transform equations (5.9) by means of a general contact trans- 
formation (2.1), written x’ = g', p; = Ww, we have 


dz" _ agi aC __ dy! aC dpi 28% BC dy; AC 
dt Oxd Op; Op; Axi’ dt 8a) @pj Ap; Ox" 

If C’ is the transform of C, we have 
ag! aC agi BC (22 ag* dg sal ac’ 
da Op; Op; Ox \dai Op, Op; Oa yk 














Ox 





oe Wn dy! om) ac’ 


dx) Op; Bp; dai] Op” 
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U 


In consequence of (4.13) this reduces to or In like manner the right- 
t 
a 


hand member of the second set of equations is equal to —— Hence 
x 


st 


we have: 

A group G, of contact transformations is transformed into another 
group G, by any contact transformation and the equations of the new group 
are integrals of the equations 

dx 0" dpi =a" 





"| Sega hy dt ga/*’ 


where C’ is the transform of the characteristic function of the given group. 

6. Non-homogeneous contact transformations. In his development 
of the theory of contact traxsformations Lie considers first transformations 
of the form 


(6.1) Z= ple, x',--+, 2"; pry+++, Pn; X! = gt (z, x; p), Pi = Wile, x; p), 


such that the equation 

(6.2) aZ—P,dXi = 0 
is satisfied whenever 

(6.3) dze—pidx' = 0 


is. Consequently the analytical problem reduces to the determination of 
functions g, gy’, w; and also a function e of z, the z’s and the p’s, such 
that 

(6.4) dZ—P,dX*' = o(dz—pidz') 


for independent values of the differentials dz, dz‘ and dp;. When, in 


particular, we take pj = 2, where / is a function of the z’s, the differ- 
entials in (6.3) correspond to displacements in the hypersurface z= f(z", ---, x”) 
and the elements are tangential to it. When these values are substituted 
in the first m+ 1 of equations (6.1), we have on the elimination of the z’s, 
Z=F (X',---, X") and the P; determine tangential elements at each 
point of this hypersurface in consequence of (6.2). We call a trans- 
formation (6.1) non-homogeneous and those of § 2 homogeneous. 

For an » dimensional space of codrdinates z', if we let x! play the 
role of z in the above equations, the analytical problem consists in deter- 
mining transformations 


(6.5) 2 = y' (xl, ---, 2"; po, +++, pn); pi om Wi (x, +++, 2; po, +s, Pn); 


where the »’s and w’s are such that the relation 


(6.6) pidat = —dzx'+ po dx" (a = 2,.--, n) 
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holds for independent values of the differentials daz’ and dpe. The 
resulting conditions are 

0! ag) __ 0g 
6.7) Worl, Woe = Pa Yi ope = 0 (a = 2,---,n). 
Comparing these equations with (2.3), we see that if we take any homo- 
geneous transformation and in its equations put p; = —1, we obtain a 


non-homogeneous transformation. 
Suppose conversely that we have a set of functions satisfying (6.7), and 


in the 9’s we put 
Pa 


(6.8) ee vi ’ 





and denote the resulting functions by y”. Since 


dp! oy’ pe _ 0 pa = ag ag 
Opi Ope pe Ce i” Cpe Oe 

(a@ races 2,--+, 0), 
where @ is summed in the first set of equations, we have from (6.7), 


(6.8) and (6.9) 














(6.9) 


tj 





, dy” 8 
Wor = pi, yj oa a eG 
where 
, 
(6.10) We = — pi Wy (at, ++, 05 — FB, 
yi pr 


Consequently the functions y” and w; define a homogeneous contact trans- 
formation. In particular, we observe that, if the non-homogeneous trans- 
formation is derived from a homogeneous one as indicated in the preceding 
paragraph, the homogeneous transformation arising from the above process 
is the given one. It should be observed that a homogeneous transformation 
obtained in this manner does not apply to elements for which p; = 0, 
unless the w’s are homogeneous of degree one in the p’s. From the 
foregoing considerations it follows that the results of § 3 apply to non- 
homogeneous transformations. 

When we substitute the expressions (6.9) in equations of the form (2.10), 
we obtain 


0g! 
k j= —2_ 
(6.11) I, gt) = 22 














ay as} 0g (22; a | oe 
tee Pa Gy 0 pa dae + Pe Ft 


Conversely, suppose we have a set of functions g* of z', ---, x"; po, +++, pn 
satisfying these equations and such that the jacobian of the ’s with respect 
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to the z’s is of rank m. A set of functions y; is uniquely determined by 
the first n ef equations (6.7). In fact, if equations (6.11) be multiplied 
by WY and k be summed, we obtain 

0g! 0 y! 


(6.12) wee ($2 +» 


"Opa \oat ' P* <4 —— 


These equations hold for 7 = 1,---, , since (6.11) are identically satisfied 
when k=J. Solving the first » of equations (6.7) for Y, we have 





Be “Ye = (—1)* 


0x4 


— Pn 








The determinant on the right is equal to the determinant of the quantities 


l u 
(F5 + re 55) fora = 2,---.n;sl= 1,---,kK—1,k+1,---,n.* Since 


k 
one at least of the w’s is not zero, it follows from (6.12) that y;, = =, 
a 


Hence we have: 

A necessary and sufficient condition that a set of functions g* of x', ---, x”; 
Po, +++, Pn determine a non-homogeneous contact transformation is that the 
jacobian of the y’s with respect to the x’s be of rank n and that [*, g'| = 0; 
then the functions Ws of the transformation are uniquely determined.+ 

From (6.10) and (6.8) we have 


0 pa Opa’ 


dat CO hat? Op 


0 Wj ee OWe p 0 Wk a Wr 


Hence from (4.13) we have, using the notation (6.11), 


0 Wj A 2: 
oe — Wj A ’ 


[y/, We] = Ok + Uy 


(Wj, Wu] = Wx 


(6.13) re 


dz)" 





* Cf. Fine, College Algebra, p. 505. 
t Cf. Lie, l.c., p. 124. 
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Equations (6.11) and (6.13) follow raged also, if in the equations (2.7) 


A: oy op 
Opi w; we solve for —— x and Te 
Opi ae") ays (pe oy ), 

(pr. 8 pa dea Op ig Op Wj 


and substitute in (4.13). 


0 pr 
. ‘ , 0 gt 
If the rank of the jacobian matrix ap 
a 


on the elimination of the p’s from the first m of these equations we obtain 
equations 


and pj; and put p, = —1, giving 


=-1 


for equations (6.5) isn —r, 


Fo(z',---, 2"; x, ---, 2) = 0 


Making use of (6.6), we have analogously to (2.6) 


14 7 5 Salle 
ins ar eo x ey ar 


Conversely, if we have a set of equations F, = 0, it can be shown, as 
in § 4, that these determine a non-homogeneous contact transformation, 
provided the determinant (4.3) is of rank n-+r for arbitrary values of the 
parameters gg. Then the further determination of the functions g* of the 
transformation requires the solution for the x’s of the equations F; = 

and (4.4) in which p, = —1. In so doing it is understood that the 


variables are numbered in such a way that the determinant | aes for 


o,t = 1,---,r is of rank r.* 
For an infinitesimal transformation (5.1) in which p, == —1, the equa- 
tions (6.7) become 


Qs! ad re Qe} 9&8 
_— oat TP a = 0, 8 De Pp 0 De = 0 


(a, 28 = 3 





(6.14) 


If we put 
W = pa S*— §', 
these equations reduce to 
aa i ae awe 
a oat? g = Opa’ Pa 8 pa W. 
Conversely, if W is any function of z',---, 2” and ps,---, pn, these ex- 
pressions satisfy (6.14). Hence we have: 
The most general infinitesimal non-homogeneous contact transformation 
is defined by equations of the form 





* Cf. Lie, lL c., p. 155. 
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where W is an arbitrary function of x',.--, x"; po, +++, Pn. 

7. Restricted non-homogeneous transformations. We consider 
now the particular case when the function ¢' in equations (6.5) is of the 
form x!+ ! (27, ---, 2"; po, +++, pn) and the functions gy“ for a = 2,---,n 
do not involve x’. Then equations (6.7) reduce to 


0 gh by" 0 gh dg? 
a a ie ee: ee 


Consequently the functions #%. do not involve x'. Moreover equations (6.11) 
reduce in this case to 
_ 09% O97 dy dg? 
r B — eee = 
G8) 1.) Sr ta tm Oe 


and > 
F) 
(7.3) (y', ?) = —pa (a, B,y = 2,---,n 





In consequence of the first theorem of § 6 we have: 

If ¢* are n—1 independent functions of x*,---, x"; po,+++, pn satis- 
Jying (7.2) and g' is any function of these quantities satisfying (7.3), the 
equations 
(7.4) zi=z'+,9', z* =, pe = We (2=2,---,n), 


where the w’s are uniquely determined by (7.1), define a contact trans- 
formation for which 

(7.5) dz1— pa dx* = dx'— pa dx", 

and consequently 

(7.6) Padx* = padx*+dgtt 


We call such transformations restricted non-homogeneous. 

If the functions y* are homogeneous of degree zero in the p’s, equations (7.3) 
reduce to (g!, y*®) = 0. Looked upon as linear partial differential equations 
in y’, these equations form a complete system, as can be shown with the 
aid of the identity of Jacobi, namely 


(F, (gy, W)) + (9, (y, S))+Y, (f, 9) — 


* If we write (1.12) with p; = —1 in the form dz,— P, dz* = oe (dx'— pada"), then 
P=: 4 = pat+(jat+pam) dt. Hence in place of the last set of (6.15) we have 





d 
Pa _ (ow 6 + pa our}. This is the form of the theorem given by Lie, l.c., p. 252. 


dt Ox 
t Cf. Lie, 1.c., p.129, where it is shown that a solution of (7.3) is given by a quadrature. 
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Consequently these equations admit »—1 independent integrals. But »* are 
independent integrals in consequence of (7.2). Hence g’ is an arbitrary 
function of the »*, say F'(gy?,---, 9”). In this case we have from (7.1) 





aa 0 gb oF 8g aie 


(ese) oe 2 (Fer) Gp 


so that the transformation is essentially of the homogeneous type. 
We remark also that for the restricted case equations (6.13) become 


(1.2) (g', Ve) = Ve Pager (9", ¥s) = 6f, (Ha, Wp) = 0. 


The jacobian of y* with respect to the p’s is of rank n—1—r, where 
ry >0. When the p’s are eliminated from the first m of equations (7.4) 


we get 

(7.8) gai—a2! = F(z,.---, 2; 2, ---, 2) 

and 7 equations 

(7.9) Fe? ---, 2"; 2, ---, 2") = 0 (eo = 1,.--», #). 


In this case these two sets of equations take the place of equations (2.4) 
for the homogeneous case, and in place of (2.6) we have, on making 
use of (7.5), 


(7.10) Pa — 75, te Qc 





aF, ee es 
oan? «Pa ge OO be 


Conversely, if a set of equations (7.9) and the second set of (7.10) can 
be solved for z?,---, 2”; 01,---, 0, in terms of the z’s and p’s, when 
these are substituted in (7.8) and the first set of (7.10), the resulting 
equations define a restricted non-homogeneous transformation. The con- 
ditions to be satisfied by F, /i,---, F, can be determined in a manner 
similar to that followed in § 4.* 

For an infinitesimal transformation of the restricted type the function W 
does not involve x’, and consequently we have: 

The most general infinitesimal restricted non-homogeneous transformation 
is defined by equations of the form 


dx! oW . dat aW dpe aw 


%. a oe os earn. 
a ay es _ dpa’ Ot ba’ 





where W is an eitbens Junction of x*, +--+, 2"; po, +++, Pn. 





* Cf. Lie, l. c., p. 156. 
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In this case we have in place of (7.6) 
aW 


0 Pa 5 


W) -8¢, 


Fa 2 == Be da + a(pe 


to within terms of higher order in d¢. Hence when W is homogeneous 
of degree one in the p’s, the transformation is homogeneous (cf. § 5). 

From the results of § 5 it follows that each infinitesimal transformation 
of this type generates a continuous group G, of restricted transformations, 
whose finite equations are the integrals of 


we ie. ee a | oe 
cna des ae its an ee 

From (7.6) it follows that the product of two restricted transformations 
is one of the same kind. Consequently the product of a restricted trans- 
formation and the transformations of a group G;, of restricted trans- 
formations yields a new G, of restricted transformations, whose equations 
therefore are of the form 
a -. we. 


ied dz* oW dpe 0W 
dt Pon. 


dt Opa’ dt Ox 





W, 


Because of (7.2), (7.3) and (7.7) we have W = W, that is, W is the trans- 
form of W by means of the given restricted transformation. 

Equations (7.12) with the exception of the first are the general form 
of the Hamiltonian equations for a conservative holonomic dynamical 
system for which the Hamiltonian function does not involve the time ¢. 
Consequently, if we apply to these equations any transformation of the 
form (7.4) where the g’s satisfy (7.2) and gy equations (7.3), we have 
a new Hamiltonian system* and the Hamiltonian function is the transform 
of the original Hamiltonian function. 

When the first of (7.12) is written 


1 
the right-hand member is the Lagrangian function of the dynamical system. 
Consequently, if we adjoin the first equation (7.12) to the Hamiltonian 
equations of a conservative holonomic system for which W does not 
involve the time, the difference in the values of x' at two points of a 
dynamical trajectory is the action for that segment. 





*This result is due to Jacobi, Comptes Rendus, vol. 5 (1837), p. 67. 
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8, Contact transformations of maximum rank. From the second 
set of equations (5.6) it follows that the rank of hessian of C (+ 0) with 
2 


————-|, is n—1 at most. If we put 
Opi Op; |’ , 


respect to p’s, that is | 


(8.1) ‘on 50%, 


we have 
(8.2) 





oH _ (a2 0° H aC ac ac 


0 pi Opi’ = Opi Op; = Opi Ops | Opi Op; 


From the second set of these equations it follows that the hessian of H 
with respect to the p’s is equal to* 


ac 

Opn 
ac aC 
cnr-1 Op, Op, op, 





ac aC a?C 
Op,  Op,op,, 6 p> 











If we multiply the last » rows of this determinant by p,, ---, pn 
respectively and add the resulting terms of all but the last row to the 
corresponding terms of the last row, the terms of the latter become 
C, 0 ---, 0 in consequence of (5.5) and (5.6). Consequently a necessary 
condition that the hessian of H with respect to the p’s be of rank n is 
that the determinant formed from (8.3) by omitting the first column and 
last row be of rank n. If the columns of this determinant be multiplied 
by pi, --+, Pn respectively and the terms of the first »—1 columns be 
added to the last, the terms of the latter become C, 0, ---, 0. Hence if 
this a amaaa is to be of rank n it is necessary that the determinant 
C) 

| 0 De r) Pp 

If we apply the above process to (8.3) using any one of the last m rows 
as we used the last, we find that it is necessary that every minor of 
order »—1 of the hessian of C with respect to the p’s be of rank n—1. 
But this is a consequence of one minor being of rank n—1. For if 
| aC 

0 pa O pg 

* Cf. Fine, College Algebra, p. 505. 


for a, 8 = 1,---, n—1 be of rank n—1. 


| for a, 8 = 1,---,n—1 is of rank n—1, it follows from the 
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Opidpe 0 (i = 1, roe, MW 2 5 ye that each 
of the determinants of order n—1 of the matrix | om 2 is of rank 
0 pi 0 Pa 
n—1. When then we apply the same reasoning to the equations 
ae 
Pi 6; 8 pe 
1,-+-,%—1, we are led to the conclusion that, if, the hessian of C with 
respect to the p’s is of rank n—1, every minor of order n—1 is of 
rank n—1. Accordingly we have: 
When, and only when, the rank of the hessian of C with respect to 
the p’s is n—1, the rank of the hessian of H with respect to the p’s is n. 
Without loss of generality we take (§ 5) so that 


equations pi 


= 0, for o equal to » and any »—2 of the numbers 


(8.4) C = 1. 
Then equations (5.9) may be written, because of (8.2), in the form 


if . +2 dp 0H 
SS) ate": ee 





If we assume that C satisfies the condition of the preceding theorem, the 
hessian of H with respect to the p’s is of rank m and consequently the 
first set of equations (8.5) can be solved for the p’s as functions of the z’s 
dx 
dt ° 
the p’s, it follows that the solutions p; are homogeneous of first degree 
in the z’s. When these expressions for the p’s are substituted in H, we 
get a function H of the z’s and x’s, which is homogeneous of degree two 
in the z’s. Thus we have under this transformation 


and z’s, where 2? = Since H is homogeneous of degree two in 


(8.6) H(a; x) = H(z; p). 


Differentiating H with respect to z‘, we have in consequence of (8.5) 





0H 0H dp; — 55 Bi 


dat py Ox! dx * 


(8.7) 


Hence by Euler’s theorem 


ae. a's) roe 
(8.8) 2H = to = Wat = py. 
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From this equation and (8.7) we have 
oH 1 
at =D 

and consequently 


(8.9) 


+52) Ty, 1 0H 
(pes a) — GPT > om 
wie 
Py Oat 
From (8.6), (8.5) and (8.8) we have 
0H 0H , dH dp; _ oH, om _ 
Oa, Oat ' Op Oat = dat 8 art 8 att 
Consequently 
(8.10) 


0H 0H 
+257" 








-- 


6H 


0H 
act * dat — 


If we denote by C the function of the x’s and z’s when the expressions 
for p: from the solution of (8.5), that is (8.9), are substituted in C, we have 


1 


(8.11) H = =, C =1, 


the latter being a consequence of (8.4). From (8.9) we have 


(8.12) 
and from (8,10) 


(8.13) 


When now the expressions (8.12) are substituted in the second set of 
equations (5.9), we have, in consequence of (8.13), 


(8.14) = 0, 


4 (2) ac 
dt \dx' 6 at 


Thus in the quantities 2 and 2‘ equations (8.12) and (8.14) replace (5.9). 
Conversely, if we have any function C of z’s and z’s, homogeneous of 
degree one in the 2’s, such that 


(8.15) C(a;z) = 1, 


and the rank of the hessian of C with respect to the z’s is n—1, equations 
(8.9) can be solved for the z’s as homogeneous functions of degree one 
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in the p’s, and by repeating the above processes we obtain the first set 
of equations (5.9), and the second set follow from (8.12) and (8.14). 

If we take a particular point P(z*) of our space, the first set of equations 
(5.7) defines a near-by point, which varies for each choice of the p’s sub- 
ject to the condition (8.4). The equation of the locus of this point is 
obtained on the elimination of the p’s from the first set of (5.7) and (8.4). 
If the hessian of C with respect to the p’s is of rank »—1, this elimination 
can be accomplished by the process which led to (8.11). Consequently, 
if y are codrdinates with P as origin so that y' = z'—z*, we have as 
the equation of the locus 


(8.16) C (a; y) = ot," 


since C is homogeneous of the first degree in the z’s. Also from this 
property of C and from (8.12) it follows that 


aC (ax; y) 


(8.1 7) y= P y' 


Consequently p* are the components of the covariant normal to the hyper- 
surface (8.16), which we call the elementary hypersurface of the trans- 
formation for the point P. 

If X‘ are current codrdinates, the tangential hyperplane at a point is 
defined by 

pi (X'—y') = 0, 

or 
(8.18) px'= uw, 


where in consequence of (5.7) and (5.5) 


ac 
(8.19) w= pi Opi dt = Cét. 
Consequently (8.18) with w given by (8.19) is the tangential equation of 
elementary hypersurface.* 
9. Geometrical properties of continuous groups of maximum 


rank. Waves. Consider the finite equations 
(9.1) x= y' (x, p, t), Pi = Wi (x, P; t) 


of a group G, of contact transformations for which the hessian of the 
characteristic function C with respect to the p’s is of rank n—1. When 





* Cf. Vessiot, l. c., p. 262; also Levi-Civita, l.c., pp. 452, 462. 
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the functions y’ are written as power series in ¢, as solutions of (5.9), it 
is seen that the rank of the jacobian of the g’s with respect to the p’s 
is m—1. Consequently when the p’s are eliminated from the first set of 
equations (9.1), we get an equation 


(9.2) F(z, x,t) = 0. 


This equation for given values of the x’s defines the hypersurface whose 
points are the transforms of the point P(x) for the given value of ¢; when 
t = 0, the hypersurface reduces to the point P, as follows from ¢* expressed 
as power series in ¢. For other values of ¢ equation (9.2) defines a family 
of hypersurfaces which may be interpreted as waves emanating from P, t 
being the time which has elapsed since the emanation. 

When in the first set of equations (9.1) we give the z’s and p’s fixed 
values, these equations define a curve, the locus of corresponding points 
on the waves, and the second set of equations (9.1) defines the covariant 
normal to the waves at these points. We call them the trajectories of 
the wave-motion. When the initial values satisfy C = 0, we call the 
trajectory singular. The non-singular trajectories are integrals of equations 
(8.14). Along a singular trajectory we have pjdz* = 0 (§ 5). Consequently 
such a trajectory is tangential to a hypersurface (9.2) at its point of 
meeting with it. Substituting in (9.2) for the z’s such a solution, we 
have on differentiating the resulting identity with respect to ¢ 


OF = 
“Oat 


45 a0. 


Hence the singular trajectories meet (9.2) in points of the hypersurfaces 


oF 
jew 0, 


that is in the points of tangency of (9.2) with its envelope considering ¢ 
as a parameter. 


Excluding the points on the envelope of the hypersurfaces (9.2), we can 
solve this equation for ¢, thus 


(9.3) S(@, x) —t = 0; 


then f(z, x)= 0. Since the transformations form a group, f must be of 
such a form that 


fle+5e © ot, x) — (¢+6t) = 0, 





(! 


(s 
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where 


(9.4) n= e 4. 


Consequently 
(9.5) od 


dat Opi 


Since C is homogeneous of degree one in the p’s, it follows that f is a 
solution of the equation 


(9.6) ole of 


ox 


Moreover, it is a complete integral, since it involves m parameters x* subject 
to the condition f(x, x) = 0. 

We proceed now to the converse problem of deriving the trajectories 
from a complete integral of equation (9.6), say »(z, a',---, a”—'), where 
none of the a’s is additive. Because of this requirement the jacobian of 

oy 
ba® 
x’s is not zero. Hence the equations 


the functions g and , Where a = 1,---,n—1, with respect to the 


(9.7) g(x, a)+a"—t — 0, 


(9.8) 3 ea 


where a” and the b’s are arbitrary constants, admit a solution 
(9.9) r= gi (a, +--+, a", b,, sais os t). 


We denote by y; the functions of the a’s, b’s, ¢ and h which are obtained 
by the substitution of the ¢,’s in the right-hand members of the equations 


(9.10) 


where / is an arbitrary constant. We shall show that the g,’s and w’s 
constitute a solution of equations (5.9). In fact, if we substitute (9.9) in 
(9.7) and (9.8) and differentiate the resulting identities with respect to ¢, 
we obtain 

dg dzx' fo dX _. 


“ amt dt | " datant a 
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Also if we substitute the function g in (9.6) and differentiate the resulting 
identity with respect to the a’s and z’s, we get, in consequence of (9.10), 


Cc Pe: ... 0 ac aC = *@ 


(9.43) Opi Ox! da" =’ dat = 











‘op; ox oxt 
From the first set of these equations, (9.11) and (9.5) we obtain 


ate 0* (= 22) —o 
gs ia oz'da*\ dt dpi —’ 








0 @ (om oC 
az'\ dt Opi 


which are equivalent to the first set of equations (5.9), since the deter- 
minant of these equations is a non-vanishing jacobian. From this result, 
(9.10) and the second set of equations (9.12) we have 


di Oxtda) dt data Op)  —saa*” 
as was to be proved. 
If we denote by 2‘ and p; the values of x’ and p; when ¢ — 0, we 
have from (9.7) and (9.8) 











dpi _, ap ax Pe. tf. -»e 





(9.13) eo = — 9, a), De = 8 at gy (x, a,-+-,a"—), 
and from (9.10) 

0 0 
(9.14) Piz 9%) D— DIZ, a) = 0. 


These » —1 equations define the » —1 a’s as functions of the z’s and p’s, 
homogeneous of degree zero in the p’s. Then a” and the b’s are given 
by (9.13) as functions of these quantities and from (9.9) we have the first 
set of (9.1). For ¢ = 0 we have from (9.6) and (9.10) 


BOD toy 5: = 
O(c, f ci Cla, p) = 1. 


Consequently the second set of (9.1) is given by substituting the expressions 
for the z’s, a’s and b’s in terms of the z’s and p’s in 


‘ ee 0 
(9.10') = C(w, ») 557 


which is homogeneous of degree one in the p’s. 
From (9.7) and (9.13) we have 


(9.15) 9 (x, a) — g(x, a) —t = 0. 
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For given values of the p’s, the p’s given by (9.10’) are the components 
of the covariant normal to the hypersurface (9.15) for a given value of ¢. 
From (9.4) these are the components of the covariant normal to the hyper- 
surface (9.3). Hence the latter is the envelope of the hypersurfaces (9.15) 
for the same value of ¢, on treating the p’s as parameters. Since the a’s 
are independent functions of the ratios pe/pn, the envelope of the hyper- 
surfaces considering these ratios as parameters is the same as the envelope 
considering the a’s as parameters. If then we eliminate the a’s from 
(9.15) and 
09(@, a)  9(%, a) _ 4 
da® da ' 
we obtain the equation (9.3). 
Consider any hypersurface 


(9.16) F(z', ---, 2") = 0, 





F being irreducible. From the results of §§ 3, 4 it follows that the 
envelope of the waves emanating from each point of the hypersurface 
after a time ¢ is defined by 


a eee! ee 
(9.17) z*=~@ (x, —o i), 


in which the z’s are in the relation (9.16), and that 
(9.18) pi = Wi (c, mE, i) 


are the components of the covariant normal at each point. As ¢ varies 
the envelopes constitute a series of wave-fronts whose character is deter- 
mined by the hypersurface of origin (9.16). Eliminating the 2’s from 
(9.16) and (9.17), we get as the equation of the wave-fronts 


(9.19) O(a,---, 2", t) = 0. 

Excluding the points on the envelope of these hypersurfaces with ¢ as 
parameter, we may replace (9.19) by 

(9.20) w(z,---,2")—t = 0. 

It follows from the considerations applied to (9.3) that w is a solution 
of equation (9.6). It is the general integral determined by the relation 


(9.16) between the parameters 2‘ in the complete integral f(z, x), since 
(9.20) is the envelope of the hypersurfaces (9.3) for the relation (9.16). 
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Thus the waves (9.3) and the wave-fronts (9.20) are related in accordance 
with Huygen’s principle. 

When the codrdinates z* of a point P on the hypersurface (9.16) are 
substituted in (9.17), the resulting equations define a curve, the locus of 
the points of contact with the wave-fronts of the waves emanating 
from P as ¢ varies. The congruence of curves so defined are the trajec- 
tories of motion of the wave-fronts; evidently they are integral curves 
of equations (8.14). 

The hypersurface (9.20) for a particular value of ¢ is the envelope of 
the hypersurfaces (9.7) in which the a’s are functions of the z’s deter- 
mined by the »—1 equations 


OF dg(x,a) OF dy(z,a) _ 
dat dad 0a Se: 








(9.21) 0, 


the z’s being subject to the relation F—0O. If the z’s are eliminated 
from (9.21), the first of (9.13) and F = 0, we get a relation 


w(a', els "lie = a". 


Consequently (9.20) is the envelope of (9.7) for the a’s in this relation. 
Conversely, if we have any such relation, the envelope of 


y(x,a)+W(a) = 0 


is the hypersurface of origin (9.16) of the waves (9.15). 

In order to make a similar discussion of the singular trajectories of the 
group G,, defined by a characteristic function C, we consider the differential 
equation 


(9.22) C (x, 7s) _" 


Suppose we have an integral of this equation involving »—2 arbitrary 
constants a',---; a”~*, none of which is additive, and consider the n—1 
equations 


(9.23) y (@, a) = b, fy le) ae eee 


where the b’s are arbitrary constants. For each set of values of the a’s 
and b’s these equations define a curve along which the differentials satisfy 
the conditions 

07 


Dat on dz‘ = 0. 


Og 
ax dx' = 0, 








CONTACT TRANSFORMATIONS. 
If we define functions p; by (9.10), it follows from (9.22) that 


og OC | 
Oat Op: 


re. eC _ 
da%ba' Opi 





0, 0. 


2 
Since the matrix of * and A An is of rank n—1, we have from the 
dx* da° dx* 
above equations 
dxi dz” 
—S— cee oes = e, 


ae aC 

0 pi OPn 
where @ is the factor of proportionality. From (9.10) and the second 
set of (9.12) we have 


a w= aC 


n= * S50 me yf 
Consequently the curves (9.23) are integrals of (5.9). 
In order to obtain the curves through a point P(x), we replace (9.23) by 





ma a dy(x,a)  dy(a,a) 
(9.24) 7 (a, a) y (x, a) = 0, 8 ae — 0. 


Since the p’s in this case must satisfy the condition C (a, p) = 0, there 
are n—2 of equations (9.14) for the determation of the a’s as functions 
of the z’s and ratios of the p’s. When these are substituted in (9.24), 
we have the equations of the singular trajectories, and the p’s are given 
by (9.10) in which 


10. Application to geodesics of a Riemannian space. Consider 
a Riemannian space whose metric is defined by 


(10.1) ds* = gy dat dzxi, 


where the g’s are functions of the 2’s such that gi; = gj and the 
determinant of the g’s is not zero. We define functions g/ by the equations 


(10.2) 9 on = Se, 
where 
(10.3) 6. =1 or 0 as i=k or i¢k. 


> . 7 “ — 7 — 
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The equations of the non-minimal geodesics of the space are* 


d® a dxi da 
(10.4) 95 a +k, te a = 9 


where 


. ee a % 0 Gij 09k ad 
(10.5) ve ae x (28 $ ot ik 





Consider now the group G, of contact transformations for which the 
characteristic function is 


(10.6) C=V yy pip;. 


In this case we have equations (5.13). When the trajectories are non- 
singular it follows from (5.13) and (10.1) that ts. Hence we have 


eis te a 
(10.7) Tre a SS ae ae 


In consequence of (10.2) and the first set of (10.7) we have 


(10.8) R= Ji -_ 


Substituting this expression in the second set of (10.7), we obtain 
equations (10.4). 
If the form (10.1) is not definite, there are real values of the p’s such that 


(10.9) 9 pinj = 0. 


As in the preceding case we obtain from (5.13) equations (10.4) with s 
replaced by ¢, and from the first set of (5.13) and (10.9) it follows that 

dz dzx/ 
Wat at 
have: 

For the group G, with the characteristic function (10.6) the non-singular 
trajectories are the non-minimal geodesics of the Riemannian space with the 
Sundamental form (10.1) and t = 8; and the singular trajectories are the 
minimal geodesics of the space. 

For the case of non-minimal geodesics equation (9.6) is 


= 0, that is, the curves are minimal geodesics. Hence we 


. OP Oy 
vs ——, = 
(10.10) s3 





* Eisenhart, Riemannian geometry, p. 50. 
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From the results of § 9 it follows that if (a, a’, ---, a*~) is a complete 
integral of (10.10), the corresponding equations (9.8) define »—1 hyper- 
surfaces which intersect in the non-minimal geodesics. Moreover, from 
(9.11) and (10.7) it follows that for particular values of the a’s these 
geodesics are the orthogonal trajectories of the hypersurfaces y = const.* 
Also if (10.1) is not definite and »(z, a’, ---, a”~*) is an integral of 


"hf apee 
Wo tx) = % 

then equations (9.23) define the minimal geodesics. 

When ¢(z, a',---, a") is an integral of (10.10) and the a’s are 
eliminated from the equations 
Og(z,a)_ O9(x, a) __ 4 

8 a® da® 

(@ = 1,---,n—1), 





(10.11) g(x, a)—g(x, a)—s = 0. 


in which the z’s have particular values, the resulting equation 
(10.12) S(@,xz)—s = 0 


defines the hypersurfaces orthogonal to the geodesics through the point 
P(x). Each of these hypersurfaces is the locus of points at the same 
distance s from P, measured along the geodesics. Consequently we <all 
them geodesic hyperspheres for the space. The function f is a solution of 
(10.10) and the geodesics are the integrals of the equations 

dx} dz” 


<7} sheers ak 
a ae ae 
I ox I ex) 


If the integrals of these equations are y“ (x, x) = b*, (a = 1,---,n—1), 
and we put 


y=", y =f@,2), 
and denote by aydy' dy the transform of (10.1), we have 
Se ee 


ne — gi - — = 
. Tox dx 


Consequently the form (10.1) becomes 
ds? = (dy")?+ deg dy“ dy’, 


* Cf. Eisenhart, Riemannian geometry, p. 58. 
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the hypersurfaces 7” = const. being the geodesic hyperspheres with P(x) as 
center. 

Suppose that the z’s and p’s, as defined by (10.8), are subjected to any 
homogeneous contact transformation (2.1) and that C is the transform of C. 
Then C is homogeneous of degree one in the p’s. From the results of 
§ 5 it follows that equations (10.7) are transformed into 

ma ” SR” "SO 
(10.13) ds — Api’ sae 
If we define functions g” by i 
AS 
10.14 ,= — > 
(10.14) g 2 Opi dp; 








then g¥ is homogeneous of degree zero in the p’s and it follows from the 
second set of equations (5.6) that 


(10.15) 7% Pipi = C. 
When the p’s are such that C + 0 and they are chosen so that C = 1, 


the above equations-may be written 


dx* i - tn 1 dg*_ — 
(10.16) ds = 9" Dj; a a er soz PiPe, 


since we have in consequence of (10.14) that 


EE: PRE 2° x 
api Pi P* ~ 2 Opi Op; Ope 





pj pr = 0. 


If we drop the bars temporarily from these quantities, the first of (10.13) 
become, in consequence of (6.1), 
Pee ae 


ds 0 pi : 
As in § 6, these equations can be solved for p; as functions of the 2’s 
and z’s, linear homogeneous in the latter; we denote by H the function 


resulting from the substitution in H of these expressions for p;. Since H is 
homogeneous of second degree in the z’s, we have from (8.12) 


.. Se ee ae 

yi oa ~~ 2 0 2 baton)” 
ae ee 

Wi — 9 Ox 0x)” 


Y= Gij &; 
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where gj as thus defined are functions of x‘ and z‘, homogeneous of degree 
zero in the latter; also from (10.16) we have C? = gj z‘a/. In consequence 
of (8.13) the second set of (10.13) become, on resuming bars, 


_ dz ,,.. , dz dz 
Wage TUT GS de = % 


where [jk, 7] are defined by (10.5) in terms of gj. Thus the trajectories 
defined by (10.13) are the geodesics of the space with the generalized 
Riemannian metric ds* = gj dz‘dz/ into which the given Riemannian 
space has been transformed.* 

11. Application to dynamics. Consider a conservative dynamical 
system for which neither the constraints nor the potential energy V involve 
the time ¢. Suppose that there are m independent variables 2‘; then the 
kinetic energy is given by 

T = Switz, 
where the g’s are functions of the z’s, and involve the masses of the 
system, and the lagrangian function is 


L = Sq —V. 


Substituting in the equations of Lagrange 
d (2 L _ ob 
dt \dz* 0 at 





= Q, 


we find that the resulting equations may be written 
(11.1) gu +k, HH +IE = 0, 
in consequence of (10.5). These equations admit the first integral 


(11.2) Sue +V = EF, 


where EF is the energy constant. 
If we put 
(11.3) =r, w= pj, 
we have from equation (11.2) 
9 pi pj = 2(E—V). 





* Spaces with a generalized Riemannian metric have been studied by Finsler, Dissertation, 
Géttingen (1918), and by Berwald, Jahresbericht der Deut. Math.-Verein. (1925), p. 213. 
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Hence if we take for the characteristic function of a group G;, of trans- 
formations the quantity* 


ae ; ‘ 
(11.4) C= V satay 9 pi pj = 1, 


the equations of the transformation are 





-_ 1 dpi ae 


sie Ses. Spee eae F Jk\ 
(1.5) Ge ~ 21) as t oat (Bo 9) 








where the parameter s is given by (cf. § 10) 
(11.6) ds? = 2(E—V) gi dx dx’. 
The Hamiltonian function of the dynamical system is given by 
H= p2e—L= 5 9 pi pit, 


and consequently the Hamiltonian equations are 





inten Ghar a 
. ee (5 gat PIPRT Goa): 


These equations are equivalent to (11.5) with the relation 


(11.7) s = 2(E—V) 


ee 


NE a 
fee et 


A 


ey 9 


holding along any trajectory. Thus we have the known result that the 
trajectories, of energy EL, of the given system are in one-to-one corre- 
spondence with the geodesics of the space with the fundamental form (11.6). 

From the results of § 10 it follows that, if g is any solution of the 
equation 


OP dy 
as = —_—- = —_— 
(11.8) ” > bal 2(E—V), 
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the orthogonal trajectories of the hypersurfaces y = const. are geodesics. 
If p(x, at, ---, a”) is a complete integral of this equation, on eliminating 
the a’s from the corresponding equations (10.11), the resulting equation 
(10.12) defines geodesic hyperspheres with P(x) as center. 


a 
eek 





*This problem for the motion of a particle was discussed by Lie, Die infinitesimalen 
Berithrungstransformationen der Mechanik, Leipz. Ber., vol. 41 (1889), pp. 145-156; and 
the more general problem by Vessiot, l.c., pp. 266-268. ; 
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Consider the case of a single particle of mass m and write (11.2) in 
the form 


(11.9) m (S80) = 2(E—M), 


where ds, is the element of length of the space of the particle. Then 
from (11.6) we have 


(11.10) ds* = 2m(E—V) ds, 
and consequently 





8 = | V2m(B—7) ds» = f mv dey. 


Hence s is the action and the dynamical trajectories are the extremals of 
the integral of action. 

From the view-point of optics in accordance with Fermat’s principle 
the trajectories are the same as the paths of light through an isotropic 
non-homogeneous medium of refractive index equal to V2m(H—V). In 
accordance with this principle s = xt, where t is the time and x a factor 
of proportionality. Then the velocity of light is 
8 x 


dt = * V2m(E—T) © 
Comparing this with (11.9) we have 


(11.11) @ m=: 





(11.12) o-_— 


mv 


From (11.10) it follows that the spaces with metric (11.6) and ds are 
conformal. Consequently in the latter metric the trajectories through 
a point P(x) are orthogonal to the hypersurfaces (10.12). If we take 
x == E, the equation of these hypersurfaces is 


(11.13) f(@, ®)—Et = 0. 


From (11.7) it follows that along any trajectory the relation between 
the time ¢ of the particle and « of the light are given by 


dt 2(E—V) 
(11.14) Se 20 rear 
which is in conformity with (11.12). 
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SYSTEMS OF LINEAR DIFFERENTIAL EQUATIONS 
OF INFINITE ORDER, WITH CONSTANT 
COEFFICIENTS.* 


By I. M. SHEFFER. 


1. Introduction. A linear functional equation in the field of analytic 
functions (to limit ourselves) gives rise formally to a system of infinitely 
many linear equations in infinitely many unknowns. We have but to assume 
a power series expansion for the unknown function, substitute into the 
functional equation, and equate coefficients. 

Conversely there is a general linear functional equation to which every 
system of linear equations in infinitely many unknowns can be formally 
led, namely the linear differential equation of infinite order; i. e., where 
the derivatives of the unknown function appear to all orders. 

More precisely: Given the system of equations 


io.) 
(1) mw = % 7=0,1.--.-, 


where aj, ¢ are wholly arbitrary. Then there exists a linear differential 
equation 


(2) Py (x) y (a) + Py (a) y’(w) +-->+Pn(x) y™ (x) +--+. = C(a), 
where the functions C(x) =Sa x*, Pi(x) => pix x* are formal power 


series, such that on setting y(x) =>», x* and substituting into (2), the 
0 


resulting system of equations is precisely (1). The formulas which permit 
one to go from one to the other are readily found to be 








ni Po,n—k P1yn—k+1 Pk,n 
a = kt [ oo oe | 
1 


m_ = q| ane (1) An—1,k—1 + (5) An—2,k—2-— * °° + (—1¥(;) anr0| . 


/ 


(3) 


It is interesting to note that when we consider a system of equations 
such as 
Mit Yi + Gijit1 Yitit Gite Yiset--- = cG, t=0,1,---, 


the resulting formal power series P;,(x) of (2) are polynomials, P(x) being 
of degree < k. 





* Received May 24, 1928; presented to the American Mathematical Society, December 28, 
1927. 
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This formal equivalence between the linear differential equation of infinite 
order and the system of linear equations in infinitely many unknowns 
suggests that it is of interest to study the former. The present paper is 
devoted to the particular, but important, case where the coefficients in 
the differential equation are constants: 


(4) do y(x) + ay y'(x) +--+ + any (x) +--+» = g(a), 


and to the corresponding case of systems of such equations. 

Putting suitable restrictions on g(x) and the a,’s, we obtain the existence 
theorems for equation (4), in §2. This equation appears to have been 
treated first by Schiirer.* The results given in § 2 duplicate for the most 
part the results obtained by him;+ we give them here both for completeness 
and for a basis for the succeeding work. The method is an operational 
one, and it enables us to treat the general case of a system of m equations 
in m unknowns, as is done in § 3. So far as the writer is aware, systems 
have never before been treated. § 3 forms a complete discussion. 

In another paper we hope to treat in some detail the case of one equation 
in one unknown in which the coefficients are polynomials of degree not 
exceeding one. 

2. One equation in one unknown, with constant coefficients. 


Let A (é) = >> a, t” be convergent, | t|< R. 

Notation : A [y (x)] = ao y (x) tay’ (x) +---+any”(x)+-->. 

Definition: If g(x) is an entire function with the property | lim a Vig Is) jm) | — gq, 
we shall say that g(x) is of exponential value q; or for short, g (x) is of 
exp. val. q.t 

Remark: If g(a) is of exp. val. q, then Tim V gl g®| == q for every x. 


LemMA 1. If A(t) is analytic, |t|< R, and g(x) is of exp. val. q<R, 
then Alg] is entire and is of exp. val. < q. 


Proof: From the remark made above we have g(x) M q'"e v? n=0,1,-+, 
where q’ = q-+e, ¢>0 arbitrary. Choose « so that q’< R. Then 


Algl KM S| an\ m oe Me* | an\q”. 





* F. Schiirer, Leipz. Ber., vol. 70 (1918), pp. 185-240. 

7 We add that the methods here used were in the possession of the writer before he 
was aware of Schiirer’s paper or of any other paper dealing with equations of infinite order. 

t Unless the contrary is stated, it will be assumed that q is finite. Most writers on 
differential equations of infinite order restrict themselves to the same class of functions. 
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The series on the right converges, since g’< R. Hence A [g] is entire, and 
clearly is of exp. val. <q’. Since ¢ is arbitrary, it follows that A [9] is 
7. of exp. val. < q. 

| Let A(t) be analytic, |¢|<R, and g(x) be of exp.val. gq< _R. We wish 
+ to solve the differential equation: 


a y (x) + ary (x) +--+ +any™(x)+--- = g(a). 





Let us introduce a parameter 4 as follows: 











Ae | do y (2) thay y' (x) ++ +++ 9" an y™ (x) +++» = g(x), 
oa | and assume a solution in the form 
- ‘ y (x) = Yo (v)+ LY, (ar) + Putin + an Y» (x) + nie 
* j On substituting in and equating coefficients, we find equations for Yo, Y;,--- 
tT which yield (on assuming a + 0) 
a4 is as oe, LL) TER 2s ae af— 2a ” 
i | Yo = a 9) Y, = a g (x), Ys = ( ao* g (x), -- ° 
i‘. } Now the coefficients of g, 9’, g’’,--- in these expressions are precisely the 
| 1h Taylor coefficients for 1/A(t). This suggests then, on taking 4 = 1, that 
; f f the original equation has a formal solution of the form 
| y (x) = bog (2) + dig! (x) +++» + dng (a) ++, 
if | where 1/A (¢) = >> b, t*; that is 
p 
a a 1 
Vee y (x) = —Igl. 
ip M| We use this as a guide. Our actual proofs will be carried through by an 
hy operational method. 
he Lemma 2. Jf A,(t) = >> at, A,(Q = > ant” are analytic, |t'< R, 
eM 0 0 
* ‘ and g(x) is of exp. val.q<R, then 
ite A, [As [gl] = Ae [Ai [gl] = A: As [yg]. 
tt 
3 e ; Proof: By Lemma 1, A; [g], Aslg], A: As [g] are of exp. val. <q, and 
ppg therefore the same is true of the expressions of this lemma. From the 
ip | proof of Lemma 1, 
‘2 3 d” n qx - 
TE: dan (4s lgl} K UMg’" e””. q<q'<R, 


= 
< 
f 
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where 7 = $ |ak|q’*. Consequently, the following double series for 
0 


A, [Ae[g]] converges absolutely and may be summed in any manner: 


A; [Ao [gl] = a0 (al gtaig +---+ang™ +---) 
+ ah (al! f+ eS eS ee 
On summing by columns we obtain 
A; [Az [g]] = (a0 ao’) g + (a0 ai’ + ai ao’) 9 +---, 


which is precisely A, As[g]. The lemma is then established, since we can 
interchange the roles of A,, Ag. 
CoroLuary: If A(t), B(t) are analytic, \t}<R, and if f(x), g(x), 
h(x), of exp. val. < R, satisfy the two relations 
(1) Alg] = f(x), (2) Bh] = g(a), 


then they also satisfy 
(3) AB[h] = f(a); 


conversely, if B(t) +0, |t|}< R, and if 


(1') BU] = g(x), (2) ABIh] = f(a), 
then also 
(3) Alg] = f(a). 


THEOREM 1: If A(t) is analytic, |\t}< R, with A(t) +0 in |t}|< R, and 
if g(x) is of exp. val.q< R, then equation 
(1) Aly] = g(@) 


has an entire function solution y(x) of exp.val.q, given by* 
1 
(2) ya) = Fly), 
and (2) is the only solution of exp. val. <R; and the homogeneous equation 


(3) Aly] = 0 
has no solution? of exp. val. <R. 
Proof: From Lemma 1, y(z) is of exp. val. <q. Since A, 1/A are 
analytic, |¢}<_R, we may apply Lemma2. This gives Aly] = A. gl 
= 1[g] = g(x). That is, (2) does give a solution of (1). We already 


* Since A(t) +0, |t|<C R, then 1/A(é) is analytic and +0, |t}<R. 
t+ We always disregard the trivial solution y = 0. 
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know that y(x) is of exp.val. <q. If exp.val. of y(x)<q, then by 
Lemma 1, g(x) = Aly] is of exp. val. < gq, which contradicts our assumption 
on g(x). Therefore y(zx) is of exp. val. = q. 

If (1) has a second solution of exp. val.<R, then the homogeneous 
equation (3) has a solution Y(~)$0: A[Y] = 0. Also the equation 


pa = Y(a) has, by what has just been proved, a solution z(z) = B[Y], 
where B(#) is the reciprocal of 1/A(¢). That is, z(z) = A[Y] = 0. 
But if z(~) =0, then Y(x) = aaa = 0, which is a contradiction. The 


theorem is thus proved. 

Let us now consider the case where A(¢) has a finite number of zeros. 
We have 

THEOREM 2: If A(t) is analytic, |\t}<R, and in |\t|<R has a finite 
number, m, of zeros,* then the homogeneous equation 


(1) Aly] = 0 


has precisely m linearly independent solutions of exp.val.<R. Further- 
more, if &1, §,-++,§s, of order lh, le, --+, ls respectively, are the distinct 
zeros of A(t) in \t}<R, then these m linearly independent solutions can 
so be chosen that precisely 1; of them involvet only the zero §;, i = 1, 2, +++, 8. 

Proof: We can write A (¢) = B(t) P(t), where P(t) = (t—&,)"---(t—&)*, 
and where B(t) +0, |¢|< R. (1) can then be written (1’) B[P[y]] = 0. 
If y is any function of exp. val. < R, the same is true of P[y]. Consequently, 
since B(t) + 0, |t|< R, we must have (1”) P[y]=0. That is, (1) and 
(1”) are equivalent. Now (1”) is a finite linear differential equation with 
constant coefficients, so that there exist precisely m linearly independent 
solutions, which can be chosen as follows: 


Ea L—-1 §2@ bax 4-1 & 
eo eae e*: Ylt1 = C7, +++) Ym = 2" ew. 


n=, yw=x 
We observe that precisely 7; of these solutions involve the zero §;. This 
establishes the theorem. 

Turning to the non-homogeneous equation, we have 

THEOREM 3: If A(t) is analytic, |t|< R, and in |t|< R has a finite 
number, m, of zeros, and if g(x) is of exp. val.q < R, then the equation 
(2) Aly] = g(x) has a solution yo (x) of exp. val. = q; and the most general 
solution of exp. val. << R is yo plus the most general solution of the corre- 
sponding homogeneous equation (1). 





*A multiple zero of order k is to be counted as k zeros. 
ft The meaning of this will be clear when we proceed to solve (1). 


—_ 


oN et tO A et 


_ 
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Proof: Let B(t), P(t) have the same significance as in Theorem 2. 
The equation (2) B[z] = g(x) has a unique solution z(z), and z(z) is 
of exp. val. = gq. Consider now (2”) Ply] = z(x). Every solution y (a) 
of (2”) is a solution of (2) through (2’). The entire theorem will follow, 
then, if we show that (2”) has a solution y (x) of exp. val. = q. 

Let 4,, ---, 4 be those zeros of P(t) which lie in |¢|<gq, where this 
time each zero appears (with different subscript) as many times as its 
order, and choose q@ in gq<q’ <F such that 4,, ---, 4 are the only 
zeros of P(t) in |t| <q’. Set Q(t) = (t—A,) --- (t-4,), so that 
P() = Q() M(@), M(d +0 in |t|<q@’. We may then operate on (2”) 


with 1/M, obtaining (2’”) Qly] = lel nee Gh, eled 08 Gate ~~ 


If y, of exp. val. <q’, satisfies (2””), it also satisfies (2”). We may then 
consider (2’”). 


Let Q, () = t—A,. The equation Q, [y] = w(x), which is the equation 
/ 


y —A,y = w (a), has a solution y (x) = ¥ yq 2” with Yo =, |yn|< io 
0 


wn 
n! q ’ 


where |4,| < q@<q”", q” >q@ arbitrary. Therefore y (x) « M’ e%’*, so 


that y() is of exp. val. << q”. Since q” can be taken arbitrary close 
to q, it follows that y (7) is of exp. val.<qg. Call this solution y (x) = w, (2). 


If now we consider Q:[y] = w, (x), where Q, (t) = t—A,, we arrive 
at a solution y (a) = wz (x) of exp. val.<qg. Andso on, through Q,[y] = wy_1(z), 
where Q,(#) = t—A,, determining a solution y(x) = w,(x) of exp. val. 
<q. Then y = w,(z) isa solution of Q, [Q:[---[Q,-1 [2 [yl] --- ] = w(@); 
i.e., of Q[y] = w(x). y=w,(x) is therefore a solution of (2), of exp. 
val. <q. There remains only to show that y (x) = w,(x) is of exp. val. 
precisely g. Suppose the inequality sign holds: exp. val. yo(7)<q. Then 
(Lemma 1) A [yo] is of exp. val.< g. But A[yo] = g(x) which is of exp. 
val. = q; a contradiction. This completes the theorem. 

To complete our discussion we set down 

THEOREM 4, If A(t) is analytic, |t|< R, and in |t|< R has infinitely 
many zeros, then the homogeneous equation (1) has infinitely many linearly 
independent solutions, while the non-homogeneous equation (2) has a solution 
Yo (x) of exp. val. q, to which may be added any solution of the homogeneous 
equation. In particular, the most general solution of (2) of exp. val. < q 
is Yo (x) plus those linearly independent solutions of (1) which involve zeros 
of A(t) which lie in | t|<q. 

Proof: Choose R’ in g< R’ < R. Then in |t|< R’, Theorems 2 und 3 
apply. As we let R’ increase toward R, we introduce more and more 
zeros of A (¢), and consequently more and more (linearly independent) 
solutions of the homogeneous equation, the number increasing beyond limit. 
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3. System of equations in n unknowns, with constant coefficients. 
We now turn to the general systems of m equations in m unknown functions, 
homogeneous and non-homogeneous: 


Au ll + Ajo in +++-+ Ain * = 0 (1) 





(I) ' 
Per ul rs re ys] + ries + Pre — 0 (n) 
and 
ay Ai ow + Aje lw +.-+»+ Aimlyn] = 91 (x) (1), 
Bet Ye ly ra ‘Ai ys] + lea: + Annlyn] = 9n(x) (n). 
e€ 

| Ay --+ Ain 

(3) A(t) = ae 
hay 5 Pe 





and let My(t) denote the cofactor* of Ajj(t). 

We shall prove the following theorems: 

THEOREM 5: If the Aij(t) are analytic, |t|}<R, and if A(t) has m zeros 
in |t|< R, then the homogeneous system (I) has precisely m linearly independent 
solutions (y1,--+, yn) of exp. val. <R. Furthermore, if &,---, § are the 
distinct zeros of A(t) in |t|< R, and these are of order pi, +--+, pr respectively, 
then the m linearly independent solutions can be so chosen that precisely pi 
of them correspond to the zero §&,i=1,---,r. 

THEOREM 6: Under ‘the same hypotheses on Ajj(t), A(t), if gi (x), «++, gn(x) 
are of exp. val. <q< BR, then there exists a solution (y1, +++, yn) of system (Il) 
of exp. val. <q; and the general solution of exp. val. <R is obtained by 
adding in the general solution of system (1). 

We require 

Lemma 3: If E(t) is analytic, |\t}< R, and if |§&|<R, then 


Ele’ &] = de {Eee +(' JE @at4..+(! |B (a0. 
Proof: We have only to substitute the identity 
(at ebay — | at +(*) Erteartt (2) Er to(e—t)ar2 +... 
+(™ ,)prtae—a)--- 12 


i oo 
into E [a &| => en (a &*)™ and collect common terms. 
0 


*Then 4(f) = 2 Av My(t), j =1,2,+++,n 
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CoroLLary: If E(&) +0, then the equation 


Ely) = (cu x* + cu_1 1 + --- + 9 x), (cx + 0), 
has a solution y(x) of the form 
y (a) = (de® + dy_1 #1 + --- + do x) &*, dy $ 0; 


and there are no two solutions of the form y(x) = &* Q(x), Q(x) a poly- 
nomial. In particular, if the righthand member is identically 0, the only 
solution of this form is y(x)=0. 

Proof: Assume y(x) = e*(d,a"+---+d 2°) and substitute into the 
equation. Using Lemma 3 we see that, since E(&) +0, m must be equal 
to k. The successive coefficients d; are seen to be uniquely determined, 
and this completes the proof. 

We proceed to the proofs. Theorems 5 and 6 have been proved for 
n=1. We assume them true up to »—1, and shall prove them true 
for n. Operate on the nm equations of (I) by Miu, ---, Mni, respectively, 
and add. Clearly every column drops out except the 7th, leaving 


(4) Aly] = 0, a= 1,2,---,n. 


Hence every solution of (I) must satisfy equations (4). 

Consider a particular zero,* say §, of A(t). Let its order be p. 

Case (i). Not all the functions A;(¢) vanish at ¢t = &. 

Then at ¢ = & the determinant A will be of rank k,O<k<n. We may 
suppose subscripts rearranged so that the principal minor of order k: 
Ax(t), is +0 at t=—&. 

Let (yei1,-+-, yn) be any solution (involving only &) of the system of 
equations 
(a) Aly] = 0, i=k-+1,---,n. 


Since Ax (§)+0, we see (Lemma 3 and Corollary) that the first k equations 
of (I) then determine yi,---, y uniquely (to involve only the zero &). 
Define 

Ay Ajo sipalies Axx Air 

An Ago +++ Aox Aor 

(5) iene eo ie ee ha See ws I, 

Aja Ato +++ Ate Axe | 

Ag Ase --+ Ask Asr | 


* If we have a solution ¥;, ---, yn involving more than one zero & of A(t), say &, &,---, &, 
then it is clear that the components yu, ---, yns Of ¥:, +++, Yn Which involve only & them- 
selves form a solution, i = 1, ---, r, and the r solutions so obtained are linearly independent. 
It follows that we may consider solutions corresponding to only one zero at a time. 
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258 I. M. SHEFFER. 
and let* 
(6) L® = cofactor of Ai in Ars. 


Operate on equations (I, 1), ---, (I, k) by Li, ---, L?, respectively, and 
add. We obtain 


0 =2 (Au LO +.--+ Any LE) [yd =~ (Ais — Asi Ax) [yi] 
k n 
= — D> An dnlyl+ D> (dis— Avi Ax) ly, 
i=1 i=k+1 


or 
(7) Ak [As [y1] + tio ts +Asn [ynl] = Ax-+1,slyx+1] + Ax+2,s [yx-+2] + che ibe + Ans [ynl, 


s&s = 1,-+-, mn. 


That is, equations (I) imply equations (I, 1),---, (I, k) and equations (a), 
and these in turn imply equations (7). 

Now for any solution (y:,---, yn) of (I), we have Asi [y:]-+----+Asn[yn] = 0, 
s=1,2,---,m, so that from (7) the following equations are satisfied: 


(8) Ax+1,s [yx+1] + An+o,s (yxte] +--+t+Anslyn] = 0, st=—k+1,---, 0. 


Conversely, let (yx+i1,---, Yn) be any solution of (8) involving only the 
zero &. If such a set (yxii,---, yn) also satisfies equations (a), then as 
before we determine (y:,---, y) uniquely (involving only §&) to satisfy 
(I, 1),---, (1, %), and therefore also equations (7). But from (7) and (8), 


(7’) Ax (As: [y:] ++ - - + Asn [yn] = 0, s = k-+1,---,n; 


and since Asi[yi]-+----++Asnlyn] involves only the zero €, and Ax(&)+0, 
it follows (Corollary, Lemma 3) that 


As [yi] +--+ +Asnlyn] = 9, s=k+1,---,n. 


That is, all of the equations (I) are satisfied. 

Hence the number of linearly independent solutions (y:,---, yn) of (1) 
involving only the zero & is the same as the number of linearly independent 
solutions (yx41,--+, Yn) involving only § which satisfy both (a) and (8). 

We now examine the determinant d(¢) of (8): 


| Agssktt Ay+2,%-41 pate An, k+1 


9 é(t) =|. — ae & 
' | Ag+t,n An+2, n sel Ann | 





*It is clear that L{" is independent of r. Observe that Li” = A:. 
+ For s=1,2,-++,k, Agsi,s = Ante,, = +--+ == Ane =O, so that in (8) we need only 
consider s = k+1,---,n. 
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ee din ~ a1 eee Qik 
- (ji) 4&& =| ----|Ask<n), 
. Ann Aka eee kk 
ee Aik a 
” Aniteti +++ An ets 


(iii) 4 = (iv) 6 = 


++ Akk Okr ’ 


An+1,n 72% dan 
ee Ask Asr 


Then we have the following theorem on determinants: 
LemMA 4: 6 as defined by (iv) satisfies the identity 


(v) 6 = Ay *.A. 


Proof:* We may suppose that 440, 4, +0, since if it is then true, 
it will remain true for 4=0O or 4, =O (or both) by continuity. For 
the same reason we can assume that no one of the principal minors 
A;, 4g, ---, As of 4, vanishes. We proceed to form a new determinant 
from A, in which the elementst (1,2) and (2,1) are zero. We make 
(1,2) = 0 by adding — a12/ay times the first column to the second column; 
and make (2,1) 0 by then adding — a2/ay times the first row to the 
second row. In the new determinant, the principal minor of order two 
has the non-zero elements: (1,1) = 4,, (2,2) = 4,/4,. We form in the 
same manner still a new determinant in which the following additional 
elements are zero: (1,3), (2,3), (3,1), (3,2). In this new determinant the 
principal minor of order three has its non-zero elements: (1,1) = A,, 
(2,2) = A,/A,, (3,3) = Ay/ Ay. 

And so on. After the kth reduction we arrive at a determinant 4’ which 
has as its principal minor of order k& the determinant 4;: 


A, 


Ay/ A, O a =~ 


A,/A, | : A’ =— | ..... 


| Ck+A,k+1* ** Ck+1,n 


O “Aa bu-a| " 











i Cnjk+1  0**°Cnn 


where the cj’s are given in terms of the a’s.~ The explicit values of 
the cj’s are not needed. 





* Professor G. Y. Rainich very kindly suggested this method of proof to me. 

+ By (1,2) is meant the element in the first row and second column. 

tThe method we have given shows how we may get rid of the non-diagonal terms 
in the principal minor of order k. After doing this, we can by a further application of 
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The transformations we have made obviously have not changed the 
values of the determinants 4, 4,, As, and therefore of 6. That is, 
A’ = A, Ay = Ap, Mor = Aer, 0’ = 6. But Ab, = coy Ay, 80 that 
Chi,k+1 *** Cn, kt | Cet, b+ ++ Chti,n 


$= ¢ = £°. . aiid 








Ck+i,n °°° Cnn Cn,k+1 °°° Cnn 


Since the two c-determinants differ only in that the rows of one are the 
columns of the other, it follows that 6 = 4g". A. 

Let us return to the proof of Theorem 5. By Lemma 4, d(t) = 
Ay **(#) A(t). Since Ax () +0, 6(¢) has a p-fold zero at t= & By our 
assumption that Theorems 5 und 6 are true up to n—1, then, the number 
of linearly independent solutions of (8) involving only the zero § is 
precisely p. Let (yx+i1,---, Yn) be one such solution. These functions y;(z) 
satisfy (as we know) the relations 


d [yi] = 90, t= k+1,---, n. 

That is, At ** Aly = 0, i= k+1,.--, n. 
But since Ax (§) + 0, we have (Corollary, Lemma 3) 

Aly] = 0, i= k+l1,---, 


This is the set of equations (a). That is, every solution (yx+41, ---, yn) 
of (8) is a solution of (a). Consequently there are precisely p linearly 
independent solutions (y1, ---, yn) of (I) involving only the zero &. 

Case (ii): All the functions Aj;j;(t) vanish at ¢ = &. 

Let k be the largest order (of the zero §) common to all the functions 
Aj(t). Then on setting By(t) P(t) = Ay(d, P(t) = (t— 8, at least 
one function By(t) is +0 at t= §. Equations (I) can then be written 


(T) Ba [us j+ --+ + Binlun] = 0, i=1,---,m, 
where 

(1”) Ply) = wi. 

Let 


By ee Bin | 


(3’) wo (t) = 
Bu vial: Ban 


the method, using only the first k rows and first k columns, get rid of the elements (i, j) 
in the upper right- and lower left-hand corners: 


1,2,---,k 


i 
bb bint, and ¥ 


I= 1,2,---,k 


Il 


jj=0, 
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Then w(t) P(t) = A(t), so that at ¢=— &, w(t) has a zero of order 
(p—kn). 

By Case (i), (I') has precisely (p—kn) linearly independent solutions 
(uw, «++, Un) of exp. val. < R, corresponding to t= §&. Let (um, ---, vn) 
be one of these solutions, and let (2,, ---, gn) be any solution of 
Plei) = v', i= 1,---,n. If we do this for each of the (p—kn) solutions 
(wy, -**, Un), We obtain (p—kn) solutions (y,, ---, yn), which must 
be linearly independent since the corresponding w-solutions are linearly 
independent. 

Now for every solution (v,, ---, un), (@:, ---, én) is not unique, since 
we can add in to each 2; an arbitrary solution of the homogeneous equation 
Ply] = 0. There is therefore the possibility of further linearly independent 
solutions. Since for a given solution (v,, ---, vm), any two solutions 
(yi, +++, Yn) differ only by solutions of P[y] = 0, we can be certain that 
we have all the linearly independent solutions (y,, ---, yn) if we can show 
that every solution y:, ---, yn of P[y] = 0 is a solution of equations (I). 
But this is clearly true. There are kn such solutions and these are 
given by* 


r=0,1,---,k—1 
1 = Q@, Ye = 0,---,y¥=2' &, y't! = 0,---, yn = 0, 


t= 1,2,---,n. 


Then, these kn solutions together with the (p—kn) previously found are 
all the linearly independent solutions involving only §; and their total 
number is p.t 

Hence in both cases, (i), (ii), corresponding to ¢ = & we have precisely p 
linearly independent solutions of exp. val. << R. If we sum up the 
number of solutions for all the zeros of A(t), we have the conclusion of 
Theorem 5. 

And now we take up the proof of Theorem 6. We shall want 

Lemma 5: If the functions A(t) are analytic, |t|< R, with A(t) 0, and 
if § is any number for which |§|< R, then the system 


(A) Aalys] +--+ + Ainlyn] = Pi(x) &, 


where the P;(x) are polynomials, has a solution (y1,---, yn) of the form 
yi(x) = Qi (x) &, the Qi(x) being polynomials. 

Proof: The lemma is easily verified for » 1. We assume it true up 
to n—1, and proceed to establish it for n. ; 

In (A) we may assume that the A;’s in any column have no common 





* They correspond to the solution (vu, = 0,---, u, = 0) of (1’). 
Tt It is easy to see that the above mentioned p solutions are linearly independent. 
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zero.* Then at least one function Ay is +0 at ¢ = §; and we may 
clearly assume it to be Ay. Then there is a principal minor 4;(k<n) 
which does. not vanisht at ¢t = &. 

Consider now the system 


An+1,s[yx+1] +.-++Ans [yn] 


Bt. +P PP} + Mele, 2 k-+1, ++, 


where the notation is that used in the proof of Theorem 5. The right hand 
members of (B) are of the form S;(x)e",i = k+1,---,m. Also, the deter- 
minant of (B) is, as we know, 6(f) = At **(#)A(d), and is therefore +0. 
By our assumption that the lemma is true up to n —1, system (B) has then 
a solution (yx+1,---, Yn) of the form y(~) = Qi (a), i = k4+1,---,n. 
Substitute these values into the first k equations of (A): 


(A’) Aalys)+ +--+ Alyn) = Pre” —{Ainsilyert+ ---+ Ainlynl, 
i=1,--,k. 


This system satisfies the conditions of the lemma, so that, k being < n—1, 
there is a solution (y1, ---, yx) of (A’) of the form y; = Qe”, i= 1,---,k. 
That is, (yi,---, yn) of the form y; = Qe exists satisfying the first k 
equations of (A). 

Now operate on equations (A,1),---, (A, k) by L}\®,---, Ze’, respec- 
tively, s>k, and add. This gives 


A. [As [yl + +++ Agn lynl] 


= {Arcts,slyesil +--+ + Anolynl — {LP Ps +--+ LP Pe Ih, 
a= k+1, vrty MN. 


(a) 


On using (B) this becomes 
(b) Ax [As [y1]- -- + Asn lyn] —Ps e**] — 0, s=k+1,--.,n. 


Now Ax(§)+0, while As[y:] +---+ Asn[yn] —Pse” is of the form 
Q(x) &”; whence from Corollary, Lemma 3, we must have 





* For if S;(¢) is the polynomial with all the zeros common to the Ay’s in the jth column, 
j =1,-+++,, we consider the system 


(B) Ba [v1] + a a Bin [Un] == P; (a) eb”, where S;(6) By (t) == Ag (6), y= S; [ys]. 


(B) satisfies the conditions of the lemma. If the lemma is true for (B), then « exist of 
form Q(x) eb, and therefore the y exist of the same form, defined by S;[y;] = uj, and 
the y% satisfy (A). 

Tt We can take k= 1, since 4: = 41 +0 at t:. However, we prefer to keep k in 
order to use the notation introduced in proving Theorem 5 and Lemma 4. 


DIFFERENTIAL EQUATIONS OF INFINITE ORDER. 963 
Aaly:] +--+ + Asn lyn] —Ps &* = 0, s=k+1,---,n. 


These are the last » —k equations of system (A), so the lemma is proved. 

We are assuming that Theorem 6 is true up to n—1, and wish to 
prove it then true for nm. Since A(¢)#0, at least one minor of order 
n—1 is £0, and by a rearrangement of rows and columns we can place 
it in the upper left hand corner. That is, we may suppose that An—1(é) $0. 
If in system 


(II) Aalys] + +--+ Ainlyn] = gil), ‘ 


we operate on equations (II,1),---, (II,n) respectively by My, ---, Mni, 
and add, we find necessary conditions for a solution: 


(A) Aly) = Mu lgil+--- + Mn (onl, 
Choose yp» (x) as any* solution of (A) (for i = n): 
(a) Alyn] = Min [gi] +--+ + Maa [gn)- 


The first »—1 equations of (II) then form a system 
(I1’) Aa [yi] +++ ++ Ain—i [Ynaal = gi (x) —Ain [yn], i= 1,---,n—1, 


which satisfies all the conditions of the theorem, so that we can by our 
assumption find a solution (y1,---, yn—1) of (II’) of exp. val.< R’. That 
is, a solution (y:,---, yn) of exp. val. < R’ exists of the first n—1 equations 
of (II). If we operate on (II,1),---,(1I,m—1) by Min, «++. Mn-1s., 
respectively, and add, we obtain, on using (a), 


Mnn [Ani [ys] +--+ + Ann [yn] — gn] = 0; 
or, since Myn = An, 
(b) An-1 [An [yi] + -++ + Ann [yn] — gn] = Ve 


Therefore 


8 


(c) Am Lys} +++ Ann [ynl—gn = D> (C,y—1 2 ++» + eo 2°) &*, 


*=1 


where &,---, §&, of order i,---, Js, respectively, are the zeros of Ay_, (¢). 
If all the c’s are zero, then (c) is equation (IJ, ), and we have a solution 





*To establish Theorem 6, it suffices to prove the existence of one solution (y:,-+-, yn) 
of exp. val.<q. Let us then choose R’ in g< R'< R, as close to q as we please (such 
that 4 and 4,_, do not vanish in g<|¢| < R’), and consider only the region |t|< R’. 
In particular, then, the solution yn of (a) is chosen so that its exp. val. is < R’. 


“ ee 


sais 


‘ 
‘ — . . i-Reeeeene 
so Jia Fen es ge caoreee’ ~~ o ‘ . 


eee 


Sri, 


ie Bee 
ee 


F 
* 
re 3 


& 
io 


a 


es vo ee 


Lh FL LAL GRR gt BAP GRE LENG 


gueey weg EY 
enone mnmmamnmes 


= area eT 


ee - “ 
wae ca ae tiheg als Bingieta GTA ELSE IATA RTE BIS Tas SE the oe SET es — — 


A RTS TI 
a fe ean ae 


rv eae 


- 


, wd 
EM TGR 
= 


Pe hs heh tai dace art 
2 . Se ~ 








EER 


2s phates swe oe 
¥ 


2 ee oS 
baie 





SME See 
+ : 


ay 


“ 


cots ai TE al ee ale eta 





§ 


Ewes 


pin es 


Ohne aint 8 SK 


say. 


ee ee 


ob pene 
o 


amok, & 


ane toe 


Hf 

aaj 
# 
.° 
t 
4 

‘ 
. 





264 I. M. SHEFFER. 


of system (II). Suppose not all the c’s are zero. For each zero &; in 
the set &,---, &, we can find a solution (y, ---, y®) of 


0, 7 $n; 
Aj ly) + ++ + Ajn [yal = pete 4... toon) eh, j= n. 


This follows from Lemma 5. On adding these s sets to the set (y1,---, yn) 
already found, we annihilate the right hand member of (c), and so obtain 
a solution of (II). 

Now the solution we obtain is of exp. val. < R’, and since RF’ can be 
chosen as near to q as we please, there is a solution of (II) of exp. val. < q. 
This proves Theorem 6. 

Remark. In the preceding work we have dealt only with functions of 
finite exp. val. If we wish to widen the class of functions to be considered, 
we must restrict the functions A;;(¢). One important restriction is that 
Ajj (t) be entire functions of finite order. We do not in this paper consider 
the theory of equations under these new conditions. 


HARVARD UNIVERSITY. 





SOLUTION TO A PROBLEM IN DIFFUSION 
EMPLOYING A NON-ORTHOGONAL 
SINE SERIES.* 


By R. L. PEEK sr. 


1. A problem arising in the study of diffusion phenomena involves 
boundary conditions which can only be satisfied by the use of a sine series 
in which the terms are non-orthogonal, but by a novel modification of 
Fourier’s method it is possible to determine the coefficients of the terms 
directly. A cosine series having terms of the same form as those of this 
sine series is orthogonal. A similar sine series obtained by Fourier for 
4 special case of heat conduction is orthogonal, while the corresponding 
cosine series is not. It can be shown that these two types of series 
include all cases of orthogonality for sine and cosine series, and that the 
ordinary Fourier series may be regarded as a special case of either type. 

The problem referred to arises in the use of a convenient experimental 
method for the study of the rate of diffusion of moisture through a solid 
such as rubber.t In this method, the sample of the solid, in the form of 
a thin sheet, separates two closed chambers, in one of which a constant 
pressure of water vapor is maintained, while the other, initially evacuated, 
is provided with a manometer by which may be read the pressure of the 
water vapor which has diffused through the membrane into the second 
chamber. The flow will be considered unilinear, and Fick’s law held to 
apply. Under the conditions of the experimental method the diffusion in 
the measuring chamber is so rapid compared with that in the membrane 
that the concentration throughout the measuring chamber may be taken 
as uniform. Then the time rate of change of concentration at the boundary 
x =a of the membrane next to the measuring chamber will equal the 
rate of flow into this chamber divided by the volume (V) of the latter, or, 

00 ——-Ah® 06 


(1) = 


Ot Va” ie 


in which A is the area of the surface of the membrane exposed to the 
chamber, and h* the diffusivity constant. The other conditions in the 
practical problem are that the initial concentration be constant, and that 
the concentration at the boundary «=O be constant for all positive 





* Received April 14, 1928. 
+ Schumacher and Ferguson, Journ. Amer. Chem. Soc., 49 (1926), 427. 
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; values of ¢. A solution satisfying these conditions may be deduced from 1 
+ that for a more general problem, where, , 
f (2) 6= 0, (cx = 0), 0 
: (3) 6=f (x), (t= 0). 
: 4 The basic differential equation for diffusion, commonly known as Fick’s ( 
“ET, law, is, for unilinear flow, s | 
ah (4) ot.” oat" 
he 
The problem is then to obtain a solution of (4) satisfying (1), (2), and (3).* 
. 2. A series may be formed by adding terms each of which is a well | 
ii known particular solution of (4). Such a series is ( 
‘, P —h? 
yh (5) o = DS Ansin(azde*™. 
: 0 
: This series satisfies (2) and (4). A» and A, are entirely unrestricted con- ‘ 
o if stants. By substitution, (1) will be satisfied, if 
t Ss 
| (6) AsinaA—pcecosas = 0, 
¥ where p = 4 (a positive quantity). This condition restricts 4 to being 
F: | ib a root of (6), there being an infinite number of such roots. ( 
Bar it If ¢ = 0, from (5), 
i (7) 6 = > Ansin (A, 2). I 
a id . 
‘ 3 Thus, if f(z) can be expanded within the limits x — 0 to x=—a in A 
¢ a series of the form (7), in which 4 is a root of (6), all the conditions are 
ihe satisfied, and (5) is a solution to the problem. The limits of the expansion ( 
+a ; being as stated, f(x) may be taken as an odd function and only positive 
1 roots of (6) considered. 
ais + Following Fourier’s method, multiply through by sin(Am2)-dx and 
: + i integrate from x = 0 to x =a. Any term on the right-hand side of the E 
[ a resulting equality can (employing (6)), be reduced to T 
Hi i! (8) ___An sin (adm) sin (a4n) (1 
Hy i: *A similar problem, the cooling of a sphere in a well stirred mass of liquid, has been 
s t solved by Peddie (Edinb. Math. Soc. Proc., 19 (1901), 34. In this solution, the coefficients m 
fam iy of a non-orthogonal sine series are obtained by another modification of Fourier’s method, tc 
i ER but could have been equally well determined by the method described in this paper. This . 
et ; » reference was kindly called to the writer’s attention by Professor H.W. March of the } 
teu): University of Wisconsin. . 
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The series is therefore not orthogonal. But by substituting 2 — a in (7) 


sin (a@4m), 


and multiplying through by — , any term on the right-hand side 


of the resulting equality is precisely (8). Hence 
[17@) sin a 2)-de+ SE F(a 
Rs sin? (ad,) sr 

=z A, =m on are (Anz) - ax] ; 


From (9), by means of (6), the series may be written as 


2 (p*+ An) 
2 ah ap’ + p 


The values of 4, being positive roots of (6), may be obtained by a method 
of successive approximations. If not too high an order of accuracy is 
required, the roots may be readily obtained graphically from the inter- 
sections of 


(9) 


3 


(10) f(a) = (See) r(a) + f7e) sin Gao) dn) sin dyer 





Z E $ : Pi ’ +75 7 4 i mw ORe iokes dive 
OR Eg REE IO DE EEN AT AR ONS I a smancrt 


p 


y =tan(@4) and y = 7: 


dere Raha. I 


RNS ER PRS ogt.. A Pee et. ae ae eee 
SES Eeeicees wnat recat BAS: 


3. The corresponding cosine series 


(11) f(z) = > Bneos (Anz), 


in which 4 is a root of (6), is orthogonal. Multiplying through by cos (Amzx)-dx 
and integrating from «= 0 to x =a, all terms in the series but that in 
Am disappear, and, employing (6), the coefficients are so determined that 


2(p?+ 22 
(12) f@ = Zz mae ae COS (An x) {rw COs (An mw) - du. 


“eine *y ae 4 - 
; RT ads ‘ 
— 


t~ ~ 
ts Sia Se tery 


: rads 5 ee < 
Pee OS BAG SpE SRLS - 


4 
+ 


soe cere 


9 in tnmpteng rarer 





a 
<> 


From (12) may be drawn an interesting corollary with respect to (10). 


Expand f(x) = 1/p by means of (12), and differentiate with respect to z. 
Then, 


(13) 





2(p?+42) sin adn 
o=—2 al +ap*+p sin (Ay x) rt 


From which it follows that the first of the two terms in brackets in (10) 
may be omitted without affecting the result. In the practical problem referred 
to, however, in which the initial concentration is constant (f(x) = 4%), 
a simpler expression is obtained for the coefficients by using (10) as given 
than by adopting the modification permitted by (13). 
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~ 


4, The convergence of the two series developed above may be very 
elegantly demonstrated by employing Cauchy’s Theorem of Residues in the 
manner developed by Picard.* In the text referred to, II, pp. 179 et seq., 
it is shown by means of the theorem just mentioned, that a function /(z) 
obeying Dirichlet’s conditions, may be expanded in a series of the form 


(14) f@) = -2 she 3 ee fu) du, 


the summation being extended to the roots (e) of a(z), z being a complex 
variable. Certain conditions of convergence must be satisfied by w(z) and 
a(z). The developments discussed above are similar to that obtained by 
Fourier for the conduction of heat in a sphere radiating heat into an 
atmosphere of constant temperature. Paraphrasing the convergence proof 
for this development given in the text referred to (p. 190), the assumed 
functions may be taken as 


(15) a(z) = e(e* —e-*) + p(e*+e%), 
(16) wW(z) = ee“ (p—a2). 


That the conditions of convergence are satisfied, provided x,—2a<x<2)+2a 
may be shown for (15) and (16) in the same way as for the functions 
considered in the text. If therefore, x, is taken as a and a» as —a, the 
series (14) will be convergent for values of x within the limits of inte- 
gration. Also the roots of 7(z) may be shown in the same manner to be 
pure imaginaries, 72, where 4 is a root of (6), provided p is real and 
positive. 

Substituting (15) and (16) in (14), writing 9 = 7/, and using the values 
assigned a» and x, to satisfy the conditions of convergence, there is obtained 


e ei lls (ip +4) m ih (ar——a) 
(17) fla) = 2 5p apainial) +aleosad) hae S)du. 





This development is, from the conditions of convergence, valid within 
the limits of integration. Zero is not a root of (6) and for each positive 
root there is an equal and opposite negative root. Pairing the terms in- 
volving equal and opposite roots, and using (6) to simplify the coefficients, 
the development becomes 


—y m2 2? + 
(18) F(a) = i mT eae i” cos (A(x om 1) f(w) . du . 


*E. Picard. Traité d’Analyse, 2nd Ed., Paris, 1905. 
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Assuming f(x) to be an odd function, (18) reduces to (10), if consideration 
of (13) is included. If f(x) is taken as an even function, (18) reduces 
to (12). Hence both (10) and (12) are convergent within their limits 
provided f(x) fulfills Dirichlet’s conditions. 

5. The similar series developed by Fourier, to which reference was made 
above, is of the form of (7) in which 4, is a root of 


(19) 4 cos (a4)+ psin(ad4) = 0. 


This sine series is orthogonal; the determination of the coefficients by 
Fourier’s method is given in Byerly,* p. 117. The corresponding cosine 
series is not orthogonal but the coefficients may be determined by the 
method employed above to determine the coefficients of (10). Either the 
sine or cosine series may be deduced from the equation developed from 
Cauchy’s Theorem of Residues by Picard (loc. cit.). 

It is noted in Byerly (loc. cit.) that the condition for the orthogonality 
of a sine series such as (7) reduces to the condition (19). Similarly, the 
condition for the orthogonality of a cosine series such as (11) reduces to 
the condition (6). Hence the two series here discussed include all cases 
of orthogonality for sine and cosine series, and Fourier’s series may be 
considered as a special case for which p is zero in (6) or infinite in (19). 

Acknowledgment is due Dr. T. C. Fry, of these Laboratories, for much 
aid and advice kindly contributed to the work reported in this paper. 


* W.E. Byerly. Fourier’s Series and Spherical Harmonics, New York. 
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NOTE ON THE PRECEDING PAPER BY MR. PEEK. 


By Ernar HILte. 


Mr. Peek has obtained the null-series 


2 2 
pe en awe sin (4, a) sin(An x) = 0, 


valid for —a<a<-+a. The series remains convergent for x = +a, 
but its sum is clearly not zero. In deriving this expansion Mr. Peek uses 
term-by-term differentiation. The object of the present note which is 
written at the suggestion of the Editors of these Annals, is to show that 
this procedure is legitimate. 

In order to verify formula (1) for —a+e<2<a—e it is sufficient 
to prove that the series converges uniformly on this interval, since (1) is 
obtained by formal differentiation of a cosine series known to represent 
a constant. This is proved as follows. The 4, are the positive roots of 
the equation 





(1) 


iMs 


(2) 4 sin(Aa)—pcos(Aa) = 
where a and p are positive constants. All the — an real; there is 
one and only one, 4, in each of the intervals a i <id<- cetne 
n=0,1,2,---. In virtue of (2) 

eee 2 8 
(3) a = “= +2 +0(5). 


It follows that 
sin (Ay a) = (— 1)» li+o(4 | 


sin (yz) = sin (™™ \[r+o(4 2) | +008 (% ad x) 22 





+0(4)) 





and the nth term of the series in (1) equals 





(4) (—1p sin (™* r| +0 (=;). 


This expression shows that the series converges uniformly on the interval 
—ateclria—e, 
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NULL SERIES. 


The boundary value problem encountered by Mr. Peek, 
(5) y" +My = 0, y(0) = 0, y (a)—A y(a) = 0, 


was considered first by Poisson* in discussing the motion of a heavy 
particle suspended at the end of an elastic thread. It seems to be one 
of the simplest of all boundary value problems which lead to null ex- 
pansions. It has been pointed out by Tamarkin that null series always 
arise when the boundary conditions involve the parameter in a particulur 
way. Indeed, system (5) belongs to the class of boundary problems dis- 
cussed by Tamarkin from this point of view.t 





* Journal de l’Ecole Polytechnique, Cah. 18 (1820), pp. 417-489 (476-489). 

+ J. D. Tamarkin, Petrograd thesis (1917), xiv-+ 308 pp. (279-283). An English trans- 
lation in abbreviated and generalized form has appeared in Math. Zeitschrift, vol. 27 (1927), 
pp. 1-54 (see p.53). The earliest reference to the null series seems to occur in the Théorie 
de l’élasticité des corps solides de Clebsch, traduit par B. de Saint-Venant et Flamant, 
Paris, 1885, p. 500, in connection with Poisson’s problem. 
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SUR LA FORME QUADRATIQUE FONDAMENTALE D’UN 
ESPACE DE RIEMANN EN COORDONNEES 
NORMALES.* 


Par RoGer PIEDVACHE. 


1. Soit ds* = gy dy‘ dy la forme quadratique fondamentale d’un espace 
de Riemann en coordonnées normales d’origine y# = 0. H. Vermeilt a indiqué 
que ce ds* peut se mettre sous la forme: 


(1) ds* = do*+ Pyne p¥ p™, 
ou do® est la forme euclidienne: 


do® = gi dy dy 
et ou: ss . . . . 
p* = y/ dy' — y' dy’, 


la fonction Pix vérifiant les identités suivantes: 





Pow = — Pax = — Poa = Pa: 
(2) Pink + Pinzji + Pin = 0! 
' Pijnx,t + Pian + Pin = 9, 
oul: 
8 Punk 
Pink = ay ; 


O. Veblen en a donné une démonstration, en utilisant les tenseurs normaux 
et les identités qu’ils vérifient. Dans une lettre au Prof. Veblen, made- 
moiselle E. Noether indique une démonstration basée sur les identités 
9;j y= KjYy' qui caractérisent les coordonnées normales, et sur la formule 
de Clebsch-Gordan.§ Je me propose de développer en détail la méthode de 
mademoiselle E. Noether. Auparavant je vais démontrer dans un cas 
particulier la formule de Clebsch-Gordan. 

2. Cas particulier de la formule de Clebsch-Gordan. Soit (xy) 
une fonction de deux séries de variables 


xz: wg... 2, y: yly®---y” 


* Received April, 1928. 

+ Vermeil, Math. Ann., vol. 79 (1918), p. 289. Dans Webers Anmerkungen in Rie- 
manns Werken et dans le mémoire de Schur, auxquels renvoie Vermeil, on ne trouve pas 
la démonstration en question. 

} Veblen, Invariants of quadratic differential forms. Chap. 6. 

§ Clebsch, Theorie der binaren Formen. Leipzig. 
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ESPACE DE RIEMANN, 


, oO” 
Ay = Yai? 
a 0° 
~ batdy dat dy? ® 
On a: 
= — Qi” 


et on vérifie facilement que les opérations D et 2 sont permutables: 


(3) DQG49 = BDF. 
Soit, pour simplifier: 
a*@ 
da Ox! Oy" ay ’ 
Qnz By yp = (ih; 7k) + Gk; th) — (ik; jh) — (jh; tk). 
Posons encore: 


(3’) Qin ge = Quy Rye = By Qu gG. 
On vérifiera que: 





(47; hk) = 


Qin = — Qitnk = — Qiikn — Qnxij, 
(4) Qin + Qinny + Qin = O, 
Qijnki + Qyjra,n + Vinx = O, 
oul: 


Nous allons maintenant faire sur » les hypothéses suivantes: 


1°) » est homogéne de degré p en x, de degré qg en y, 
2°) » vérifie Videntité: Do =0. 


On a done: 


(5) 


ak 


og 
6 y* 
Différentions par rapport a 2°: 


0g 
, J 
oy" +s 


0*y oe 
Gat Oy 


A cause de lhomogénéité par rapport & y, on a: 


: ‘a 
ggz;y=—y¥ Se 
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donc: : 
i o"9 
19 = — 4 Toy” 
Mais on a aussi & cause de la double homogénéité en x et en y: 
ik ee 
On déduit de ces deux égalités: 


ie : a 0° 
Posons encore: 
av = x! y/ =m ap y\. 
Puisque 29 = — Qi 9, on a: 
1 , 

6 = ———-__— gl Q:; 
pour toute fonction g (2, y) satisfaisant aux conditions 5. 

Telle est la formule fondamentale & laquelle je voulais arriver. 

Je vais, par itération, en déduire une autre formule. Pour cela re- 


marquons que la fonction 2; y est homogéne de degré (py —1) en x, gq—1 
en y; puisque D2 9 = 2 Dg, on a aussi; 


D259 = 0; 
cette fonction satisfait donc 4 (5), et la formule (6) lui est applicable: 
eng npanns SaaS ae 
. 2(q—1)p re 


Portons cette expression dans (6); il vient: 


(6) pe HEED ee 





& condition que g+0 et +1, p +0, pour toute fonction g satisfaisant 
aux conditions (5). 
3. Application aux formes quadratiques. Revenons aux coordonnées 
normales: 
ds* = gjdy' dy) = 9 (y; dy). 


Nous supposons les gj développables en série par rapport aux y. 


ESPACE DE RIEMANN. 





ps nc nanatie bes sft zh. 


af Ps 
nous avons, puisque ( es Ag 0: 


1 
Gi = Gyt+ 2 arse oe, 


a, b,---,¢ étant au nombre de p. Soit 


gy? == Sr Gian 0 Pf dy} dy’, 


On a: 


9 PtH +--+ eP+---. 


gy” étant homogéne de degré p en y et g = 2 endy, ety'=0. 
part, on a gyy' = gf y'* c’est & dire: 
1 
pr sir YP > of: a, 
ou, comme on le vérifie facilement: 
. OgP 
Dg? = ¥¢ =x = 0. 
P= Yay 
La fonction g? satisfait donc aux conditions (5), et nous pouvons lui 
appliquer la formule (6’), ce qui donne: 
Pete RG 
8p(p +1) 


et ici ad = y' dy —y/ dy’. Mais la fonction Qi 9? est de degré 0 en 
dy, et »? est algébrique en dy; donc 2x 9”? n’est pas fonction de dy. 
Posons: 


g? = ad a Quinn p” (p + 0) 


3 ¥< 1 
Puna = — —————--- Dine gf, 
_ 2 Z. p(p+1) °°” , 


Pijne n'est fonction que des y, et on a: 


1 . 
9 = 0 + >a Pune pp 
avec: ** os . . 
pY = —al = y dy'—y' dy’, 


* 0. Veblen, loc. cit., p. 96. 
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ou: 

1 Me 
(7) ds = do? + >> Pune pY ph 


la fonction Pinx vérifiant les identités (2), puisque 2ijnx vérifie les identités (4). 
La formule (1) est. done démontrée. 
4, Les tenseurs de O.Veblen. (alculons maintenant la fonction 


Qin p?. Puisque: 
1 ae 
= pt Jiar-e yP--- dy! dy’; 
on a: 
0? wP aa 
a(dy)a(dy%) — pt Mare Py" 








et: 
04 gP _ 2p(p—1) 
dy! by! d(dy") a(dy*) p! 


les indices a, b,---¢ étant au nombre de p—2. Done: 





Inkijad-..cy* ¥? - ++’; 


2 
2; ink P? = SPE gene -et Gikihab... ¢ —Gikjhab...c — Yjhikab-.-c] yr y?---¥f 
Posons: 
P(p+ 1) Kijnkad...c = 3 [ginjnad...e + Grinad...c—Gikjnab...e — Yjnikab-.-e]: 


les indices a, b,---,c étant au nombre de p—2. En particulier, pour 
p= 2, on a: 


1 
Kin = a [ginjx + 9 jxih — Jizjh — 9 jini - 
ou: 
K, | (Fink) —o ; 


Rijn tant le tenseur de Riemann-Christoffel. On a alors: 


1 2p(p—1 


et par suite: 


Pink — >> ee POD Rips. cy: yf; 


les indices a, b,---, c étant au nombre de p—2. Changeons p en p+2; 
il vient: 





Kijnkar...c yy? +++ y’. 


Pp 


S' (p+1) (p+ 2) 
=0 (p+ 2)! 
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Le nombre des indices a,b,---,c étant cette fois égal &4 p. On peut 
encore écrire: 


1 
Pin = Kyu t 3 Kaman ree ¥, 


qui montre que les quantités Kijnxay.... sont les valeurs a l’origine des 
dérivées piémes de Pinx. Ces quantités sont identiques, comme on le 
vérifiera facilement, aux quantités Kijnxcao...< introduites par M. O. Veblen,* 
et permettent, ainsi qu’il l’a montré, de définir une suite de tenseurs. 

5. Théoréme réciproque.t Je vais montrer, que, ainsi que l’indique 
Vermeil, la fonction Piz, est caractérisée par les identités (2). Pour cela 
je vais d’abord revenir au cas d’une fonction g(x, y) homogéne en z et en y. 

Supposons que l’on ait trouvé des fonctions Py(xy) = — Py (xy) homo- 
genes de degrés p—1 en x et g—1 en y, telles que: 


(8) g(x,y) = sa Piy(x, y), 


(la fonction g étant homogéne de degrés p et q) et que: 
Py 0 Pix 0 Pri 
aat T oat + axl 
OPy , OP , OPxi 

(9) ay + By! + dy 

DPy = 0. 





= Q, 


= 0, 





Je vais montrer, qu’on a nécessairement: 


1 
P;; = ——— Qi; ¢. 


autrement dit, la fonction Py(z, y) est entitrement déterminée par 
l’équation (8) et les conditions (9). 
On tire de l’équation (8): 


OPry oO Pry 








Que = 2 Pant y! | ay By! )+x4( os és a 
+¢y (ae zt ap: 





ou, en utilisant (9): 








ra OP, 9; OP yy (_ Oy _O*Py | 
a cease W(x oy oy) 


* 0. Veblen, loc. cit., p. 100, formule (17.11). 
+ H. Vermeil, loc. cit. 
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D’autre part, on déduit de la seconde équation (9): 


a* Pi 0° Px Ci 
dx dy 5! dah ay! + Ox dy ° 





et de la premiére équation (9): 
0* Px 0* Prn oe 
da” dy! T pa dy? T og oy , 
a° Py 0? Prn 0” Pry 0? Pri 


ax dy® daldy® dakdy dar dy’ 





d’ou: 





Permutons i et j; A et k. Le second membre change de signe, d’ou: 


0° Py sa 0? Prn 4 0* Pji Si 07 Pin __ 
da dy =a dy © dak dy daatdy 





ou: 
a? Py o? Pi ene 0? Pr 0? Phx 


dx dy = bak ay ~ datdy dal dy * 


(10) devient alors: 











; , 0 Phx , 8 Pax | 8? Phe 0° a 
2 = 2Pxnty = af of —— bod ay hand AE. i 
salad 2 Ei TY dy? dx" Y tes dy? da Oy' 


ou en tenant compte de ce que Prx (x,y) est homogéne de degrés p—1 


et q—1: 
» » Re 

2 = — gt yJ —__—... 

ak P (pq+1) Puar—a y aa! ay! 





Mais on a 








. 87 Phx =. , Pie . O Pr 
—_——— = y/ - |g —}| — yd : 
UV oa oy Yom (x dy! ay’ 


ou: 
_ » Re . . OP 
F lame: St cms sitesi 5 == 
ay aa byt (q—-1) Pax, puisque z a yi 0, 
d’oi: 
ou: 


1 
Ca a a See 
hk \& y) q(p+1) hk & 


ce que je voulais démontrer. 
Supposons de méme que l’on ait une égalité de la forme: 


Re as 
(11) g(x,y) = zal a® Pry (x, y) 
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Pink = Pray; Pink + Pinixk + Prix = 9, 
0 Pink 8 Pirnx OPrink __ 

Oar + dat 7 0a we 

OPynx , OPirnzk , OPrinx 

by” + ay! * dy 
DPin = 9, 








= 0Q, 


Pinx étant homogéne de degrés p—2 en x et g—2 en y. 
Posons: 


QW = > a Pun. 


Qi (x, y) est homogéne de degrés p—1 en x, gq—1 en y. 
On a: 


v(x, y) = 7 4 Qu, y) 


8 Pink 


POG — i Pig tah yp oar 


Oa” 





oar + Oat + o25 


& cause de (12), et de méme: 





0Qu 1 2Qir , Qn _ 
ay + ay + ow 


DY = 


La fonction Q;(~, y) satisfait aux conditions (9). Elle est done unique. 
De légalité: 


1 
w= oa Pink (x, y); 


on déduit de la méme maniére que la fonction Pix (x, y) est unique. 
Supposons que ¢(z, y) soit un polynome du second degré en y; Pix n'est 
pas fonction des y et les deux derniéres conditions (12) sont satisfaites 
d’elles-mémes, et on peut énoncer le théoréme suivant: 
Soit y(x, y) un polynome homogéne du second degré par rapport aux y, 
dont les coéfficients sont des fonctions homogénes de degrés p > 2 des 
variables x, satisfaisant a la condition: 


De = 0. 
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Il existe un seul systéme de fonctions Pix (x) telles que: 


ee 
y (x, y) iarres oa a Pirx (a), 
(2) Pon = — Pyne = — Pin = Prj, 
Pink + Pinkj + Pin = 9, 


OPynx , OPinm | OP rink __ 
ro ae! hl le 








Supposons maintenant que l’on ait une forme quadratique: 


ds* = gi(y) dy dy 
mise sous la forme: 
d:? = do®*+ Pin p® pl, 


Pinx Vérifiant les identités (2). Développons Pix en série: 
Pian = Pine + --- + Phat --- 


Pin (y) étant homogéne de degré g en y. La fonction Px (y) satisfait 
aussi & (2); elle est done unique, d’aprés le théoréme précédent; la fonc- 
tion Pix est done elle-méme unique, c. q. f. d. 


PRINCETON, 
Février, 1928. 










SUR LE DEVELOPPEMENT DE CLEBSCH-GORDAN.* 


Par RoGEerR PIEDVACHE. 










1. Je veux donner ici une démonstration de la formule générale de 
Clebsch-Gordant pour le cas d’une fonction homogéne de deux séries de te 
n variables 2‘, y'. x 
Dans un précédent article{ j’avais donné la démonstration d'un cas pat 
particulier de cette formule; je renvoie 4 cet article pour la définition is bs 
des notations employées ici. E 
2. Formule fondamentale. Soit ¢(z, y) la fonction en question : 
homogéne de degré p en x, de degré q en y. ‘ 
Caleculons 4D g(x, y); on a a cause de l’homogénéité * 






a ie 
D — 4 + at J. , 


Mais pour la méme raison: 







pag(a,y) =: 






d’ou: 









ADg = g(pt+l1)g—aiy Ry, S 
ou, en posant: ; 
(1) al = af yi— aly, § 
il vient: 


ae 
q(ipt+lhe = ADg+ a 2y (a, y). 









Posons: 
1 
" “* = Dhl 
la formule s’écrit: 
1 j a4 
(3) G9 = MADE +> a a4 My g. + 
3. Formule générale. Nous allons, par itération, en déduire une é 4 | 







nouvelle formule: Appliquons (3) 4 la fonction Dg qui est homogéne de 
degrés (y+1) en x, (g—1) en y. II vient 


1 . 
(q—1) De = “AD g++ yu aY 24; Dg, 


weer © 


* Received April 1, 1928. 
+ Clebsch, Théorie der binaéren Formen. Leipzig. 
{Sur la forme quadratique fondamentale d’un espace de Riemann en coordonnées 
normales, Ann. of Math., vol. 30 (1929), p. 272. 
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282 R. PIEDVACHE. 
d’ou on déduit: 
1 . 
(qq—1lADg = ao AD? g+ om A(a¥ 25 Dg), 


ol encore: 
(gq—1)ADe = a At Dg + a al AD Qi 9; 


cela suppose g—1+0 ou g>>1.* 
Appliquons de méme (3) & 29, de degrés p—1 et gq—1: 


1 
(q—1) 2y9 = er AD Q9+ FZ a1 Qnxg, 


multiplions maintenant les deux membres de (3) par (g—1) et remplacons 
dans le second membre ADgy et 2j; par leurs expressions; il vient: 


1 ‘ 
g(q—l1l)y = au AP Dt 9 + > % % av AD Qy9 


1 é Si 
+ > % a4 [as4D 259+ 4 @ 10 Qon9|, 
ou: 
1 * 
qiq—l)y = au A* Dt 9 + > e (m1 + a1) av’ AD Qy & 
1 ™ 
+ ore a, av qhk Qiink G. 


Mais on voit facilement que: 
i 2(p +1) Fos 2 a@_ +a 
ATs Ste to 





et on a: 
2 a4 ao a, 


q(q—l)¢ = a a A* DP 9 + > av AD 25% 


(4) 1 , 
- 3 a_; ty ad qk Qink Y. 


Le méme procédé d'itération peut s’appliquer 4 la formule (4), et si g>2, 
on obtient une formule qui peut se mettre sous la forme: 
1 Gy @, @y 


oe “3 43 Dy 


+ 5 SAS WM DP 4 g 


(5) a R 
‘ 3 Q_9 < 1 &p &y qu qik AD Qink ¥ 
—1 





1 @_3, aA» M1 Hy 


+ 3 


*Car on a: D(a¥qg) = at Dg; Ala*q) = atAg. 


av qk a’s Qinkrs y . 





a_3 
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On voit apparaitre, sur cette formule, la loi de formation des coéfficients. 
Au bout de & itérations, on obtiendra une formule de la forme: 


“r 
= 







- 


FA ae UU at at ee ae en 


@) £4— + @—k+ De = Ab A* DY g + At a! A** DY Qu gt --- 
+ Ak ad... are A*™ DP Qu. as gp t-- 


pane a 





Je dis que l’on a: 
k 
k Cy @n+@_nti+++ Gate pion ° k! 
= 2" @_oh+k Be ne hi(k—h)!° 


Supposons en effet la formule vraie pour la valeur k: 









k 
qqq—1)---q—k+)9 = = Ana... a” iad tte Qij..-13 Y » 
bigs h 


Appliquons-la & Dg, de degrés p+ 1 et g—1, sans oublier que les « sont 











ri Riess, iat SEP Z SR Ae. le Ae eS Wie SAORI RIN ty EE ERIE ET 




















des fonctions de p: a, = 1/(p+k+1). II vient: “ | . 
a 
q(q—1) --- (q—k) Dg xh) 
k . o) 2 
Dd pe Ra tt ag grt AED DIEM By ag gy oe 
x=o 2” @_2h+k+1 . ‘ oe ; i“ 
d’oi: y at : 
q(q—1)---(q—k)AD¢ > ae 
kok * fee 
Ch @—piis @pte++* @ pte - me 7 
= 2, cat Ooh pk1 he ar ees a4 
Appliquons de méme & 2;;9; de degrés p—1 et gq—1: Ea. | 
q(q—1)--- q@—k) 2y 9 cl 
. Ch a @_p—1*+* @ptk—1 a ; 
= 2 = ae a’? ... qPa Ak Ik 0, i 9. of 







oe 


Multiplions par a¥ et changeons h en h—1: 
q(q—1)--- (q—h) a¥ Qyg 





k+1 cy 1 @ a h+k * 
neal hess @ v2 a I w 
== > gh av eee a’s AF h+1 DF +1 Qy...r8 y . ; 


~~. 
. 


Portons ces expressions dans (3), il vient: 
q(q—1)---(q—k) 


k k 
h @-hti+** €h+k+1 5; y 

= © ee SEE al... Ak-b+1 Dew Oy... 
0 @—eh+k+1 
k41 jk 
1 Ch-1 @ep-+++ € pik ee 
> an TK gil... Ak-b+1 DRI Oy gy, 
2 "w= 2 O_oh+k+i 
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Ou, en groupant les termes de méme nature: 





g(q—1) «+ q—hg = “OSES gett Dit g 
k+1 


v 


k 
By - aii «es Akmh+H DetHi gg... 
+ = h nape A Roope y 


k 
Ce G@_n-1s++ OY 


+ Qk+1 





av... Vy... gy. 


nine eT ET 
Avec: 
1 ao k k 
Bu = oe [tei [Ch @—rti +++ @artetit Chi a@—p-++ @ arte, 

mais on a: 

k k h 

Chr-1 = Ch -=— 

— **k—h+1 

et: 
1 a k h 
Bi = Oh i Ch G@pit+++ €-p+k [ences + feats ap}, 


ou: 





1 1 k k+1 
B= = — — Cj ae— OE ee a 
h Qh (t_on Lk+1 h h+1 h +k k ay. h + 1 , 
ou: 
1 kt @ n+ @pji+++ @_prtes k-+1 
Bh —" Oh Ch ‘ : — Aj, ; 
&_oh+k+1 
on a done: 


q(q—1)---@—A)y 
we y ti F hie pe y + Ns +- a a” apie a” Akh pr Dy... y, 


qui se déduit bien de (6) en remplacant & par (k +1). Done si la formule (6) 
est vraie pour la valeur k, elle l’est aussi pour la valeur (k+1). Elle 
a été démontrée pour k = 2; elle est donc générale. 


PRINCETON, 
Mars, 1928. 
] 
0 
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RIQUIER’S EXISTENCE THEOREMS.* 


3 


OO AY ON ae 


By JosepH MILLER THOMAS. 


¢ 


1, Introduction. The purpose of this paper is to expound the principal 
results obtained by Riquiert in his researches concerning existence theorems 
for systems of partial differential equation. An exposition of this subject 
by Janett is already available and has been of great assistance to me 
in understanding Riquier’s work and in preparing this paper. Janet’s 
article, however, contains much about sets of monomials and forms which 
is not essential in the discussion of the existence theorems. Only the 
few properties of monomials necessary to the development of the existence 
theorems are treated in the present paper. These properties follow almost 
immediately from the consideration of Taylor’s series for a function of 
several variables. 

2. Sets of monomials. Let the variables x; be m in number and let 
them be arranged in the order 2x, 2, ---, 2%. By a monomial in z is 
meant an expression 2,'z,2---x" in which the exponents are positive 
integers or zero. The subscript on each x, being the same as that on 
the corresponding ¢, will usually be omitted, and the above monomial 
will be written 2"! x... a". It will also be referred to as the monomial 
a, 2g +++ tm, or still more briefly as the monomial 7. 

By the product of two monomials is meant their algebraic product. 

A monomial 7 is a multiple of a second 7 if the algebraic quotient of 
i by 7 is a monomial, that is, if none of the differences 


fe 


— nc nl anna in ecm salts rene me 
Dre cates aa eee EMAAR MS MES WEE Me LSE ere en se GE 
a yokes mys = Py “~ ~ 


nee 


gia -wwage 29° 
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Pa 
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4 ra ne a 
102 “ ee oie 
Pg ee SS a 


; 
245% SSIS 


2 OE ee 


(1) ai ts —Ja, ue tn—Jn 
is negative. 
The totality of differential operators 


gi tits +4, 





(2) 


x Oat... da 


is in one-to-one correspondence with the monomials 7, 7; --- 7, in such 
a way that to the product of two differential operators corresponds the 





* Received June 2, 1928. Presented to the American Mathematical Society, September 4, 
1928. 
ft Les systémes d’équations aux dérivées partielles, Paris, 1910. References to his 
original articles will be found in this work. 
t Journ. de math., (8), vol. 3 (1920), pp. 65-151. 
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product of the corresponding monomials. The above differential operator 
will frequently be abbreviated as D;. 

The degree of the monomial 7, 7g --- tm is 4 +i +--+ +m. 

A monomial 7 is said to be of higher or lower rank than a different 
monomial 7 according as the first non-zero difference of the sequence (1) 
is positive or negative. If 7 is of higher rank than 7, and 7 is of higher 
rank than k, it readily follows from this definition that 7 is of higher 
rank than k. 

All the monomials in » variables can be arranged in a canonical order 
as follows. Arrange them first according to increasing degree. Then 
arrange the monomials of the same degree according to increasing rank. 
This is, essentially, the canonical order of Tresse and Delassus. It is 
also fundamental in the ordering of Riquier. An essential feature of this 
ordering is: if y precedes y’ and z is any monomial, yz precedes y’z. 

THEOREM 1. Every sequence of monomials in which no monomial is a 
multiple of any of those preceding it is necessarily finite. 

The theorem is almost obvious in the case of a single variable. The 
sequence contains at most a+ 1 monomials x*, 2*~, ---, x, 1. 

In the case of n variables, let x2: -.. x be the first monomial of 
the sequence. Denote by Ej, the set of all monomials of the sequence 
in which 2; has the exponent k. If for a given 7 k ranges from 0 to 4, 
every monomial of the sequence will be contained in at least one set Ejx. 
The monomials in each Ej, can be thought of as arranged in the same 
relative order as in the original sequence. Except for a common factor x, 
each Ex, is a sequence of monomials in n—1 variables such that no one 
of them is a multiple of any of the preceding. If the theorem is assumed 
for n —1 variables, it follows that there is but a finite number of monomials 
in each Ey. The number of sets Ej, being finite, the theorem also holds 
for n variables, and the induction is complete. 

Maclaurin’s series for a function of n variables is 





(3) — > iain 1'2°' Sn at ot os a, 


where 4j,i,...,, is Diw evaluated for —0. Any finite set of monomials FE 
separates the terms of such an expansion into non-overlapping classes, 
as will now be shown. It is assumed that no monomial of £Z is a multiple 
of any other. Such multiples, if present, are to be omitted. Let a be 
the greatest exponent of x, in the set Z. The terms in (3) can be grouped 
as follows, 


“ w= foto htt tft hy, 
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where fz is a function of all the variables and the other /’s are functions 
of all the variables except 2,. The above process separates the monomials 
of the expansion in a+1 sets such that no two sets have a monomial 
in common. 

Denote by Ei, 4=0, 1, ---, a, the monomials of EF in which the 
exponent of x, is 4; and by e, the set of monomials in m—1 variables 
obtained by making 2, — 1 in the monomials of Ej. Treat each fj in 
the same way that the original w was treated, arranging the expansion 
of fi, according to powers of xz, and using as the set of monomials 
eote+----+e,. Again, any monomial which is a multiple of another 
is to be omitted from the set. 

Repeat for each variable in order. After a finite number of steps the 
expansion is separated in the form 


(5) 7 = > x" yt cee x fr ...t, 


where the summation extends over a finite number of terms. The variables 
in each f in (5) are called the multipliers of the corresponding monomial 
i1a2 +++ %,, and the infinite series zz? --.- x fj;,...4, contains all the 
products of the monomial 7, 7, --- 7, by monomials in its multipliers. Any 
variable not in an f is called a non-multiplier for the corresponding 
monomial. 

Consider a monomial i, 7% ---7¢, in (5). Perform the corresponding 
differentiation on (5) and subsequently place the non-multipliers of 
equal to zero. Any term not containing 7 as a factor will disappear on 
differentiation. Any term containing in addition to 7 one of its non- 
multipliers will vanish on evaluation. Hence the orly terms giving a result 
different from zero are the products of 7 by its multipliers, that is, the results 
of performing the differentiation 7, 7 ---7¢, and evaluation for the corre- 
sponding non-multipliers equal to zero on w and on 22? --- 2 fi, i -.. 4, 
are identical. The assignment of a function f will therefore determine 
a certain derivative of u evaluated for the non-multipliers equal to zero. 
Conversely, the result of evaluating the derivative in question being given, 
by integrating it 2, times with respect to x, between the limits 0 and x, 
iz times with respect to x, between 0 and zz, ---, z, times with respect to 
Yn between O and a», and finally dividing by the monomial 4, 2% --- in, 
the corresponding /i, i, ...i, is obtained. 

The monomials 7 which multiply the /’s in (5) are of two distinct types: 
multiples of the given monomials Z, and non-multiples. Consider any 
monomial 7 of the set EL, and any term in the expansion of u which is 
a multiple of 7. Such a term is contained in one and only one of the 
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sub-expansions (5). Suppose it is contained in at a't... ais Fee a %- 
From equation (4), 7 can be a divisor only of terms in the expansions 


7 i 44 
an fh,» a} Sits see, x fas 


Hence it follows that 7, > ,. In the same way, i = je, ---, tn = Jn. 
Consequently, all the multiples of the monomials F are given by the ex- 
pansions 2" x... a fi, i, --- 4, Of (5) in which 7, 2 --- 7, represents a multiple 
of a monomial of Z. Because of-this, the corresponding monomials 7 are 
called the complete set arising from and containing Z. The monomials 7 in 
(5) which are non-multiples of H form the set complementary to E. 

In accordance with the above, the product of any monomial 7 of the 
complete set by one of its non-multipliers is the product of another 
monomial j of the complete set by certain of the multipliers of the latter. 
Actually, it can be shown that 7 is of higher rank than 7. Let zx be the 
non-multiplier of 7. In order that 7-2, be a multiple of j, 


a Za» tg = Je, see, Ua = jk-1; e+ 1 = jk: 


If j, were less than 7, x, would not be a multiplier for 7 because in the 
process of separation (4) 2, is retained as a multiplier only for those 
monomials containing the highest power of 2,. The degree of j in x 
could not in that case be raised to 2, by multiplication by multipliers of /. 
Hence 7; =—7,. In exactly the same way it follows that 


de = Je; tees Ue = Jet; xz+1 = Jp. 


The monomial j is therefore of higher rank than 7. This result can be stated in 
THEOREM 2. The product of any monomial of a complete set by one of 
its non-multipliers is equal to the product of a monomial of the set of 
higher rank by multipliers of the latter. 
As an example, let « be a function of the three independent variables 
x, y, 2, and let the set of monomials be 


yr, «8, zy, =z. 


The first step in the separation into form (5) is 


u=fly,2+2fAly,2+2° fla, y, 2). 


The second step is to treat each of the /’s in the same way, the set of 
monomials being that indicated in each case below and the variable y now 
assuming the rédle played by x above: 
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Joly, 2), y? s*; 
AY; 2), 2, y’; 
Sa (x, y, 2), 1, 


Soy, 2) = fol™)t+yfule.+y* foe ly, 2), 
AY;2) =fo®™t+yfue@t+y fsly, 2), 


Jala, Y; 2) = fro (x, Y, 2)» 
The final step is 


Soo (2) = fooo (2), 
Sor @) = foro (2), 
Sos {y, 2) = for0(y) +2 Soar (y) + 2” fore y, 2), 
Sio (2) = fioo t+ 2 fior (2), 
Fu @) = firiot+zfin (2), 
Siz y, 2) = fioly, 2); 
S20 (x, Y; 2) = Sro0 (x, Y, 2); 
the sets of monomials being indicated in each case to the right. 
The separation (5) is therefore 


u = fooo (2) + y foro (2) + y* Soso (y) + y* 2 for (y) 


+ y? 2° fos (y, 2) + x fioo + x2 fior (2) + ry Siro 
+ xyz fin (2) + ry’® firo (y, 2) + x* froo (x, Y, 2). 


The complete set of monomials, together with the corresponding multipliers 
written to the right, is 
y? 2 y,2 
LEZ 
ryz 2 
2 


zy Y,2 
x Zz, Y, 8 
The complementary set is 
l,y,y’, yz, x, xy. 


The assignment of the /’s corresponding to the complementary set is 
equivalent to giving the values of 


u, 


aru 
dy?’ 
ou 


Ox’ 
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In order to deal simultaneously with several expansions «1, we, ---, uy 
like (3), consider symbols §; and ¢« corresponding to 2; and ue omens. 
Then £1 & ... ££, corresponds quite naturally the derivative Dj ue. Put 


(6) E; = 0,05"... 05%, Ca = 0712 92%... ox, 


where the c’s and y’s are positive integers or zero, and s is an arbitrary 
positive integer. In this way, the derivative Dj ue is made to correspond 
to a monomial in the s variables 6. The exponent of 6, in this monomial 
is called the Ath cote of the derivative; it is given by 


(7) Yet +in +-+- +t, 4= 1, 
Vie + Chitit Ciot2+ +--+ + Canin; A = 2,3,---,8 


Likewise, cj; and yie are called the Ath cote of 2; and we, respectively, 
the first cote of each of the independent variables being unity. 

The assignment of values to the cotes establishes an order among the 
derivatives if the following definition is made. A derivative precedes or 
Sollows another according as the monomial in 6 corresponding to the first 
is of lower or of higher rank than that corresponding to the second. 

Since two monomials in @ may be identical for different derivatives, the 
ordering will not be complete for all ways of assigning the cotes. A necess- 
ary condition for complete ordering is that the unknowns themselves be 
in definite order, i. e., that the s equations 


(8) Yia = Yip, A= 1,2,---,8 


imply « = 8. If this condition is not satisfied, additional cotes can clearly 
be assigned so that the new set of cotes completely orders the unknowns. 
The order actually established by the first s cotes is not affected by doing 
this, for the (s-+1)th and following cotes play a réle in determining order 
only when the two series of s cotes are identical. 

Suppose, therefore, that the unknowns are completely ordered by the 
first s cotes. Let m additional cotes be assigned according to the follow- 
ing table: 


mam Wm <> Ce - Ge o> Bey 
otf. t..4 « * @ 6) « © 
“ee by S ee. Sree. (c@ ie @ 
eke 0 S:. ve 2a De (cco. 


If two derivatives D;ue and Djug have exactly the same series of s+ n 
cotes, from the equality of the last m cotes it follows that 7, — ji, 
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ig = Je,*++, in = Jn, and then from the equality of the first s that 
equations (8) hold. Hence the two derivatives are identical. It will there- 
fore be assumed in what follows that the set of cotes completely orders 
the derivatives. 

THEOREM 3. It is possible to assign to the variables a set of values, all 
greater than unity, for which the ratio of any monomial in a given finite 
set to any monomial of lower rank in the set is greater than a given positive 
number. 

In the case of a single variable, a monomial of lower rank is one of 
lower degree. If the variable 6 is chosen greater than unity plus the 
given positive number ¢, the truth of the theorem becomes apparent. 

In the case of s variables, let e be the set of monomials in s—1 
variables obtained by making 6, = 1 in the given set. The theorem, 
assumed true for s—1 variables, states the existence of values of 6., 
6;,--+-, 6; such that the ratio of any monomial of the set e to a monomial 
of lower rank in e is greater than ¢. For such values of 62, 63, ---, 4s, 
the assertion of the theorem is seen to be true as applied to two monom- 
ials of the original set in which the exponents of 6, are the same. It 
remains to choose 6, so that the ratio of any monomial 6 -f to any 
monomial 6-g, where 4> and f, g do not involve 4,, is greater than «. 
The conditions are all of the form 


A—u ~ GF 
6; Ps Fi ’ 
and a value of 4, greater than unity can clearly be found to satisfy all 
of them. The theorem is therefore proved in general. 

As an application of the foregoing, let the set of monomials referred 
to in Theorem 3 be the monomials in 6 corresponding by means of (6) to 
certain derivatives of the w’s which have been ordered by the assignment 
of cotes. For the values of @ whose existence is stated by Theorem 3, 
formulas (6) define constants §; and t. such that §;>1 and the ratio 


gs BY Ge 
ee Sal 





is greater than the given positive number « provided Dj ta follows D; ug. 
3. Two algebraic theorems. It is convenient to prove next two 
theorems which will be of use in the convergence proof. 
THEOREM 4. If the system of equations 


N 
(9) Xi = 2 Ay Xt Bi, 
J= 
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in which the A’s are positive or zero and the B’s positive, is satisfied by 
a set of positive values of the X’s, the system 


N 
(10) “i= 2 m+ bi, i= 1,2,---, N, 
l= 


in which \ay| < Ai, |bi| < Bi, has a unique solution; and that solution 
satisfies the relations |x;| << Xi. 

The above theorem will be proved by the method of successive approx- 
imations. The recurrence formulas 


(11) Xi=B, XP = DAy XP'+Bi, n>1, 
for each value of 7 define an infinite sequence. From (11) it follows that 


xXi—XxXi = DAyB> 0, 
and that 
(12) XP — XP = D Ay (Xf *— XX), n>2. 


An induction based on these equations shows that the differences X/'— X/** 


are positive or zero for all values of n>1, that is, the sequences X;’ are 
monotone increasing. Since X; satisfy (9), the relations 


Xi—Xi = DAV Xj, M—XP = D Ay (X%j—X}") 


hold. From them it follows by induction that X?7 never exceeds the 


corresponding X;. Each sequence Xj therefore approaches a limit Y; < Xj. 
From (11) it is seen that the Y’s satisfy (9). 

For the sequences defined by 
(13) zi = ,, a= Sa x '*+5,, n> 1, 


J t 


-an induction based on the relations 


|ei—a}| = | Dayd,| < Dlagl-!d,| 
2 Ay Bi = Xi-X%, 


ag— apt] = | Zaye —az)| S Dlag|- lat — az | 
< DA ||, 


taken in conjunction with (12) shows the truth of the inequalities 


|ap—at| < Xp—Xe, n>1. 
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Hence each infinite series whose nth term is x?— <2} is convergent. 
Their sums to m terms, namely, 2? approach limits x; which do not exceed 
in absolute value the limits approached by X?, that is, |a|< Y;< XX. 

From elementary algebra, system (10) has a unique solution if and only 
if its determinant is different from zero. If the determinant is zero, 
the b’s must satisfy certain linear relations in order that the system have 
any solution at all. Any one of these relations can be violated by 
choosing b’s which satisfy |b;|< B;. As a solution has been proved to 
exist for any such set of b’s, it is impossible for the determinant to be 
zero. The solution of (10) is therefore unique, and the theorem is proved. 

THEOREM 5. If none of the elements of a determinant are positive except 
those on the main diagonal and if the sum of the elements on each row is 
positive, the determinant is positive and the cofactors of ail of its elements 
are positive or zero. 

The truth of the theorem is apparent for a determinant of the second 
order. Assuming its truth for one of order N—1, consider a determinant 
of order N whose elements are aj; and —ay,i+j. By the conditions 
of the theorem 


- 
au— 2 a > 0, jt+i; i=1,2,---,N. 
j= 


The expansion of the determinant in terms of its first row is 
N 
A= 1 Ay — 2 a Ajj. 
J= 


A;; is a determinant of order N—1 satisfying the conditions of the theorem. 
It is therefore positive and the cofactors (in A,,) of its elements are 
positive or zero. Let Aj, 7 = 2, 3,---, N, be the determinant obtained 
by adding to the elements of the (j—1)th column of A,, the corresponding 
elements of the first column of A. Then 


(14) Aj = Aut dj, 


where Aj is the result of replacing the elements of the (7—1)th column 
of A,;, by the corresponding elements of the first column of A. The 
cofactors (in Aj) of the (j—1)th column of 4j, being cofactors in A,,, are 
positive or zero. If Aj is expanded in terms of its (j—1)th column, all 
of whose elements are negative or zero, it is seen that Aj is negative or 
zero. On the other hand, 


Aj = (— 1? (1) Ay; = — Ay. 





Hence A;; for 7 = 2, 3,---, NW is positive or zero.’ Since A; is a deter- 
minant of order N—1 for which the hypotheses of the theorem are 
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fulfilled, A; is positive. From (14), Au > Ai; for 7 =2,3,---,N. The 
determinant A is therefore greater than 


N 
Ay; (ax im a,) 
and is positive. ; 

Interchanging the first and second rows of A changes the sign of A and 
of the cofactors of all its elements. A subsequent interchange of the first 
two columns restores the signs. It has been proved above that the 
cofactors of all the elements of the first row in the new determinant are 
positive or zero. The same is therefore true of the second row of A. 
The other rows can be treated similarly. The theorem is therefore established. 

4. The principal existence theorem. Consider a system of partial 
differential equations which are all of the form 


(15) Du = F, 


where D denotes a differential operator. Concerning the system the 
following assumptions are made: 

I. The unknown functions u, the independent variables x and the equations 
are finite in number. 

II. Cotes have been assigned to the unknowns und to the independent 
variables, the first cote of each of the latter being unity. 

Ill. The left members are all distinct. 

IV. The function in each right member may have as its arguments the 
independent variables and those derivatives* whose first cote does not exceed 
the first cote of the corresponding left member. 

V. The functions in the right members can be expanded in Taylor's 
series in the region under consideration. 

The derivatives which are left members of the given system and those 
which can be obtained from them by differentiation are called principal 
for the system. The other derivatives are parametric. 

Without loss of generality it is assumed that the initial values of the 
independent variables are zero. Equations (15) are to be satisfied by 
series of the type (3). The totality of equations (15) whose left members 
are derivatives of a particular unknown, say w,, furnishes a set of 
monomials by means of which the expansion of « is separated in the 
form (5). The sum of the terms corresponding to the complementary 
monomials will be called the inztial determination of uw. A complete set 
of monomials and an initial determination are obtained in this way for 
each unknown. All the initial determinations being regarded as arbitrarily 





*The term “derivatives” is to be interpreted as including the unknowns themselves. 
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given, it is desired to determine the remaining terms of the expansions so 
that they converge and satisfy the given system. 

The series for « must satisfy all equations obtained by differentiating 
and combining (15). Let y’, of first cote c’, denote the left member of 
an equation (15), and let y, of first cote c, be any derivative in the 
corresponding right member. The equation obtained by differentiating with 
respect to x will have for left member @y'/@x whose first cote is ¢+1. 
The derivative y will cause dy/dx and in general y, whose first cotes are 
respectively c-+1 and c, to be present in the new right member. Since 
c’ > c, property IV is preserved under differentiation. 

Add to the original system equations arising from it by differentiation 
so that the sets of monomials corresponding to left members are the 
complete sets given by (5). This step can be taken so as to preserve 
property III. The resulting system then has properties I-V, and in addition 

VI. The set of monomials corresponding to the left members involving any 
unknown is complete. 

Denote the minimum first cote of the left members of the system satis- 
fying I-VI by a and the maximum by A. There is a unique equation 
whose left member is any given principal derivative of first cote a. Call 
the totality of the equations whose left members are principal derivatives 
of first cote a the system S,. Any principal derivative of first cote a+1 
either will be found among the left members of the given system or can 
be obtained from one of them by differentiation with respect to a multiplier: 
the expansions (5) will indicate just which one to differentiate. The set 
of equations whose left members are the set of all principal derivatives 
of first cote a+1 will be called the system S,::. In the same way are 
obtained the systems Sao, ---. Sa, Sati, whose left members are the 
principal derivatives of first cote equal to the subscript. All the systems 
Sa,+-+, Sata have properties I-V. In addition, S44, is linear in all deri- 
vatives of first cote A-+1, because such derivatives can only enter as 
the result of differentiating a function of a derivative of first cote A. 

It is assumed that 

VII. The systems Sq, Sati,--+, Sa, in which the independent variables 
have been replaced by zero and the parametric derivatives by their values for 
x == 0 given by the initial determinations, uniquely determine the initial 
values of the principal derivatives whose first cote does not exceed A. The 
system Saii has property V for these values. 

In equations (15) subject each unknown to a transformation 
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in which g is the initial determination and the a’s are the values for 


x =O of the principal derivatives whose first cote does not exceed A. 
Transposition of the known terms to the right gives a system in uw with 
exactly the same types of initial determination as before, because the sets 
of monomials are the same. In order that u have the initial determination ¢, 
it is necessary and sufficient that w have its initial determination zero. 
In the same way, the principal derivatives of u of first cote not exceed- 
ing A must vanish for 2 = 0 in order that the corresponding derivatives 
of the u’s reduce to the a’s. Without loss of generality, it can therefore 
be assumed that 

VIII. The initial determinations of the unknowns are zero and the principal 
derivatives of first cote not exceeding A reduce to zero for x= 0. 

From the first equation of (7) it is seen that the equality of the first 
cotes of two derivatives of the same unknown means that the derivatives 
are of the same order. The system S441, which is of the form 


(17) Dj tc = X pieip Dj up + Ge, 


therefore has the following properties: 

(i) The derivatives of any unknown we which are left members are all 
of the same order ga, and they arise by differentiating a complete set. 

(ii) The right members are linear in the derivatives of order ga of each te. 
The coefficients p of these derivatives and the terms independent of them q 
may involve the derivatives of each we up to those of order ge.—1. 

A necessary condition upon any solution of (15) is that it satisfy S44.. If 
Sa+iis regarded as a system proposed for solution, its parametric derivatives 
include in addition to the parametric derivatives of (15) the principal 
derivatives of the original system whose first cote does not exceed A. In 
accordance with VIII it suffices to consider the case in which all the 
parametric derivatives of S44, vanish for « —0. It will next be shown 
that in certain cases the above necessary condition on the developments 
determines them uniquely. 

The existence and convergence of the developments will be proved by 
an extension of Cauchy’s method of dominant functions.* 

It is first convenient to define certain constants. The number of unknowns 
being r, choose r* positive constants Aug to satisfy 


(18) & heg<1, a=—1,2,.--.,7r. 
=1 





*For an introductory account of dominant functions, consult Goursat, Cours d’analyse 
mathématique, 3rd edition, vol. I, p. 473; vol. II, p. 354 et seq. 
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Let Hiag be the number of derivatives of us which have their first cote * eae 
equal to A+1 and enter into the right member of the equation (17) whose ~ ay 
left member is Djuc. Let the absolute values of the constant terms of 
the p’s be denoted by Piajg. Interpreting the totality of derivatives of 
first cote A+ 1 as the set to which reference is made in the remark fol- 
lowing the proof of Theorem 3 and taking as « the largest of the numbers 


Piajp Hiap | dap , 
determine the constants §,¢. Then we are sure that 


dag $1... "Cy 
Hag &'.-- 8" bp 


provided the derivative Dj ug precedes Diu. It is found expedient to assume 
IX. Inequalities (19) hold also for any Djug of first cote A+1 which is f- 
in a right member of Sa+1 and does not precede the corresponding left member i 
Dj te. = | 
The satisfaction of this assumption can be kept in mind during the choice 
of 4, §,¢. Ifthe P’s involved in it are all zero, the assumption is always 
satisfied by the §,¢ given by Theorem 3. 
Let M be an upper bound to the absolute values of the terms of the 
expansions p, g in the region under consideration. Choose next r*? numbers ‘ 
tag, positive or zero, to satisfy the conditions 





apt mop £4... Cy 


= Hug " ...8 ty 


M 





IV 


for all combinations of the indices such that Dj ug is a derivative of first 
cote A+1 occurring in the right member of an equation (17) whose left 
member is Dj Ue. 

Finally, choose 7+ positive numbers »~ to satisfy all the relations 


(21) re Bt. Bate > M, . 


where Dj ua is any principal derivative of first cote A-+ 1. 
Consider the system Ga41 
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which is identical with (17) except that the unknowns are here denoted 
by U’s, and the p’s and q’s are different. In (22) 


_ Amt&mt+-:-+kront+ 2 DU 
0 : ? 


the summation being extended over all derivatives of first cote not 
exceeding A, and @ being the smallest number of those defining the region 
of convergence of the coefficient p, q. 

The function 





o 








— M 
,— 2z+2 DU 
Q 


dominates the p’s and q’s. Since &>1, the function M/(1—o) does 
likewise. It is easily seen that any given p or g is also dominated by 





M, 
(23) 1 — o ? 
where M, = M; and by 
(24) mah _ y, 


where M,-+ M, > M and Mz exceeds the absolute value of the constant 
term of the p or q in question. 

By taking M, in (23) equal to the left member of each condition (21) 
in turn, each qg is seen to be dominated by the corresponding term of (22). 
Corresponding to each p make in (24) 


dag Ew By 


fag $1. BL 
Hieg §"... Boy” 


Hiag pi... gn Cp ; 








Ms, = M;, at 


From (19) and (20), it follows that the coefficients in (22) dominate the 
p’s in (17). 
Equations (22) have a solution depending on the z’s only in the combination 


(25) gy 7} + & VT + sh + E, Tn 


To show this, put Us. = ¢.Ue and let Udi be the result of differentiating 
Uc it=%4+%+---+%, times with respect to the variable (25). Then 


D; Vee = Udi» ll gts Ce. 


. Sag ae 
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When the U’s are regarded as functions of the single variable (25), 
o becomes a function o’ of that variable and of the derivatives of Uz of 
orders 0,1,-+--,ge—-1. Equations (22) reduce to 


(26) Ut, => (Att Met — wag) Why, + 2 
9 = 2, i Map Bg rae” ay 


For the values 
(27) x 0,1,---,ge—l, 


the functional determinant of (26) has the elements dag —4ag, where 
a,8 = 1,2,---,7 and d is the Kronecker delta. Because of (18), 
Theorem 5 shows that this determinant does not vanish. The implicit 
function theorem* states that (26) can be solved for Ucg, in the neighbor- 
hood of (27). Cauchy’s existence theoremt for systems of ordinary equations 
shows that (26) have a unique solution satisfying (27). 

It will now be shown that in the expansions of the U’’s, whose existence 
has just been proved, all the coefficients are positive except those which 
vanish in accordance with (27). Rewrite (26) in the form 


(28) Veg, = 4 Vag, + &, (dap + hag 6") Upgg + Ve 


The initial values of Ucg, satisfy 


(29) (Ueg,)o— & dag (Upg,o = va. 


By Theorem 5, the determinant of the system is positive and the cofactors 
of all its elements are positive or zero. Since the v’s are also positive, 
the coefficients determined by (29) are positive. Assume that this is true 
of all the coefficients of order less than he. Differentiation of (28) the 
proper number of times gives for the derivatives of order he equations in 
which the coefficients of the derivatives of highest order of the various 
unknowns are the same as in (28). The remaining terms are polynomials 
in the derivatives of lower order and the independent variable with positive 
coefficients. The initial values of the derivatives of order he will therefore 
satisfy equations exactly like (29), whose right members, although not v«, 
are positive. Theorem 5 shows the values in question are positive and 
the induction is complete. 





* Cf. Goursat, |. c., vol. 1, p. 95. 
+ Cf. Goursat, 1. c., vol. II, pp. 358, 359. 
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System (22) is therefore satisfied by convergent expansions VU; whose 
coefficients of first cote A-+1 or higher are all positive. 

Return now to the consideration of the system Sa. By differentiation 
of its equations with respect to multipliers there arise systems S4+», 
eo = 2,3,.---, having the following properties: 

(i) The left members of any Sa+o are all distinct and comprise all the 
principal derivatives of first cote A+e. 

(ii) The right members of any S+o are linear in the principal derivatives 
of first cote A-+e. 

(iii) 1f the p and gq of (17) be regarded as expanded, the right members 
of any Sao are, except for the terms involving the principal derivatives 
of first cote A+e, combinations by addition and multiplication alone of 
the coefficients of p and q, and of derivatives of first cote less than A+ 0. 
- From (22) systems Ga+o are obtained in exactly the same way. 

The systems Sa+o, Sa+o arising from Sa+o, Sa+o by making x and the 
parametric derivatives zero are conditions on the coefficients of the ex- 
pansions of the w’s and U’s. It has already been proved that G4+o are 
satisfied by positive values of the unknowns. 

The equations O44; and S44; are of the forms (9) and (10) respect- 
ively, X and x being the coefficients of U, uw whose first cote is A+1. 
The A’s of G44: are positive or zero and the B’s are surely positive 
because they are the constant terms in the developments 


Ve g4 i E's a 


(30) ae 





These quantities, moreover, are not exceeded by the absolute values of 
the corresponding quantities in S4;,. Since G44; is satisfied by a set of 
positive values, theorem 4 is applicable and states that S441 has a unique 
solution, and that the coefficients of the developments uw so determined 
do not exceed in absolute value the corresponding coefficients of U. 
Assume that the last statement is true applied to all the systems 
Sato, Where g = 1, 2,---,k—1. Then from properties (i) and (ii) given 
above, S4ix is of the form (10), the coefficients of wu whose first cote is 
A-+k being the unknowns z. From (iii) and the fact that G4+, dominates 
Saii it follows that the a’s and b’s of S4ix do not exceed in absolute 
value the corresponding A’s and B’s of Giz. The A’s in Gay are 
positive or zero, and the B’s are positive because each one of them 
involves as an additive term one of the positive coefficients of the ex- 
pansion (30). Theorem 4 shows that the equations S44, uniquely determine 
the coefficients of the w’s whose first cote is A+, and that the absolute 
values of the coefficients so determined do not exceed the corresponding 
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coefficients of the U’s. Thus the induction is complete. The develop- 
ments « converge because the U’s do. 

Select a particular equation of the set Sg, Sati,---. Sasi, and think 
of it in the form 


(31) R= Du—F = 0. 


If the developments w are substituted in R, the result is a holomorphic 
function of the z’s. Since substituting the expansions for the various 
derivatives in # and then evaluating for « = 0 is equivalent to substi- 
tuting the corresponding coefficients of the expansions and then making 
x =0, it follows from the way in which the coefficients were determined 
that R(x) and all its derivatives with respect to multipliers of Dw vanish 
for « = 0. Hence R(x) depends only on the non-multipliers and vanishes 
when they are put equal to zero. The equation arising from (31) by 
putting the non-multipliers equal to zero is therefore satisfied identically 
in the multipliers by the results of evaluating the developments u and their 
derivatives for the non-multipliers equal to zero. A concise statement of 
this fact is: the developments w satisfy each equation of Sy, Say1,---, Sasi 
on the variety defined by the vanishing of the corresponding non-multi- 
pliers. 

The results established above can be recapitulated as follows: 

THEOREM 6. Jf assumptions I-V, VII and IX are realized for a system 
of partial differential equations, it is possible to construct unique convergent 
developments which have given initial determinations of the form prescribed 
by the left members of the system and which satisfy each equation of Sa, 
Sati,+-+, Sasa on the variety defined by the vanishing of the corresponding 
non-multipliers. If a holomorphic solution satisfying the system and having 
the given initial determinations exists, it is given by these developments. 

As an example, take the system composed of the single equation 


Ou? 


(32) Ox Oy 


in which 


= F(z, y,r, 0), 


a ie 


Let the cotes be 
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The separation (5) gives 
u = fooly) +x fro(x)+ xy fir (@, y)- 


The complete set of monomials consists of the single monomial zy whose 
multipliers are x, y. Assumption VI is therefore realized for the original 
system. 

The complementary set consists of 1, which has the multiplier y, and 
of x, which has the multiplier x. The functions foo and /(o in the initial 
determination can be specified by giving y(y) and w(x), where 


u = gy) for xz = 0, 


(33) a = wW(r) for y= 0. 


From the choice of the cotes, a= A=2. Since x and y are multipliers 
for the left member (32), the system S44: consists of the two equations 


O5u 0° aru 

(34) wa 1 rey Thy + Fr, 
au au a> 

(35) dxdy* we dx dy +H ay* + Fy, 


the subscripts denoting partial differentiation. Because (32) is solved for 
the only principal derivative of cote 2 and because the right members 
of (34), (35) do not involve that derivative, assumption VII is surely 
satisfied. 

Choose £=1. The set of monomials in §, 7 (= §) corresponding to 
the derivatives of first cote A+1 is, arranged in order, 


BSE, Ent 93, 


As only the ratio of these is of interest, make 6,1. The formulas (6) 
give as the monomials in 6, 


63, 


8. af, 08, 68. 


2 

Here H = 2. Let P,, P, be the values | F,(0, 0, w’[0], y”’[0])| and 
|F:(0, 0, w’[0], y”’[0])|, respectively. There are four inequalities (19) 
which reduce to the two 


2 Ps A 
(36) “F *9<gr: 
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If IX is to be satisfied, since 4<1, 


(37) P, Pe< + : 


Conversely, if (37) is satisfied, let P, < P,, a condition readily realized. 
Then 2P,<1. It is possible to choose 4 satisfying 


4P, P,< <1, 2P,.<4, 


and subsequently a 6, which is greater than 1 and satisfies (36). Hence 
IX is satisfied. 

There being no non-multipliers, Theorem 6 in this case states that the 
series wu satisfies (32). Therefore, if (37) is satisfied by F, a unique solution 
of (32) and (33) exists for g and w arbitrary. 

5. Orthonomic systems. In general, the application of Theorem 6 
to a given system must be supplemented by an investigation to determine 
whether the developments actually satisfy the system when values different 
from zero are given to the non-multipliers. In the case of an orthonomic 
system, this question can be easily disposed of and the theorem of existence 
stated in more satisfactory form. 

An orthonomic system is defined as one having the following properties: 

(i) The unknown functions u, the independent variables x, and the 
equations are finite in number. 

(ii) Cotes have been assigned to the unknowns and to the independent 
variables, the first cote of each of the latter being unity. 

(iii) The equations are solved for certain of the derivatives of the 
unknowns, the left members being distinct and the right members not 
involving any derivative which is a left member. 

(iv) All the derivatives in any right member precede the corresponding 
left member. 

(v) The right members considered as functions of all their arguments 
are developable in Taylor’s series in the region under consideration. 

An orthonomic system clearly satisfies assumptions I-V. 

Let yz’ be the left member of an equation in an orthonomic system and 
let y be a derivative in the corresponding right member. Then 7’ follows y. 
If the equation is differentiated, the presence of y in the original will cause, 
in general, y and dy/@x to appear in the new right member. Since the 
new left member dy'/32 follows both of these, (iv) is preserved under dif- 
ferentiation. Consider the complete sets given by the separations (5). If 
any derivative corresponding to a monomial of the complete sets is wanting 
among the left members of the system, form by differentiation a single 


be ah at at 


magetecerene 


ee Ta Set Pt 
- ue 





: 
' 
; 
! 


2 ee et et Rien A ir llnNe tee tee. lier mt jemnane 





corre ete Rhe ate t UN SO ty Ba Ce Bee se wees * te 
P oe ors 
Toe es 


eR goto 


Stat te premier eric nt er ete, 
ms wae 7 +e ee 





SSE, a es 


So) 
Sadi oS 7 seh 


oT 


abe MTR eae 


2 nee dco n 
Creer eres Se ate ee 
220 pene an ape hetthn arte gate i ig Se iad gag ge Ss 


deetery 
way 


po ee 


ee eae st 
sin ain 





= 


i gh AS pe 


it enrtrestece  yn a e 





304 J. M. THOMAS. 


equation having it as left member. The original system augmented by 
the equations so obtained will have its left members distinct. Any deri- 
vative which is in both a left member and a right member can be removed 
from the latter. For consider the totality of such derivatives and choose 
the one of them which precedes all the rest. The equation of which this 
derivative is the left member has in its right member no derivative which 
is also a left member: if such were not the case, property (iv) would be 
violated. By means of that equation, the left member in question can be 
eliminated from all the right members in which it occurs. Property (iv) is 
not disturbed in the process. A repetition of the above shows that the 
original orthonomic system can be replaced by an equivalent orthonomic 
system for which assumption VI is satisfied. 

The reasoning just employed also shows that the systems Sq, Sa41,--+,Sa4i 
formed for an orthonomic system are equivalent to orthonomic systems and 
can be thought of as orthonomic themselves. The systems Sa, Sa41, ---, Sa 
being in solved form, it follows that assumption VII is satisfied. 

Since any derivative in a right member of an orthonomic system precedes 
the corresponding left member, assumption IX is vacuously satisfied. 

Theorem 6 shows the existence of developments wu which satisfy any 
orthonomic system on the varieties obtained by equating the non-multipliers 
to zero. It remains to obtain the conditions that the developments satisfy 
the system for any values of the non-multipliers. 

Suppose that each equation of the orthonomic system under considera- 
tion, that is, one satisfying VI, is written in the form (31). The Dw will 
still be referred to as the left member. Let each #& be considered to have 
the same cotes and the same multipliers as the corresponding left member, 
and let two R’s with derivatives of the same u for left members have the 
same relative rank as those derivatives. Select an equation R, = 0 
which has a non-multiplier x; By Theorem 2 the derivative of the left 
member of R, which is contained in 3 R,/d 2; is equal to the first term of 
DR:, where R, is of higher rank than R,, and D denotes a derivative 
with respect to multipliers of R,. Hence the difference 


0 Ry 


Qa; —DR, 


(38) 





involves, in addition to the independent variables, only those derivatives 
of the unknowns which precede the first term of 0 R,/82;. 

Corresponding to each equation of the orthonomic system written in 
the form (31) there is an identity, 


(39) Du = R+E. 
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The derivatives of the w’s which enter in F are parametric. If the 
totality of relations (39) is differentiated with respect to multipliers, an 
infinite sequence J of identities is obtained whose left members are the 
principal derivatives. Each right member is a derivative of an R plus 
a certain polynomial in the principal derivatives which precede the principal 
derivative in the left member, the coefficients of the polynomial involving 
the independent variables and the parametric derivatives. These identities 
will give for any principal derivative an expression of the form 


(40) Du = K(DR)+L (Du, 2), 


where (i) the right member is free from principal derivatives of the w’s; 
(ii) the derivatives of the R’s in K all precede the left member with the 
exception of one which has exactly the same series of cotes as the left 
member; (iii) K vanishes when the R’s are made zero; (iv) ZL involves 
the independent variables and the parametric derivatives of the w’s alone. 
To prove this for a given principal derivative, consider the finite set 
composed of all the identities J whose left members do not follow the 
derivative. Of the principal derivatives which occur in right members, 
select the one which precedes all the others. The equation having it as 
left member is of the form (40) and can be used to eliminate it from the 
other equations. A repetition of the process gives the desired result. 

In the difference (38) substitute for the principal derivatives their 
expressions from identities (40). Since the principal derivatives enter 
in (38) rationally and integrally, there results an identity of the form 


6k, 


ee —DR, = K(DR)+ L(Du, z), 


(41) 
where K and L have the same properties as in (40), and in addition the 
derivatives of the R’s which enter in K all precede @ R,/@ zi. 

By placing the #’s equal to zero the relation 


(42) L (Du, xz) = 0 


is obtained as a necessary condition that the given system be satisfied by 
the developments u. Since (42) involves only the independent variables 
and the parametric derivatives, which are subjected only to conditions of 
inequality, (42) must be identically satisfied. 

The totality of conditions (42) formed by making all possible choices of 
R, and x; are called the integrability conditions of the system from which 
they arose. If the integrability conditions of the system are satisfied 
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identically in the independent variables and the parametric derivatives, 


the system is called passive. 
Suppose the given system passive. From identities (41) we have 


aR, 
02; 


(43) = DR,+ K(DR). 


Regard (43) as equations to determine the functions of x which the R’s 
become when the developments uw are substituted in them. Theorem 6 
applied to the given orthonomic system states additional conditions on 
the R’s, namely, that they are zero when the corresponding non-multipliers 
are made zero. 

By assigning to the R of highest rank for each w an additional cote 
equal to unity, to the next highest an additional cote 2, and so on, and 
to the variables an additional cote zero, each DR, in (43) is made to 


recede the corresponding am System (43) is therefore orthonomic 
P 0 Xi 


and Theorem 6 is applicable. The initial determinations defined by the 
left members of (43) are the values assumed by the #’s for the corresponding 
non-multipliers equal to zero. Theorem 6 states that there exists at most 
a unique set of R’s satisfying (43) and reducing to zero initially. Since 
R= 0 satisfies both equations and initial conditions, it follows that the 
R’s are identically zero. 

THEOREM 7. Every passive orthonomic system is completely integrable, 
that is, it is satisfied by a unique set of holomorphic functions which have 
arbitrarily given initial determinations of the type prescribed by the left 
members of the system. 

6. Examples of orthonomic systems. A special orthonomic system 
is the canonical form of Kowalevsky 


k 
0% the 


k 
a 
Ox, 





(44) = Fa, a= 1, 2,---, 71, 


in which any right member may involve any of the derivatives of we of 
order not exceeding ke except the derivative which is a left member. It 
can be assumed that the unknowns are numbered so that k,, ke, ---, ky 
form a monotone decreasing sequence. Assign first and second cotes in 
the following way: 


XH Xe +++ In UY Us coe Uy 
1 1 "? ¢ 1 0 ki —he eve ki — ky 
1 0 +--+ 0 O ky—ky +--+ hy—ky. 
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Let Diug be a derivative in a right member of (44). Then 
(45) ht+h+-:»+h<ckp, 


and when the equality holds, ,< kg. The cotes of the left members and 
of Diug are respectively 


k,, At+l+ ++» +ha+h—kep, 
k, L, +h, —kg. 
The differences (1) are 


ka—(ht+h+---+ln), ks—|,. 


If the inequality holds in (45), the first of these is positive. If the equality 
holds in (45), the first is zero and the second positive. Property (iv) of 
orthonomic systems is possessed by the present system, and if the functions 
Fe are subjected to the restriction (v), (44) is orthonomic. 

Consider a second example. If in the system 
dv 


Ou 0u dw 


Basie, Bolt a 
az “\or!’ o2 %\ay’ da]’ 
(5 a 


(46) 

by ——s«d\ ay’ Ox 
the cotes are assigned as follows 

x y 

1 1 

0 1 


the derivatives are ordered 


Ow Ow bu Ou Ov Ov 


On’ Oy’ Ox’ dy’ Ox’ dy’ 


so that the system is orthonomic. If further the single integrability con- 
dition 

es 

Ox by dy Ox 





is satisfied identically in du/dy, dw/ax, 0°u/dy*, 0°w/da*, the system 
is passive and possesses by Theorem 7 a unique solution with the initial 
determinations 


+ Miho gy (y), x= 0, 
v const., x y = 0, 
0 


w=), y 
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The existence of this solution is not stated by the Cauchy-Kowalevsky 
theorem. 

7. Reduction to orthonomic form. Consider now a system composed 
of equations involving the derivatives of certain unknowns; the functions, 
derivatives, independent variables and equations being finite in number 
and the functions which equated to zero give the equations being analytic. 

The derivatives can be ordered by assigning the following cotes 


ae ae ee a a ee 
1 1 1 1 0 O 0 
0 O ee 3 2 r 
ee ee oF 0 
ea a te ie 0 
Ra Bee ae se | ae ee Se 
eo ®} v9 1 eo “iw. ® 


The above ordering amounts to arranging the derivatives first according to 
increasing order, then according to increasing index of the unknown, and 
finally according to increasing rank. 

Select an equation which involves the last derivative, according to the 
above ordering, which occurs in the given system, and solve it for that 
derivative. Substitute in the other equations. Repeat for the next to the 
last derivative, and so on. After a finite number of operations, either 
a relation among the independent variables is deduced, in which case the 
system is incompatible, or an orthonomic system =, equivalent to the original 
is obtained. Form the integrability conditions of =,, and treat them as 
the original system was treated. Since the integrability conditions involve 
only the parametric derivatives, none of the left members of the additional 
equations obtained can be obtained from the left members of 2, by dif- 
ferentiation. Add these equations to the set 2, to form =,. Repetition of 
this process gives a sequence 
(47) 21, 22, 


such that each set of monomials in 2; contains the corresponding set 
in 2;-; and in addition monomials which are not multiples of any of 
those in the corresponding set in 3;-,;. By Theorem 1, the number of 
monomials in 2;, which increases with 7, cannot exceed a finite limit. 
Hence the sequence (47) is finite, so that after a finite number of operations 
a state is reached when the unsolved equations involve no derivatives. 
If they involve the z’s, the system is incompatible; if they are identically 
satisfied, the final system = is completely integrable. 
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THEOREM 8. Any compatible system of partial differential equations can 
be reduced by a finite number of operations to passive, orthonomic form. 

The reduction to passive, orthonomic form, if applied to a system solved 
for certain derivatives, will in general change the type of initial deter- 
minations. For example, the equation 


Ou a7 u 


Qa Oy” 


whose initial determination is « = y(y) for « = 0, when put in the 
orthonomic form is 
o*u du 


oy a 
with initial determination u = y(x),; du/dy = w(x) for y= 0. 

The orthonomic form to which reduction is made above is the canonical 
form of Tresse* who proved Theorem 8. Riquier’s contribution surpasses 
that of Tresse because it includes Theorem 7 which states the actual 
existence of solutions when no incompatibility is encountered in the 
reduction to canonical form. 

8. Discussion of the results. The principal results of Riquier’s work 
can be summarized as follows: 

(i) His orthonomic form is more general than the canonical form of 
Cauchy and Kowalevsky. For any system in orthonomic form Theorem 7 
asserts the existence of solutions with arbitrary initial determinations of 
the type prescribed by the left members. 

(ii) The process employed in the analysis leading to Theorem 8 will give 
a definite answer to the question; does a given analytic system have 
a holomorphic solution, no initial determination being prescribed? 

(iii) By use of Theorem 6 the existence of solutions with arbitrary initial 
determinations can be proved for systems more general than the orthonomic, 
but as a rule the system must be restricted in order that the theorem 
apply. The restrictions, necessary for the successful application of Theorem 6, 
may not be necessary for the existence of solutions. Hence the ultimate 
has not been reached in this direction. 

Assumptions II and IV, in addition, are not necessary for the existence 
of solutions with arbitrary initial determinations. In the case of a single 
unknown, for example, they prevent the right member from being of higher 
order than the left. But the equation 

Ou 07 2 OF 


(48) = y Ox Oy an oy 


* Acta Mathematica, vol. 18 (1894), p. 9. 
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has the solution 
u = 9 (ye”) 


which reduces to an arbitrary function g (y) for «= 0. Theorem 6 does 

not apply since the first cote of the derivatives in the right member is 

necessarily greater by unity than the first cote of the left member. 
Equation (48) can, of course, be replaced by the system 


ou dv dv 1 du 
(48) ty) On Voy ty On" 


With the following assignment of cotes 
x y u v 
1 1 0 0 
1 0 0 # 


Theorem 7 predicts a solution with initial determination 


u = f(x), y= i, 
Ou 
Oy > gly), t= 0. 
By choosing f(0) = ¢(1) and g(y) = g’(y), a solution is obtained which 
reduces to »(y) for « = 0, but the existence of this solution is not pre- 
dicted by Riquier’s theorems if the initial value of y is zero. 
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THE SEQUENCE OF FUNCTIONS WHICH DEFINE 
A DEFINITE INTEGRAL CONTAINING 
A PARAMETER. 


BY R. L. JEFrery. 





In a paper* on Definite Integrals Containing a Parameter the conver- 
gence of 


(A) ZG Vea») 


to its limit /'(y) was considered with respect to its uniformity in y. In 1 an 
that paper certain conditions are given which are sufficient to insure the ine 
uniform convergence of the sum (A) with respect to y, and that independent “ee . 
of the choice of §& on each interval. An example at the end of the paper re. 
shows that the convergence need not be uniform in y independent of the : as 
choice of & even though f(x, y) be bounded and continuous in each = | 
variable separately. This example points the way to a further sufficient 
condition, and in the case of a certain class of functions, to a condition ; 
which is both necessary and sufficient. The first part of the paper consists £ 4 
in the development of these conditions. In the second part of the paper : 
we proceed to a discussion of the continuity of a function defined by 
a Riemann-Stieltjes integral, and the uniform convergence of a Riemann- 
Stieltjes sum similar to (A). 
Part I. 


The sufficient condition referred to above is stated in the following: a 
THEOREM 1. Let the function f(x, y) defined on the rectangle a << x < b, i 
eSy<d be bounded, continuous in y for each x, and a Riemann inte- y oe 
grable function of x for each y. Designate by K the two dimensional set 3 
of points at which the saltus of f(x,y)=>k. A sufficient condition for 
the uniform convergence of the Riemann sum then is, that for each k>0O 
the part of the corresponding set K which lies on any line y = yo has zero 
linear contentt on this line, c< yo <d. ‘ 
By virtue of the Heine-Borel theorem, it is clearly sufficient to establish 
about each value y= yp an interval throughout which the convergence 
is uniform. 
* Annals of Math., vol. 26 (1925), pp. 173-180. We find that the results of that paper 
are easily extended to include functions of any number of variables. 
7 By content we mean the lower limit of the sum of the lengths of a finite number 


of intervals enclosing the set. See Hobson, Real Variable, vol. 1, second ed., § 117. 
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Let «>0 be given. Consider the set of points S, on the line y = y% 
at which the saltus of f(x, y) >«. Under the conditions of our theorem 
this set has linear content zero and can, therefore, be enclosed in a finite 
set of open intervals A where mA, the total length of A, satisfies 


(1) mA<é, 


Let B be the finite set of closed intervals* complementary to A on the line 
y=yo. At each point of B the saltus of f(z, y) is less than ¢. It 
then follows that about each point (7, y) of B as center a square whose 
sides are parallel to the coérdinate axes can be constructed such that 
when (z’, y’) is any point of the square, 


iF (@, y)—S ia’, y')|<e. 


Given (x, yo) any point of the B-intervals, let 2yz be the side of the 
square of which this point is center. We then have 


(2) f(a, yo)—f (2’, y)\<e 


for any (a, y’) which satisfies |2—a2'!<ye, |yo—y|<ne. Putting 
y’ = yo in (2) we get 


(3) f(a, Yo) —S(@, Yo)| <eé 


for |a—z2’|< yr. Combining (2) and (3) we have 


F(x’, yo) —S(v’, y')|<2e 


for |ys—y|<x, and for |jw—2’|< nz. We now have every point (zx, yo) 
of the B-intervals interior to an interval of length 272 such that for x 
on this interval of length 292 


\S(@, yo) —F(@, y)|<2e 


provided |y— yo|<yz. From this infinite set of intervals the Heine-Borel 
theorem permits us to choose a finite set having the same interior points. 
Corresponding to this finite set there will be a finite set of values of yz. 
If now we fix q smaller than the smallest of this finite set, we have 


(4) F(a, yo) —S(a, y)|<2¢ 


for all values of x on the closed B-intervals, provided |y—y|< 7. 





* A may, of course, be so chosen that no two intervals abut. 
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Let (2-1, 2) be any sub-division of (a, b) and & any point on (a~1, x). 
Let (aj-1, xj) be the g intervals of this sub-division which are wholly on 
the B-intervals. It will then follow from (4) that 


©) | BAG, wa) — DIG, May 4-9)|<2e0—a) 


provided |y—y|< 4. If (ax-1, xx) denote the remainder of the sub-division 
(xj-1, 2), and if Z and 7 are the least upper bound and greatest lower 
bound respectively of f(z, y), we see that 


(6) af (Ex, Yo) (Xe— Le) — z S (Ex, y) (@x—axxe-1)| < (mA+2pd)(L—), 


where p is the number of intervals in the set A, and d is the greatest 
length of any xe—ax-1. Thus if 7%—2j;-1< 0 it follows from (1), (5), 
and (6) that 


ZS (Bis Yo) (vi — a) — ZF Ris y) (i — 2-) 
” < (e+ 2p8)(L—D+26(6—a) 


provided |y—yo|\<4. By taking ¢ sufficiently small 


ZS Eis yo) (x — 21-1) 


can be made arbitrarily near to its limit F(yo) = f F(x, yo)dx. Since 
F(y) is continuous,* F(y) is arbitrarily near to Fy) for q sufficiently 
small and |y — yo|<4. From these considerations, the fact that the choice 
of 6 is independent of p, and inequality (7), it follows that for 6 sufficiently 
small and for y sufficiently small 


| n 
Fly) — 2S; y) (aj — xi-1) 


is arbitrarily small provided 2j—a2;—~1 < 6, and |yo—y|<4. This establishes 
the uniformity of the convergence in question for a neighbourhood about yw. 

We show by an example that the conditions of Theorem 1 are not 
necessary. Let @ be the set of open intervals on (0, 1) complementary 
to the non-dense closed set G lying on (0, 1), and having content 4, 
0<4< 1. On each interval a; of @ as base construct an isosceles 
triangle 7; with vertex on y=1. This countable set of triangles T we 





*W. H. Young, Monatsh. fiir Math. und Phys., vol. 2 (1910). 
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suppose arranged in a sequence as follows: 7, 7;, 72, T;, T:, 73, Th, 
T:, Ts3, Ts, ---. In this sequence each triangle of the set 7 occurs an 
infinite number of times. With points on the sides of the nth (n = 1, 2, ---) 
triangle of the sequence and at a distance 1/2-3”"— above the z-axis as 
centers, construct rectangles with sides parallel to the y-axis of length 
1/3", and each having a side of this triangle as a diagonal line. We have 
thus defined on each side of each triangle an infinite set of rectangles. 
Of the whole set of rectangles # defined we notice: no point is common 
to two rectangles; a line parallel to the x-axis cuts at most two rectangles; 
a line parallel to the y-axis cuts at most one rectangle. 

At each point of O< 2 <1, OX y <1 exterior to R let f(z, y) = 0. 
On each rectangle R; of R construct a regular pyramid of unit height, 
and let the surface of this pyramid define f(x, y) on R;. The function 
J (x, y) is bounded and continuous in each variable separately. Further- 
more, it is discontinuous with saltus unity at the end-points of a, and 
hence at each point of G, since a point of G is either an end-point of « 
or a limit point of such points. Nevertheless, the Riemann sum converges 
uniformly to its limit F(y). For y= y >0 f(z, y) is a continuous 
function of the two variables, and hence the convergence is uniform in 
the neighbourhood of y > 0. It remains to show that the convergence is 
uniform in an interval including y= 0. If w is the combined width of the 
two rectangles cut by the line y = y, and if (2-1, 2) is any sub-division 
of (0, 1) with norm less than 6, then the sum > f(&, 9) (ai — xi-1) 
<w+4d6. But w approaches zero as y approaches zero. Hence this 
sum can be made arbitrarily small for all y sufficiently near y—0O by 
taking 0 sufficiently small. But F(y) is continuous and F(0) = 0. Hence 
the convergence is uniform on 0 < y< 1. 

This example shows that even when f(z, y) is continuous in each 
variable separately, the conditions of Theorem 1 are not necessary. 

For an extensive class of functions the conditions of Theorem 1 are 
necessary as well as sufficient. Consider the function f(x, y) = 2xy/(x?+-y’*) 
for x and y not both zero, and f(0, 0) = 0, for which the origin is a point of 
discontinuity. We notice that the upper limit of f(z, y) at this point is 
approached along the line x = y, and the lower limit is approached along 
the line y =O. We shall be concerned with functions for which a corre- 
sponding situation exists at all points of discontinuity.* To be exact let 





* Functions of this type are known to exist such that in every region for which the 
function is defined the discontinuities form an everywhere dense non-enumerable set. 
W. H. Young and G. C. Young, Quart. Journ. Math., vol. 41, p.87. In this case the path 
of approach for the upper limit in each case is an are of a parabola, while that for the 
lower limit is a straight line. 
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I, and ly be the upper and lower limit respectively of f(a, y) at a point 
of discontinuity x), y. Let each of these limits be approached in at least 
one of the following three ways: 

A. Over a set (7%, Yo), (%2, Yo), ---, On the line y = y with (x, yo) 
as a limit point. 
B. Along a curve which can be represented by x = g(y) for all values 


of y on some interval 0 < y—y < 4, and where lim ¢(y) = 2%. 
yy, 
C. Along a curve which can be represented by x a= 9 (y) for all values 


of y on some interval 0< y%—y< 4), where lim g(y) = a. 


yy 

For the class of functions f(x, y) which have ‘all their discontinuities 
of the kind just described we have the following 

THEOREM 2. If f(x, y) belongs to the foregoing class, is bounded, conti- 
nuous in y for each x, and Riemann integrable in x for each y, then it 
is necessary and sufficient for the uniform convergence of the Riemann 
sum that the set K at which the saltus of f(x, y) >k have zero content on 
each line y = Yo. 

That these conditions are sufficient is proved in Theorem 1. There is 
left then the problem of showing that they are necessary. This we proceed 
to do in the following manner. 

Suppose first that for some k>0O the part of the corresponding set K 
on a line y = y has linear content J>0. It is then possible to show 
that if « is any positive number < Jk/8, and (2-1, xj) is any sub-division 
whatever of (a, b), there exists in every neighborhood of y a value ye of 
y and on each (a;-1, x) values §& and &f of x for which 


(1) | 2 FE w) ae) — 2D FE, ve) —a-)| i ee 


Consider for the moment that (1) holds. The sum > S (&i; yo) (wi — 2i-1) 
i=1 


can be made as near to F'(y) as we please by making 2; — 2;-, suffi- 
ciently small. The function F(y) being continuous at y, can, by keeping 
y near enough to y, be made to differ from F'(y) by as little as we 
please. The number « of inequality (1) being arbitrary, it would then 
follow that if 6 is a positive number, there exist sub-divisions (a;~1, 2) 
where x;—2i-1 <6, values & of x on (ai-1, 2), and in every neighbor- 
hood of yo a value ye of y for which 


F (ye)— 2 F (8, ye) (wi — aria) | 
is less than Jk/8 by as little as we please. 





















































ener RE 


pire gernemarp rete tse 


wah Ric Ghee at 1 te Te 
: Pgoads A aie wt 

















aoe 






































Se et es Te 


= omtoorence = rt oe mdb EPs gee Gat 


Sa es 
bovet 


Se ae ay ae 


a 


oe 


aR eR seyret face 
RIES RINE RED RI EI BLT P AIAN ET OY ONLI CN ASR a I ER Ta ge te 


owe 


oe 
SpE 


eee Sie 


ob Straten arian AN ke egy nee Ce ee ree A 


xp 
ides o> <2 A 


pod 


, 


ry a CRE ag 





sania teed mar, 





nh a ede cietats 


gees 


316 R. L. JEFFERY. 


It remains to establish inequality (1). Since f(x, y) is continuous in y 
for each x it follows that at each point (§, y) of K on the line y = yw 


ko fG,y) ck 


where Le and i: are the upper and lower limits of f(x, y) at the point 


(§, Yo) 
Then Le—lze = k, and either 


Ii—f, yo) 2 
or 


SE, y)—k = 


rola te| & 


It follows then that every point of K on y = y belongs to at least one 
of the following six sets. 
(a) f(x, y) approaches Le by way of (A) 
(b) f(x, y) approaches Le by way of (B) 
(c) f(x, y) approaches Le by way of (C) 


(d) f(x, y) approaches /z by way of (A) 
(e) f(x, y) approaches /; by way of (B)? and f(&, y)—le => k/2. 
(f) f(x, y) approaches lz by way of (C) 


and Is—f 6, Yo) 2 k/2, 





The content of the set (a) is zero, and the content of the set (d) is 
zero, since the saltus of the function f(z, yo) is greater than or equal to 
k/2 at these points, and f(x, yo) is Riemann integrable. But the sum of 
the contents of the six sets is greater than or equal to J; hence the con- 
tent of at least one of the four sets (b), (c), (e), (f) is greater than or 
equal to Z/4. To be definite suppose that the content of (b) is greater 
or equal to 7/4. The treatment for each of the other possible cases would 
follow similar lines. 

Let (xi-1, xi) be any finite sub-division of (a, b). Designate by (a;-1, x;) 
the p intervals of this sub-division which contain points of the set (b) on 
their interiors. It then follows that the total length of (xj-1, xj) is greater 
than or equal to Z/4. Interior to each interval of this set fix a point 
(&;, yo) of the set (b). For each of these points the way of approach of 
I(x, y) to Le is (B). If then we fix a positive number 7<k/2 and such 
that 7I/4-+-4<e«, we can find a number 0,>0 such that for each y on 
0<y—y<4,, there exists a value &; of x interior to (xj-1, 2) and given 
by x = g(y) for which 


fE,)-SE, W> 4. 





t 
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The intervals of the finite sub-division of (a, b) which are not contained 
in (aj-1, aj) we designate by (a,-1, xx), and in each of these intervals fix 
an arbitrary point &. Since there are only a finite number of such points, 
and since f(x, y) is continuous in y for each x, it follows that there 
exists d,>0 such that 
PG v) —S Ee, w)| <> 

when |y— yo|<d,. Then for d less than the smaller of the two numbers 4, 
and d,, and for any fixed y on 0<|y— y|< 4, consider the sum 


8 = SG, 9 — SG, wha — 2-9) 
+ © (Fe ) — (Be, wd) (ee — ae-») 


The first partial sum on the right is greater than or equal to (k/2 —) 1/4, 
while the second lies between —y and 7. Hence 


k Pf mn 
82 (g-s)g 1B — 
An obvious change of notation now turns |S| into the left hand side of 
inequality (1). 


Part II. 


The continuity of a function defined by a Riemann-Stieltjes integral, 
and the uniform convergence of a Riemann-Stieltjes sum. 

Let y(x) be non-decreasing on (a, 6), and f(x, y) be bounded on 
asx<b, c<y<d. We assume that for each y the Riemann-Stieltjes 
integral of f(x, y) with respect to g(x) exists. A function F(y) is thus 
defined by the equation 


FW) = [ fe, v) age). 
The function F(y) is then by definition 


im af (i, y) {9 (xi) — 9 (i-1)}. 


We designate this sum by o(n, &;, y) and state without proof the following 
easily obtained result: 

THEOREM 3. If f(x, y) is continuous in y uniformly with respect to x, 
then F'(y) is continuous and the convergence of o(n, &:, y) is uniform in y. 
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If we assume merely that f(x, y) is continuous in y for each x, then 
the facts as to the continuity of F'(y) and the uniformity of the convergence 
of a(n, &, y) are not so evident. As a preliminary step in the study of 
these questions we associate* with each point u on e = g(a) << u< 8 = g(b) 
a unique point x, on (a, b) as follows: 

Let 2, 2,--- be the countable set of discontinuities of y. If wu is 
a point of a closed interval {y(a;—0), y(ai+0)} then z= a. If u does 
not belong to one of these closed intervals, and the equation u = (x) 
is satisfied by a single value of x, then this value of x shall be x. If wu 
does not belong to one of these intervals and the equation wu = (2) is 
satisfied for more than one value of x, then g(x) is constant and equal 
to w throughout an interval. In this case z, shall be the lower end-point 
of this interval. 

If g(x) is any function defined on (a, b), then on (a, 8) we set W(u) = g(au), 
and state 


LemMA 1. Jf the RS [ g(x) dg (x) exists, then the Rf ww du exists, 
and the two are equal. 

The argument for the existence of f "ee wu is essentially that of 
Hobson.t By making use of the sums S, and S, defined by Hobson{ taken 


over a sub-division of (a, b) at points 21, x2,--+-, %,-1 Which are points 
of continuity of g(x), it is not difficult to show that 


8 ~ 
Sn <j w(u)du < Sp. 


b - 
But f g(x) dg(x) is the common limit approached by S, and S, as m 
becomes infinite. Therefore 


[Pow du = [-9@) dg (x). 


We can now prove 

THEOREM 4. If f(x,y) is continuous in y for each x, then F(y) is 
continuous. 

The function (wu, y) = f (xu, y) is evidently continuous in y for each uw, 
and by Lemma 1], 





*The correspondence here given is similar to that used by Lebesgue, Comptes Rendus, 
vol. 150, p. 86. It is also similar to that employed by Hobson, Real Variables, 2nd ed., 
vol. I, § 378, the difference being that Hobson does not define x, if for any u the equation 
u = p(x) is satisfied by more than one value of «x. 

7 Theory of Functions of a Real Variable, 2nd ed., vol. I, § 376. 

} Loe. cit., vol. II, p. 774, corrections to p. 508 of vol. I. 
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8B 
Fy) = Jl vlu,y) au. 


But the right hand side is continuous* in y. Therefore F(y) is continuous. 

With the function f(x, y) satisfying the conditions of Theorem 4, and 
y(x) non-decreasing, it does not follow that o(n, §;, y) converges uniformly 
to F(y). To see this we need only take y(x)=— 2, and f(z, y) any 
function for which the Riemann sum does not converge uniformly.t Never- 
theless, it is possible to obtain uniform convergence for a special class G isp 
of monotone functions provided & is properly chosen on (aj-1, x). This 
we proceed to discuss. 

The function »(x), being non-decreasing on the closed interval (a, d), can 
be expressed as the sum of two non-decreasing functions,i 9 (a) = v(x)+<x(a), 
where on any closed interval the discontinuities of v are the discontinuities : 
of », and the variation of » is the variation due to its discontinuities on | 
this interval, and where x is continuous. Making use of this we prove: : ie 

THEOREM 5. If the component function x(x) is absolutely continuous, then mt 
for a given ¢>0 there exists 0>0O such that when xj—aj-1<6 and §&; is 4 
properly chosen on (xi-1, xi), 


| Fiy)— 2 FE, v) (9@)—9 ea} |<e, 
independent of y. 


We first show that about any value y of y on (c, d) there is an interval 
for which the theorem holds. If y is fixed, then 


F' (yo) on a(n, &;, Yo) | 






















can be made as small as we please by taking x;— x;—, sufficiently small. 
Again, since F'(y) is continuous, 


| F (yo) — Fly) 








can be made arbitrarily small by restricting y to a sufficiently small 
interval about y. The theorem will then hold for an interval about y 
if we can show that for any sub-division (2;~,, 2;) whatever, there corre- 
sponds to each positive number «> 0 a positive number 7 >0 such that 
when |y—y|<4 

(1) a(n, §i, yo)—ao(n, &, y)|<e 


pr kere Ve sage * 


provided & is properly chosen on (a;-1, 2%). 
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* Young, loc. cit. 
+ For such a function see Annals of Math., loc. cit., p. 179. 
} Caratheodory, Vorlesungen iiber reelle Funktionen, p. 153. 
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The existence of such a number will now be established. Designate 
the countable set of discontinuities of » on (a, b) by d,, d,---, and the 
variation of » due to a discontinuity d; by s;.* Since g is bounded, we 
can fix i =k so that 


wo 
2 8 <Le. 
i=k+1 


Since x(x) is absolutely continuous, there exists 6 >0O such that over any 
set of intervals on (a, b) with total length <d the variationt of » is less 
than «+s where s is the total variation of g due to its discontinuities 
on these intervals. With k and 0 so determined, we introduce a set of 
points G,, as follows: 

If « and 7 are two positive numbers, a point x belongs to G,, provided 


Se, y)—Sf (a, y")\<e 


for every pair of values y’, y’” on (c, d) which satisfy |y/—y"’|<y. The 
fact that @,, is measurable, and that for a given « mG,, can be made 
as near to (b —a) as we please by taking y sufficiently small has been 
established in the paper to which we have referred.{ We note further, 
since f(x, y) is continuous in y for each x, that it is possible to take 4 
sufficiently small to include in G,, any finite number of preassigned 2x-points 
on (a, b). We now fix 7 so that G,, contains the points di, d2,---, dk, 
and so that mG,, differs from (6 — a) by not more than the above determined 
positive number 0. 

Now let (2-1, xj) be any finite sub-division of (a, b), (aj-1, xj) the p 
intervals of this sub-division containing points of G,,, either as interior 
points or boundry points, and (ax-1, z,) the remaining intervals of the set 
(wi, vi). On each of the intervals (2-1, x) fix a point & of G,,, and 
on each interval of (a1, 7) fix & any point whatever. Now consider 
the sum 


S = |o(p, &, yo) —6(p, &, y) +o(n—p, Fe, yo) — 4 (nm — p, Ex, y)! 
for |yo—y\ <4. Since §; belongs to G,, 
9 (p, &), yo) — 9 (p, &, y)| <e {y (0) —¢ (a)}. 


Furthermore, since mG,, >b — a—0do, and since (xx-1, 2%) contains no 
points of this set, it follows that the total lenght of (2-1, 2%) is less 





* a = 9(d+0)— 9 (di—0). 
+ The variation of g over an interval (a’, b') is 9 (b')— g(a’). 
¢ Annals of Math., loc. cit., p. 174. 
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than 6, and at the same time these intervals contain none of the points 
d;, +--+, d, either on their interior or as boundry points. It then follows that 


lo (n Boyt &k, Yo) —o(n—p, Ex, y)\< ( +, 2 5) (L—1)<2e(L—)D), 


where ZL and / are the least upper bound and greatest lower bound of 
St (@, y). Consequently 

S<e {y (b) — ¢ (a)} + 2¢(L—D) 
where « is arbitrary. 

We have now shown that corresponding to each y on (c, d) there is 
a dy >0 such that (1) holds for some interval about yo when 2: — 2%j-1< 90, 
provided §; is a point of Gey if there is a point of this set on (aj-1, x). 
Otherwise §; is any point of the interval. The fact that G,, is independent 
of y permits us to use the Heine-Borel theorem in obtaining (1) for the 
whole interval e< y<d. 

The absolute continuity of the function x is sufficient to give Theorem 5 
for all functions f(z, y) satisfying the conditions of that theorem. One 
naturally wonders if the absolute continuity of x is necessary. This 
question we have so far been unable to settle. 
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ON THE STRUCTURE OF NORMAL DIVISION 
ALGEBRAS.+ 


By A. ADRIAN ALBERT. 


1. Introduction. The chief outstanding problem in the theory of linear 
associative algebras is the determination of all normal division algebras. 
In the present paper we shall add to the present meager knowledge of 
the structure of such algebras by proving certain basic theorems on the 
structure of algebras satisfying mild postulates. We shall also, in the 
exposition of this theory, prove certain theorems tacitly assumed by writers 
in the theory of division algebras, and define new terms to be used here 
and in subsequent papers. 

We shall consider normal linear associative division algebras over 
a non-modular field F and shall speak of them, simply, as normal division 
algebras. The general non-modular reference field F' shall be understood 
unless the contrary is explicitly stated. 

2. General Theory.{ TurorEm 1*. Let A be an associative algebra 
over a non-modular field F; let S:, ---, & be independent variables in F’. 
The quantity x of A with codrdinates &, -.-, §, is the root of a uniquely 
defined rank equation R(w) = 0; the coefficient of the highest power ” 
in this equation is 1, its other coefficients are polynomials in £1, ---, & 
with coefficients in F. Also x is not the root of an equation of degree 
less than r, all of whose coefficients are such polynomials. We call r 
the rank of A and R(m) its rank function. 

As a consequence of this we have 

THEOREM 2. Every element of an algebra A of rank »* satisfies an 
equation of degree * and with leading coefficient one. 

The proof of the above is obvious, 

We also have 

THEOREM 3*, Every algebra A of rank ry contains an element satisfying 
an equation of degree r with leading coefficient one and other coefficients. 
in F and which is irreducible in F. 

Definition. An element x shall be said to be of grade t if the degree 
of its minimum equation is ¢. 





+ Received November 24, 1928. 
{The definitions and theorems marked with an asterisk are presupposed results found 
in the German and English volumes of L. E. Dickson’s “Algebras and their Arithmetics”’. 
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t is evidently the rank of the algebra F(x) generated by z. 

THEOREM 4*, The order of every normal division algebra is the square 
of an integer. 

THEOREM 5*. Every normal division algebra of order n* has rank n. 

THEOREM 6*. Every normal division algebra A in n*® units has the 
property that, if g is in A and has grade nm, the only elements of A 
commutative with qg are polynomials in gq with coefficients in F. 

THEOREM 6’, Let A be a normal division algebra in nm? units. Then 
the grade of any element of A is a divisor of n. 

Proof. By a known theorem on matrices the rank function of any matrix 
has the same roots as its minimum function, so that when the latter is 
irreducible the former function is an exact power of the latter function. 
The rank function of any element x of A is a power of its minimum 
function since both of the functions are identically equal to the corres- 
ponding functions for the matrix corresponding to x in the representation 
of A as an equivalent matric algebra. But the rank equation of x is of 
degree nm by Theorem 5. Hence m is a multiple of the degree of the 
minimum equation of z, i. e., the grade of x is a divisor of n. 

THEOREM 7*. The order of a division algebra A is a multiple of the 
order of any division sub-algebra of A. 

THEOREM 8*, If B= CD where C and D are polynomials in @ over 
a division algebra A, and if »—~z is a right divisor of B, but not of D, 
where x is in A, so that D= Q(w—zx)+R, where R +0 is free of o, 
then w—y is a right divisor of C if y = RxR is the transform of x by R. 

THEOREM 9*, If A is a normal division algebra over F and if y(w) — 0 
of degree p is the minimum equation of an element 2, of A, then there 


exist further elements 2:,---, zp of A which are transforms of x, by 
elements of A such that 


y (wm) = (@— xp) (@ — ap-1) «+ - (@ — 2) (@ — 2X). 


Also y(w) is the product of the same linear factors permuted cyclically. 
We also have in the proof of the above theorem the following theorems. 
THEOREM 10*. Every transform of an element x of A satisfies its minimum 

equation and hence has the same minimum equation as zx. 

THEOREM 11*. Let the minimum equation of an element x of A be 

y(m) = O and let g(w) be of degree p and 


y(o) = LM, M = (@ — 2m) (@ — %m—1) -- - (@ — aX) 


where m<p. Then there exists a transform ¢ of x such that w—t does 
not divide M on the right. 
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THEOREM 12. Let y(w) —0 be the minimum equation of an element x, 
of A. Then every element of A satisfying y(w) = 0 is a transform of x, 
by an element of A. 

Proof. Let x, have grade p. Let y be an element of A satisfying 
y(w) = 0 and not a transform of 2, by an element of A. 

Lemma 1. No transform sys! of y by s in A is equal to a transform 
tx, t-! of a, by ¢ in A and hence the remainder on division of » — ta, t“ 
by #—sys is R+0 and free of » for every s and ¢. 

Proof. Let sys? = tat—. Then y = stax, ts = (s 8) x, (s2)-, 
a transform of 2,, contrary to hypothesis. 

Since y satisfies y(w) = 0 then by ordinary algebra »—y is a right 
divisor of gy(w). By Theorem 9, where 2, %2,°**, Zp are transforms of 2, 


y(w) = (w— xp) -- + (w — ag) (® — 2). 


Let S, = (@— xp) (@—axp-1) --- (@—azy). Then 8; = ¢(@), Sp = (@—ap). 

Lemma 2. There exists an element ¢, of A for every rv, such that 
o—t, yt, divides S,. 

Proof. Let t+, = 1. The lemma is evidently true for r= 1. Let it 
be true for r =k. Then w—tpyt; divides s, == seis (o—ax). By 
Lemma 1 the remainder on division of #—a2, by o—tryte’ is +0. 
By Theorem 8 w—sp (te yte') se divides sxi1. Let tei: = sete. The 
induction is complete. 

Applying Lemma 2 to the case r = p, we obtain a contradiction of 
Lemma 1, and the proof is complete. 

3. Algebras satisfying special postulates. Definition. Type of an 
equation. An equation g(w) = 0 with leading coefficient unity and further 
coefficients in F, irreducible in F, is said to be of type Ry if k—1 of its 
distinct complex roots are rational functions with coefficients in F' of 
a kth distinct complex root. 

If g(m) = O is of degree nm and type R, then it is said to be of 
type R. If y(w) = 0 is of type Ry and is not of type Ry+1 then p(w) = 0 
is said to be of type Sx. 

Definition. Type of an element of an algebra. An element x of a division 
algebra A is said to be of type Ry if its minimum equation is of type Rx; 
x is said to be of type R if its grade is n and type is R,; x is said to 
be of type Sy if it is of type Ry and not of type Ry+1. 

Definition. Type of A, a normal division algebra in n* units. A is said 
to be of type Rx if it contains an element x of grade nm and type Rx. 
A is said to be of type R if it is of type R,. A is said to be of type Sx 
if of type Ry, but not of type Rrsi. 
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A. Every equation, element, and normal division algebra is of type Ru, 
at least, by Theorems 3 and 5. Hence the assumption that an algebra A 
is of type R, is the mildest possible assumption of this kind. 

B. Every equation, element, and normal division algebra of type Ry is 
of type Ri (¢ = 1, 2, ---, k—1). 

C. All normal division algebras in 1*, 2, 3°, and 4? units have been 
shown to be of type R. 

D. The structure of all normal division algebras of type R has been 
shown to be of the following kind:* 

Let A be a normal division algebra in n* units of type R,. Then A 
contains 7 satisfying the irreducible g(w) — 0 of degree m and type R, 
with distincts roots’ 0) (i) = 7, 0, (2), 62(2), ---, 9n-1 (2) and elements 
jo = 1, ji, +++, jn—1, Such that 


Jrt = 6, (i) jr; Jrjs = Gays (2) jt, ftrg (2) in F(i), 


(r, s = 0, 1, ---, m—1) and the elements 7”j; are linearly independent 
and form a basis of A. 

Also when gy (w) = 0 has a solvable group the algebra A has been 
determined. 

In previous papers on normal division algebras the distinction between 
ordinary complex roots of the minimum equation of an element of a division 
algebra A and the roots in the algebra was not clearly given. We have 
defined type in terms of complex roots. We shall now establish the 
meaning in terms of roots in A. 

THEOREM 13. If x is of type Rx then there exist k distinct polynomials 
0) (x) == x, 0, (x), ***, On-+(x) such that if p(w) = 0 is the minimum 
equation of x then p[6i(~)] =0 (=—0,1,---,k—1) and 


p(w) = LM, M = (o©— %-1(x))--- (@~— (2). 


Proof. Since x is of type R, then there exists a complex root & of 
y(w) = 0 and polynomials 6,(&), ---, 0x-1(&) satisfying » (F) = 0, since all 
rational functions of §, a root of an algebraic equation with coefficients 
in F, are known to be expressible as polynomials in the element §. Since x 
and & satisfy the same equation the fields F(x) and F(&) are equivalent 
under the correspondence ~~. Hence 6;(x) corresponds to 6;(§) 
(i = 1,---, kK—1) and hence g[6;(x)] corresponds to »[@;(§)] = 0. 
Hence ¢ [6:(x)] = 0 since the zero element of two simply isomorphic 
fields corresponds. 





* L. E. Dickson ‘‘New Division Algebras”, Trans. Amer. Math. Soc., vol. 28, pp. 207-231. 
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By applying Theorem 8 and using the fact that 0; (x) + 6;(x) for i+) 
and the remainders R are all commutative with the 6;(x), we obtain the 
final conclusion. 

THEOREM 14, An element x is of type Rx if and only if there exist k 
distinct polynomials x, 9, (x),-++, 0x-1(x), with coefficients in F, satisfying 
the minimum equation of x, y(w) = 0. 

Proof. Tf the polynomials exist then, by the equivalence of the 
fields F(x) and F(§), where § is any complex root of y(w) = 0, 
E, 0,(§), ---, Ox-1(§) are distinct and satisfy g()—0O and hence, by 
the definition, x is of type Ry. The converse is Theorem 13. 

THEOREM 15. An element x of a division algebra A over F is of type Sy if 
and only if there exist k distinct polynomials x, 0, (x), ---, Ox—1 (x) satis- 
fying the minimum equation of x and no further element of F(x) satisfies 
this equation. Moreover if p(w) =O is the minimum equation of x then 


g(o) = LM, M = [o—G4(@))---[o—al. 


Proof. This theorem is an obvious consequence of 13 and 14 and the 
simple isomorphism of F(§) and F(x) where & is any complex root of 
y(w) = 0. 

THEOREM 16. Let y(w) =O be an equation of degree n with coefficients 
in F and leading coefficient unity, irreducible in F. Let y(w) = 0 be of 
type Sx. Then k is a divisor of n. 

Lemma i. Let q be a complex root of g(w) = 0 and let 6(%), a poly- 
nomial in 7 with coefficients in F’, be another root. There exists an integer r 
such that the iteratives 6[6(7)] = 6°(m), 6°(q), ---, 07-1(), 0°(y) = 7 are 
all distinct and 6”(7) = 7. 

Proof. Consider the iteratives 6‘(7) (i = 0,1,2,.--). These are not 
all distinct for if they were then y() would have an infinity of distinct 
roots while it has, by the fundamental theorem of algebra, exactly n. 
Let r be the least integer such that 6”(7) = 6%(m) for some s<r. Let 
r—s=t<r. Hence 6”(7) = 0%+*() = 0'[6°(n)] = 6°(n). Since p(w) =0 
is irreducible its Galois group is transitive and contains at least one sub- 
stitution carrying 6°(y) to 7. This will leave unaltered the quantity 
0 = 6°(n)— 0*[6°(m)]. Hence 0 = y—6*(m). But 7 was the least integer 
such that 6”(y) = 6°(m) for some s<r and ¢ is one such integer <r. 
Hence t==r ands=0O. Hence the roots 6°(7) = 4, 0(m), 67(m), ---, 6°—*() 
are all distinct and 6”(7) = 7. 

Lemma 2. If y and ¢ are any two complex roots of y() = 0 and if 
¢ is a polynomial in 7 then y is a polynomial in ¢. 

Proof. Let €=€(m). Then, by Lemma 1, there exists an integer r 
such that ¢”(7) =. Consequently » = ¢7-1(£). 
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By hypothesis there exists a root § of y(w) =O such that the poly- 
nomials 6;(§), (¢ =1,2,---,k—1) are k—1 distinct roots of y(@) = 0, 
distinct from § and such that the remaining n—k roots of y(w) — 0 are 
not expressible as polynomials in §. Select from the nm roots of g(w) = 0 
starting with &, = § a set G of the q roots §,,---, §& with the property 
that no one of these is a polynomial in any other root in G and such 
that this set is the largest one with the previous property. This is possible 
since the number of roots is finite. Hence every root not in the set is 
a polynomial in one of the roots & (i= 1,---,q). The equations g[6‘(w)] = 0 
are satisfied by one of the roots & of the irreducible y(w) = 0 and hence 
by all of its roots. Hence 6;(&)) (¢=0,1,---,k—1; 7 =1, 2,---,q) 
are all roots of y(w)=0O. These are all the roots of y(w) = 0 since 
any root not in the set is not in G and hence is a polynomial w(&;) for 
some j. Hence w(&) is a root contrary to the hypothesis that the only 
roots which were polynomials in & were the 6;(&) while since if w() = 6;(§) 
then by the transitivity of the Galois group y(§;) = 0;(&;) a contradiction. 
Hence ¢(m) has kg = n roots. 

Corollary 1. Let p(w) be an irreducible equation of degree 2p, p a prime, 
and of type R;. Then y(w) is of type Ry or Rey. 

Proof. It is of type S_ where k >3 and divides 2p. 

Corollary 2. Let y(w) be an equation of degree p, p a prime, irreducible 
in F and of type Rz. Then y(w) is of type R. 

THEOREM 17. Every normal division algebra A in p* units, p a prime, 
and of type Rz is a cyclic algebra. 

Proof. By hypothesis A contains an element qg satisfying an irreducible 
equation of degree p and of type R,. By Corollary 2 of Theorem 16 this 
equation is of type # and hence has a regular transitive group on a prime 
numbers of letters. The only such group is the cyclic group. Hence the 
equation is cyclic and the algebra is a cyclic algebra. 

THEOREM 18, Let x be an element of rank n and type Sx. Let g(w)=0 
be its minimum equation and 6,(x), 03(x), +--+, Ox-1(~) be k—1 distinct poly- 
nomials in x no one of which is equal to x and every one of which is a root 
of y(w) = 0. Let r,; be the least integer such that 0;\(z) =x. Then r, 
divides k (i =1,2,---,k—1). 

Proof. Let & be any complex root of g(w) — 0. Then 4;(&) 
({=1,---,k—1) are roots also. Let 4, = §& and gp, ---, gg be a maximal 
set G of the polynomials 4)(§) = §&, 0,(§), ---, 6x-1(§) with the property 
that +9 (n)) (¢+j; m=0,1,---,r,—1; i, 7 =1,2,---,q). Hence 
every polynomial @,(§) not in G is a polynomial 61" (4;) for a fixed j;, and m,. 


Moreover the roots 6;"(q,;) are all instinct for if 67" (4, ) = 07 (y,.) then 
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m,=r,—t, 1 = gmat (;) which is impossible unless j, = j,, m,+t = pr, 
since t= 7,— m,, mg — mM, = (p—1)r, and mg and m, are both less than 7,, 
Mm, =m. Hence every root 6;(§) is expressible as one of the above 
r,qroots. .°.k =*r,q. Hence 7» divides k. Similarly 7; divides k 
(¢ = 2,---,k—1). 

Definition. Let @(x) be a polynomial in 2 satisfying the minimum 
equation of x. Let r be the least integer so that 6"(x)=2. Thenr 
shall be called the index of 6 (zx). 

We shall next consider the theory of the linear independence of elements 
of a divison algebra A where the coefficients are also in A. These 
theorems are assumed without proof by most writers in the subject. 

Definition. Consider the set wm, u2,---,U, of any whatever elements 
of A. Let S be a set of any whatever elements of A such that S contains 
the zero element of A. The elements m1, ---, wu, are said to be left linearly 
independent with respect to the set S if whenever 


n 
> sq Uq = 0, sq in S, then sy = 0 (q = 1,2,--:, n). 
q=1 


Definition. The above with right replacing left and >’ uw, sq replacing 
q=1 


= SqUq define right linear indepence. 
: Definition. If the quantities of S are commutative with u, then right 
linear independence and left linear independence are equivalent and the 
quantities are said to be linearly independent. 

THEOREM 19. If uy(y = 1, 2,---, ) of A are left linearly independent 
with respect to S and n= pr, ty = vawgly = «- 83a = 1,2,---, p; 
&=1,2,---,7r) then the elements we are left linearly independent with 
respect to T, the set composed of all left linear combinations with coefficients 
in S of the quantities ve. 

Proof. If left linear independence is defined for the uy with respect 
to S then the zero element of A is in 8 and hence in 7. Hence left 


linear independence is defined for 7’. 
Let 2 ts ws = 0 where the ¢s are in J and are not all zero. Let 
=1 


ts = > 8ug Ve. Hence 
e=1 


Li n 
po LF apt) ws = > Sap Va Wp = > sy uy 
p=1 a a,B y=1 


=1 


where sag = sy, Uy = va wg (y = a. 8; a —1,---,p;8 =1,---,7). Since 
the elements wy are left linearly independent with respect to S, 
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sy = 0 = 1,2,--+,m), Sag = 0(a = 1,2,--+, p; B= 1, 2,---, 7), 
ts = D bapva = 0 
a 


contrary to hypothesis. Hence the elements wg are left linearly independent 
with respect to 7’. 

Conversely we have the theorem 

THEOREM 20. Let ve(a = 1,2,---, p) be left linearly independent with 
respect to S and wg(8 = 1, 2,---, r) be left linearly independent with 
respect to T’', the set of all left linearly combinations with coefficients in S 
of va. Then the set of elements 


uy = Ve we (y =a-8; a = 1,2,---,p; 8 = 1,2,---,7r) 


are left linearly independent with respect to S. 
n 
Proof. Consider > syuy =0, n=pr. Let sy = sag for uy = ve wp. 
Fuss 


Then 
Dy 8p Va wp = 2 (D, Sep va) wp = 0. . D bap va = 0 
a, @ « 


for every 8. Hence seg =s, = 0 (y= 1, 2,---, pr). This proves the 
theorem. 

We shall apply this theory first to the case of the direct product of 
two division algebras. 

Corollary 3. Let A = B@®C, where B and C are division algebras over F. 
Then the basal elements of C are linearly independent with respect to the 
algebra B and conversely. 

Proof. Let the basal elements of B be va(a = 1, 2,---, p) and those 
of C be wg (8 = 1, 2,---, 7). 

Since the product is a direct product the basal elements of A are 


>= Va we (7 = af; a = 1,2,---,p; 8 = 1,2,---,7). 


Since these elements form a basal set they are linearly independent with 
respect to F. Hence, using the Theorem 19 with S = F and T = B, the 
elements wg are left linearly independent with respect to B. Since the 
product is a direct product the elements of B and C are commutative. 
Hence the basal elements of C are linearly independent with respect to 
the algebra B. By symmetry the basal elements ve of B are linearly in- 
dependent with respect to C. 

THEOREM 21. Let A = B@C, where B is an associative normal division 
algebra of order n* over F, of type Rn, and C is an associative normal 
division algebra of order m® over F, of type Rm. If A is an associative 
division algebra then A is a normal division algebra of type Rmn. 
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Proof. Let i be an element of B satisfying the equation 
y (w) = wo” + ot, @"—) +- +++ fa, = 0, aq in F (q = 1,2,---, n) 


irreducible in F and such that 6,(z) (p = 1,2,---,m—1), 0)(¢) =i, are 
polynomials in 2 with coefficients in F which are distinct and satisfy 
y(w) =O. Then there exist elements j,(q = 1, 2,---,~—1), jp =1in B 
such that j,7j; = 6,(¢) and the elements 7?7, are linearly independent 
with respect to F and form a basal set of algebra B. 

We have a similar condition in C with 7 replaced by k, jg by lg, 64 by 
W, and n by m. 

As a consequence of Theorem 20 and Corollary 3 we have the following 
lemmas. 

LemMA 1. The elements 7?7, are left linearly independent with respect 
to algebra C. 

LemMA 2. The elements j, are left linearly independent with respect 
to the set 7 composed of all left linear combinations with coefficients in 
C of the elements 7?(p = 0,1,---,m—1). 


Let x be commutative with every element of A; then « = > api? jy 
Pd 
where @pq are in C. Since x7 iz, we have 


i> Gq ? jg = Dd apg? jg it = Dd? Oy (i) ja, 
Pd Pg Pd 


so that > [= Ang 1? (i — q @)] jq = 0 and therefore by Lemma 2 
q Pp 
> Apq 1? [i — 0g (i)] = 0 (q=1,2,---,m—1). 
Pp 


But if ¢ + 0 then i—6,(é) + 0 and has an inverse in A. Hence > dp, i? = 0 


Pp 

(q = 1,2,---,-w—1). By Lemma 1 applied with respect merely to elements 
Pio = iW we have apg = 0 (p = 0,1,---,n—1; gq = 1, 2,--+,n—1). 
Hence x = Dap 7”. But 

Pp 

ja = jae = Z apojai” = 1X pole OP} Ja» 

*. Xam ([%0(” — ?} = 0 (q = 0,1, ---,n—1), 

n—1 


Deo (lO OP —#} = Lae] S (049? — nr} 


n—1 
But > [6,(2)]? is symmetric in the roots of (1) and hence is in F for all 
q=0 


values of p. Hence by Lemma i applied to the elements 2?, considering 
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the coefficients of 2?(p = 1,2,---,m—1) which are dp respectively, we 
have dp = 0(p=—1,2,---,w—1). Hence x = ao in C. But x is com- 
mutative with every element of C and C is normal. Hence doo is in F. 
Hence A is normal. 

Consider the field F'(i,k). This field is of order mm by Theorem 20. 
Hence it contains an element ¢, by ordinary algebraic number theory, 
satisfying an irreducible equation of degree mn in F’, such that all elements 
of the field are polynomials in ¢ with coefficients in F. Since ¢ is in F'(i, k) 
it is a polynomial in k with coefficients in F(¢) and hence 


m—1 


+ Zz ap ke, 
p=o 
Since jyijg' = 9q(i) in F(é) and hence jy asjq° = ap [4 (i)], an element 
of F(i) for g=0,1---, n—1, B=0,1, ---, m—1. Also jpk =k jy 
since j, is in B and k is in C and A= B@C. Hence jytj, = Aw 
(q = 0, 1, ---, m—1) and element of F'(i,k) and hence a polynomial 
in ¢ with coefficient in F. 
Similarly 


ag in F (i). 


(q= 90, 1, ---,nm—1) 


— 
Ly tqo ly = tor r= 0,1,---, m—1 


where ¢,, are in F(z, k) and hence are nm polynomials in ¢. They are 
obviously roots of the minimum equation of ¢ since tg = (lyjq) t (l-jq) 
a transform of ¢. They are distinct for if (,, jq,) t(lr,ja,)* = (b-,Ja,) #54.) 
then, since 7 is a polynomial in ¢, we have 


(Lr, ja,) Ur, Ja.) = ry Jaq) t Cry Jay)? = Ja, 15a, = 90, © =Ja, ta, = 9, @ 


which is not true unless g, — qs. Similarly we prove 7; =r, making 
use of k. Hence the nm polynomials ¢,, are n-m distinct polynomial roots 
of the minimum equation of ¢, of degree mn. Hence ¢ is of type Rnm. 
But the order of A is (nm)*. Hence A is of type Rum. 

THEOREM 23.* If an associative division algebra A over F contains 
a normal division algebra B, A can be expressed as the direct product of B 
and another algebra C over F. 

Corallary 4. If a normal associative division algebra A over F contains 
a normal division algebra B, A can be expressed as the direct product of B 
and a normal algebra C. 

THEOREM 24. Let A be an associative normal division algebra in n® units 


over F, containing an element i of type Sx and grade h. Then A contains 
elements ; 





* See Wedderburn, Trans. Amer. Math. Soc., vol. 22 (1921), p. 132. 
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9% (7) = 1, 6; (2), soey Ona (4), Jo = 1, ne mat y jk-1 


with the properties that 0, (zi) (q = 0, 1,---,k—1) are distinct polynomials 
in i, with coefficients in F, satisfying the minimum equation of i, and A 
contains no more such polynomials; jq (i) = 09 (a) jg (q = 0, 1,---, k—1); 
the elements i? jg (p = 0, 1, ---,u—1; q¢=0, 1, ---, k—1) are linearly in- 
dependent and form a basal set of an algebra = of order kn which is 
a division sub-algebra of A; = is a normal division of order k* over the 
field composed af all polynomials in i symmetric in the functions 0, (i), 
(q =0,1,---,k—1); this field contains an element u generating it and of 
grade n/k; every element of = is commutative with u and these are the only 
elements of A commutative with u. 

Proof. The existence of the elements @,(¢) is shown in Theorem 15. 
This also shows the nonexistence of further polynomials with these pro- 
perties. There exist elements j,(q—0,1,---,n—1) such that j,ijg = 9q(i), 
by Theorem 12, and we may evidently take jo = 1. 

If the elements 7?7, (p = 0, 1,---,m—1; q=0,1,---,k—1) are not 
linearly independent, then the quantities 7, are not left linearly independent 
with respect to F(z), since the elements 7 are linearly independent with 
respect to F due to the fact that 7 has grade n and we may apply 
Theorem 21. Hence y of the elements j, are left linearly independent 
with respect to F(z) while the r-+ 1st one is expressible left linearly in 
terms of them so that: 


inn = = Yaa: O<r<k—1. 
qo, 
But 
Jrtit = Ort ()jr+i, 


Or41 2 Wq (i) jq = (> Wo (2) i) = 2 Wa (i) Oq(2) jos 
This shows that 
ZX, Yel [00 )— O41 On = 0. 


But the elements j, (q = 0, ---, 7) are left linearly independent with 
respect to F(i). Thus (2) [6,()—441()] = 0 (q = 0,1, ---, 7). 
But the polynomials 6,(i) (q = 0,1, ---, kK—1) are all distinct so that 
6, (i) — 9r41 (2) + O (¢ = 0,1,---, 7). Hence yw, (i) = 0 (q=—0,1,---, 7) 
and jr+1 = 0 contrary to its origin. 

Hence the elements 7”j, are linearly independent with respect to F. 
To prove the linear set composed of all linear combinations of them with 
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coefficients in F is an algebra we need only show that j,j, is in the set 
for every 7 and s since then the multiplication table of units will be 


complete. 
(jrjs)t(jrjs)t = jr Os(i)jr— = 45[6,-(a)], 


a polynomial in 7 satisfying its minimum equation and hence one of the 
polynomials @,(7). Hence 


(jrjs)i(jrds)* = Oe(t) = Jetje, ¢ = (Gtr Js)tGtSrje)- 


Consequently j:~'j,js is commutative with 7 and by Theorem 6 
jt jrJjs as Brs (7). o's Jrjs = jt Brs(a) = Ors (4) jt 


an element of the linear set. Hence the linear set is an algebra of order 
nk with basal elements 7?j, and is thus a division sub-algebra of A. 

Every division algebra is expressible as a normal division algebra over 
the field of all of its elements which are commutative with every element 
of it. Let this field be generated by wu for the algebra 2, and & is a 
normal division algebra of order m® over F(u). Since u is commutative 
with 7 it is a polynomial in 7. Since uw is commutative with j, for each 
q we have u = u(i) = jgujg = u[6,(a)] (¢ = 0,1, ---, k—1). Hence 
u is symmetric in the roots 6,(i) and it follows that all elements of F(u) 
have this property. 

The element i of = satisfies the equation 


y(o) = w* +s, 081+... +, = 0 


where s,, ---, s¢ are the properly signed elementary symmetric functions 
of the k roots 6,(¢). Each of these quantities and consequently every 
symmetric function of the quantities @,(¢) is in F(u), since each is left 


unaltered under multiplication by any quantity >* y, (i) jq on the left and 


division by the same quantity on the right and is hence commutative with 
every element of =. But the equation of least degree with leading co- 
efficient unity and further coefficients in F(u), satisfied by 7 has degree 
at least k and hence is y(w) = 0 since it has k distinct roots 6,(i). The 
elements 7?j, (p,q = 0,1, ---, kK—1) are linearly independent with respect 
to the field F'(u) since the elements 7, are left linearly independent with 
respect to F'(u) by Theorem 20 and the elements 7” are left linearly in- 
dependent with respect to F(u) by the fact that y(@) — 0 is the equation 
of least degree with coefficients in F(u) satisfied by 7. Also every poly- 
nomial in 7 is expressible, by means of y(#) = 0 as a linear combination 
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with coefficients in F(u) of the powers ip (p = 0,1, ---, k—1). Hence 
every element of = is expressible linearly with coefficients in F(w) in 
terms of the elements 7?j,(p, q = 0, 1, ---, k—1) which are linearly in- 
dependent with respect to F(u). Hence S is a normal division algebra 
of order k? over F(u). But the order of S is kn. Hence the order of 
F(u) is n/k (n divides k by Theorem 17, since the order of an algebra, 
over an algebraic field with respect to the original field F, is the product 
of the order of the algebra with respect to the algebraic field and the 
order of that field). 

Finally let x be commutative with uw. If x is in = then it is obviously 
commutative with w. If not then consider the algebra S composed of all 
polynomials in elements of S and the element x. It is a sub-algebra of A. 
Its order is obviously greater than kn, the order of 3. It is a normal 
division algebra over the field K of all elements of S commutative with 
every element of S. Since every element of K is therefore cummutative 
with 7 and with j, it is a polynomial in 27 symmetric in the 6,(2) and hence 
is in F(u), the field consisting of all symmetric functions with coefficients 
in F of the polynomials 6,(z). Hence S is a normal division algebra over 
F(u). But S contains = a normal division algebra over F(w). Hence, 
by Theorem 23, S = B@S where B is a division algebra. But every 
element of B, in the direct product, is commutative with every element 
of S and hence with 7. Hence every element of B is a polynomial in 7 
with coefficients in F’. An obvious consequence of this is that every element 
of S is a sum of products of polynomials in 7 by elements of =. All such 
elements are elements of = and hence S == contrary to hypothesis that x 
is not in = but is in 9. 

We have obtained the partial structure of any normal division algebra 
containing an element x whose minimum equation has a special property. 
The case k = n of this theorem gives the complete structure of the algebra 
and has been previously studied.* While these algebras are the only 


_ algebras which have been constructed we shall define a broader class of 


algebras as known algebras and shall, in future determination problems, 
attempt to show that the algebras determined are known in this new sense. 

Definition. Known algebras. Let = be any associative division algebra 
over F. Let to every element A of = correspond a unique element A’ 
of =, and let s+0 bea self corresponding element of >. Let A” = (A’y, 
A” = (A"y,---. Let A® = sAs— for every A of =. Let a’ = a, 
(A BY = A’B, (A+ BY = A'4+ B for every @ of F, and A and B of &. 
Call any algebra = with these properties a base algebra. 





*L. E. Dickson, Trans. Amer. Math. Soc., vol. 28, pp. 207-231. 
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-an element z such that the algebra I, of elements 


Ap + Are+ +++ + Ap 2? 
and multiplication table 
sAwz=As, # = 8, 





where A, Ao, ---, Ap—1 range independently over all elements of 3, is an 
associative algebra over F. 

Hence to every base algebra there corresponds a I algebra. Let G, 
be the set of all algebraic fields over F. All such algebras are known. 
Let H, be the set of all base algebras obtained by considering all possible 
self-correspondences of algebras of G,. Let Gz, be the set of all algebras 
which are division algebras obtained by considering the direct products 
of all algebras obtained from Hj, and all algebras of G,, and taking all 
division algebras of this set. Considering all self-correspondences of the 
algebras of G, we define the set H,. Continuing similarly we define the 
sets G, for all k’s. The algebras of all G, will be said to be known 
algebras and any algebra will be said to be determined if we can show 
that it belongs to one of the sets Gx. 

With this as the definition of known division algebras, and with the 
obvious conclusion that if A has n*m? units and is a I algebra over = 
as base algebra, where S has n*m units, then p of the definition is 
equal to m by the hypothesis about orders, we shall prove the following 
theorems: 

THEOREM 27. Let A be a normal division algebra in n* m*® units con- 
taining a sub-algebra S which is a known normal division algebra in n* 
units over an m-ic field F(q). Then A is a known algebra over S as = 
algebra if the minimum equation of q is cyclic. 

Proof. Let ®(m) = 0 be the minimum equation of q, cyclic by hypo- 
thesis. Let 6(q) + q satisfy ®(m) 0, such that g, 6(q), ---, 6"-*(q) 
are distinct roots of ®(w) = 0, and 6”(q)=— q. By Theorem 12 there 
exists an element z of A such that zg = 0(q)z. 2 is not in S since all 
elements of S are commutative with g. Then 2g = 6‘(q)2*(i=0,1,---,m—1), 
2"q =qz". Let the basal elements of S with respect to F(g) be 
u, = 1, u,,+++,U,2. Then the elements 1, z, 2’,---, 2” are left linearly 
independent with respect to S since if not then for 0<k<m—1, the 
elements 1, z, 2”, ---, 2* are left linearly independent with respect to S while 


k 
gett = ps Sa 2, 
a=0 


L. E. Dickson has shown that, given any base algebra =, there exists 































































































































; 
f 
We 
: 
| 
f 
} 
: Fi 7 
a 
te 
ek 
| 
i 





Heat Pars: a nr am 
RA SM Re EIN re 
stot ay POS NSE 





BEB hin ene pies 
— ane 
a aaa 


OS IE pg 8 BERS se 


ore 





SI 


a 





Ste agact Qe pots are, piypim'gc 

~ pen am ee 
oye es : ee: me 
Rp pe gente” de reas ges he ay 


— 





336 A. A. ALBERT. 


S in S not all zero, : 
en eee” = (> see) = 2 ba 0" (g) 2 
a0 a=0 


k hk 
= k+l (q) > 8a 2" = Z [eet (q) 8a] 2, 
‘ =0 a=0 
. 2) [o*+4 (gq) — 6% (q)] sae* = 0 .*. [6% (q) — O*+ (q)] sa = 0. 


a=0 
a =0,1,---,k which is impossible since not all of the se are zero while 
the 6% (q) — 6*+1 (q) are all different from zero. 

Since the n*m units g“ ug (a = 0,1,---,  m—1; 8 =1, 2,---, n*) are 
basal elements of S and hence linearly independent with respect to F, 
the n? m* elements g* ug 2” (a,y = 0,1, ---, m—1; 8 = 1,2, ---, n’) 
are linearly independent, by Theorem 21. Hence they form a ba’is of A 
since they are (nm)* in number and every element of A is expressible in 
the form s +s, 2+ ---+8m-12” with se in S. 

Lemma 1. The only elements of A commutative with q are elements 
of S. 

Proof. Let x = sots2+--- +8m-1 2"—! be commutative with g. Then 


rq = q+ O(g)Ze+ +--+ Sm—1 0" (qg) 2" = gu 
Hence 
80 (g—q) + 81 [6(g)—g] z+ --- + Sm—1 [6"— (q) —q] 2" = 0. 


By the left linear independence of the elements 2“ (« = 0, 1, ---, m—1) 
with respect to S, sa [6*(q)—q] = 0 (a = 0,1,---,m—1). But for 
«+0 6%(g)—q + 0. Since Sis a division algebra, se = 0 (a = 1, 2, ---, m—1) 
and x = s% in VS. 

Hence 2” = s in S. It remains to show that zX — X’z for X in S 
and X’ in S. Let zXz2~-!= X’ where X is any element of S. Since 
a= 8, M1=—s¢gt,¢1=—sg ey", Since g is commutative with any 
element of S it is commutative withs—. Hence X’q=2 Xe" q=2zXs2™—"q 
= Xs O*1@) e*9 = £0®1@ Xo! = OW (Q)eXe = qX’. 
This shows that X’ is commutative with gq and X’ is in S by the lemma. 

Obviously since A is assumed to be a normal associative algebra S 
has the properties that (A+ B)’ = A’+B’, (AB) = A'B’, oe’ = «4 
for every A, B of S and @ of F. Also by the definition zXz—! — X’, 
X™ = ¢™Xz-™ for every X of S. Hence A is a known algebra. 

To prove the converse of this theorem we shall prove a result on the 
rank of a normal algebra over a commutative division algebra. 

THEOREM 28, Let A be a normal division aigebra in n® units over 
a field F'(q) of order m. Then A is of rank nm with respect to F. 
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Proof. A is of rank n with respect to F(q). The element x, the general 
element of A, satisfies the rank equation of A with respect to F. This 
equation has degree ¢ and the algebra A has the property that every 
element of A satisfies an equation of degree ¢ in F and some element 
of A is of grade ¢ with respect to F. 

Let ¢ be of grade ¢ with respect to F. The field K = F(i, q) has the 
property that every element of K is expressibleintheform DD @iu iA gt! 


A=0,.- om—l 
B=0,--n—1 


since gq is the root of an equation of degree m in F and i is the root 
of an equation of degree n in F(q). Hence the order of K is < mm. 
But F(a) < Fi, q). Hence t< nm. 

Conversely let i be of grade n with respect to F(q). Consider the field 
F(i, q). The elements g#i* (uw = 0,1, ---,m—1; 2=0, 1, ---, n—1) 
are linearly independent with respect to F by the property that 7 is of 
grade n with respect to F(q) and by Theorem 21. Hence Fi, q) is of 
order mm with respect to F, and contains an element + of grade nm. 
Hence r is of grade nm<t. Hence ¢ is equal to nm. 

As a consequence of this theorem we obtain the converse of Theorem 27. 

THEOREM 29. Let A be a normal division algebra in n* m® units over F. 
Let A contain S which is a known normal division algebra over an m-ic 
field F(q). Let A be a known algebra over S as & algebra. Then the 
minimum equation of q ts cyclic. 

Proof. If m = 1 the theorem is trivial. Let m >1. By hypothesis 
there exists an element z of A such that zX¥ = X’z for every X of 8, 
where X’ is in S. Also every element of A may be written in the form 


Go = 89 +8 2++++ + 8m we, g* = 8 








where s),---, Sm—1, s are in S, and the elements 1, z, ---, 2”~' are left 
linearly independent with respect to S. Let a set of basal units of S 
with respect to F be v,,---, v,2,,. Let 2v,; =vj,2 (¢@ = 1, 2,---, n?m). 
The elements v; form a basis of S since any linear dependence between 
them may be transformed into a linear dependence between the uj by 
transforming by z~' and they are »*m in number. Since q is commutative 
with each of v,,---.v,:,,, q' is commutative with each v{,---, vis, and 
hence with every element of S, where g’ = zqz'. But S is a normal 
algebra over F(q). Hence q’ is in F(qg). Let g’ = 6(q). Then the elements 
q; 9(qg),---, 6™—(q) are all roots 2“ gz“ of the minimum equation of q. 
It remains only to show that they are all distinct. Since 2“q = 6%(q) 2, 
let 6% (q) = 07 (q) where OS a<B< m—1. It follows that’ 2 qz-“ 
= &qz-P, 28-*gq = gz?“ where m>8—a>0O. Letr be the least integer 
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such that 2°q = qz’. Then r is a divisor of m since if m = ra-+b where 
0<b<r then, since z2"q = qe” and 2%q = gz, 2" q = qe” " = 29 
== qe’ contrary to the hypothesis that r is the least integer such that 2” q = qz” 
and bh<r. Hence )=0, m—ra. 

Consider the linear set 7' of all left linear combinations with coefficients 
in S of 1, 2", 2, ---, 2". It is an algebra since “2 = a2, 2” 
= 2" = gs, for x in 8. Hence it is a normal division algebra over the 
field of all of its elements commutative with every element of it. Let x 
be any such element. Then, since S is of rank nm by Theorem 29 and 
contains an element 7 of grade nm whence by Theorem 6, the only elements 
of A commutative with z are polynomials in ¢ with coefficient in F, 
xi = ix and « is a polynomial in 7 and is in S. But x is commutative 
with every element of 7 and hence with every element of S. Hence, 
since S is normal over F(q), x is in F(q). Hence 7 is a normal division 
algebra in n? a units over F(q). Hence a = c*, c>1, and, by Theorem 29, 
T is of rank nme with respect to / and contains an element of grade 
nmc. But A is of rank nm with respect to F. Hence c= 1, a contradiction. 
Hence the polynomials 6“(q) are distinct and q satisfies a cyclic m-ic in F. 
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TENSORS WITH INVARIANT COMPONENTS.* 


By M. 8. KNEBELMAN.7+ 


Introduction. One of the fundamental theorems of algebraic invariant 
theory requires the knowledge of the form of the most general tensor — 
absolute or relative — whose components have the same values in every 
coérdinate system. The form of the most general absolute tensor with 
invariant components has been correctly surmized and to the writer’s 
knowledge three papers have appeared within the past few years at- 
tempting to prove the generality of this form. Neither of these papers 
however contains a valid proof and it is the object of this note to obtain 
the most general tensor with invariant components, first when the tensor 
is absolute and second, when the tensor is relative of integral — positive 
or negative — weight, the only relative tensors of fractional weight with 
invariant components being zero tensors, as is proved in § 3. 

A slight change in the wording of the theorems gives the most general 
tensor-fields with invariant components. 

1. Absolute tensors. Let i,, ---, 7, be an ordered set of r numbers 
each on the range 1, 2, ---, m and let (é,)« represent a permutation of 
the z’s it being agreed that (7,), or simply (¢,) is the arrangement of the 
’s in the natural order of their subscripts, the other (!—1) permutations 


being arranged in some fixed chronological order. Let Ti) be an abso- 
lute tensor in a number space of » dimensions, having the property that 
each one of its components has the same value in every codrdinate system. 
If x and x are any two codrdinate systems and we write 67*/02/ = ui, a 


tensor with invariant components must satisfy the equations 


i) I j k,) i j 
(1.1) TO ads oo. ate = TH ait... i 
p 1 r 


ch) %, G (i,) 
for all values of the w’s, (1.1) being nothing more than the law of trans- 
formation of an absolute tensor having the desired property. Let a be 
a particular number of the range 1, 2, ---, m and let the transformation 


of coérdinates be such that 
(1.2) ui = di, ut (i, 7 + a). 


* Received October 19, 1928. 
+ National Research Fellow. 
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Now suppose that in (1.1) the index a occurs s, times among the 7’s 
and s, times among the 7’s. Then under (1.2) equations (1.1) become 


(i) (4,) 
Pir = ate Tym 


and since this is to hold for all values of c it follows that either tT), = Roa 0 


or s; = s,. Hence every index that occurs contravariantly must occur an 
equal number of times covariantly and therefore the total number of 
covariant and contravariant indices must be the same, otherwise the tensor 
is a zero tensor, a case which is of no interest and which we exclude 
from consideration. We may combine these results into 


THEOREM 1. Jf a tensor ar? Ui) is to have invariant components r must 


equal p and the components, whose covariant indices are not a permutation 
of the contravariant ones, vanish. 

We now assume p = r and pick out the coefficients of wu, My an - . ui! 
in (1.1) obtaining — we have interchanged the indices /, h, k evelizally _— 
(1.3) To, Meh Ot = THE OG + OF, , 
where @ is summed from 1 to +! and (/, --- h-)e is the same permutation 
of hy --+ hy a8 (je is of J, --- jy Equations (1.3) are the necessary 
and sufficient conditions that 7 must satisfy in order that the tensor 


have invariant components.* We may therefore consider (1.3) as a set 
of equations to be solved for the unknowns ont ,+ We first let (j1 -- + jr) 
be any set of indices on the range 1,---, and choose 7; --- 7% so that 
(i, ---%) + (1---Jre, this choice being obviously possible except in the 
trivial case n = 1, which we assume not to be the case. Then since 
jj = 0 if i+ 7 equations (1.3) become 
+d, (he _ 

(1.4) Ty. a, bj. aie 0,"¢ = 0. 

* These conditions are obviously necessary; their sufficiency may be or as follows: 
let us be an arbitrary set of 2 numbers; multiply (1.3) by up! tee uf. Since 


J; Jr i, jp » ff j (h i, 

Wek, os iy a a +s u, “ we get ol My! tee “rs = ~~ ui, aa and 
applying to each set of dummy indices the permutation «—' which is permissible since 
they are dummy indices—we get 


a) j j h) i i, 
yl 1 1 ’ 
| Tj ) al see Uy = £ ! TK) “nh, eee Un 


which is (1.1). 
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But by Theorem 1, the only solution admitted by (1.4) is rT; “th == 0. 
Hence, since 7; --- i, are fixed, the equations 


h, Tr —— 
Ay... On °°" by” = 0 
have a matrix whose rank F# is equal to the number of unknowns.* 
Returning to (1.3), suppose we replace the components of the tensor on 


. . e hy-+ sh, 
the right hand side by an arbitrary set of mn?” constants Ce The 


resulting equations for the determination of Te. will be either contra- 


dictory or will have a unique solution since the rank of the unaugmented 
matrix is equal to the number of unknowns. An arbitrary choice of the 
c’s will make the equations contradictory; to find the c’s which do not 
lead to contradiction we solve these equations by Kramer’s rule, obtaining 
(1.5) | Tj = C8 (0) 6G «+ 8 


J ID a’ 


where C“ must be a scalar function of the c’s since An is a tensor. 


Therefore the n°” constants “1 must be linearly dependent on r! con- 


stants C“. Hence in order that (1.3) shall be consistent we must have 
c'?,, or its equal or satisfy the equations 
(1.6) Tt = C7 Oh... Oh 


which gives the most general form of a tensor with invariant components, 
C® being a set of r! arbitrary constants. 

2. An alternative proof. If <n we can choose in equations (1.3) 
hy = ky = 1, ho = ko = 2, ---, hy = ky = vr. Then among the quan- 
tities jy iis i there exists only one which does not vanish, namely 
Ot ++ OpPt == Ot... dlr = 1, Hence (1.3) become 


” 


é,) —_ i_-**4, _... (12---r), i, , i, 
Ti), eae Ti, Py 9.7 by, O50" 





Therefore denoting the r! components 7%;>"”’« by C“ we get equations 
(1.6). To prove the. generality of (1.6) for the case +> we shall use 


*If the set (j, --- jr) contains s, ones, 8 twos, ---, & ’s, = 8 =r, the number of 
=1 

unknowns and the rank of the above equations is , 

R = r!/8,! 8! --+ Sn! 
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induction: assume that (1.6) is the most general form of a tensor with 

invariant components for all values of n and for 1, 2, ---, r pairs of indices. 

Let rr be a tensor with invariant components; it must satisfy equations 
r+1 


(1.3) (with r replaced by r-+-1) which when contracted for hij, ho jo, --+, Ar Jr 
and for k,1; and h,+4; give, upon replacing kh, ---ky by ji---jr and Jrti 
by h, 

pis iy dirt . — oh +...4+ T;. ly a an bi: 


re 


oe el r+ yess tyy * G44 
ere + 7; fet, Mh Std,’ 


hj, 


(2.1) 


Considering (2.1) as equations for the determination of the components 
of the contracted tensor we see that since the contracted tensor is uniquely 


determined by the components re we must have 
p i)? 
Pe, ee ,) (i,) 
dys ke ed, ond n Aj) + By), 


where A and B are tensor functions of HF ay But according to our as- 


sumption A and B, having only 7 pairs of indices must be of the form (1.6). 
Hence 
(2.2) Tesh = (mec + 6) 8th 
where w» = 1,---,r+1 and a = 1,---,r! 
We now contract (1.3) (with r replaced by r+1) for Ayp+1 and ky4i, 
getting 
Tare? det ee dep Tred gh... Gea me TO NMe gis... Girt 


UP a Jv Vj r+va k, “Kj U,- Jr4vp? 


where (j,41)2 is a permutation of (j,41) with j,11 not in the last place, 
(h, --- hye being the permutation of the h’s corresponding to that of j; -- «7, 
in (jr+i)a- The (+1)! permutations of h,---h-h may be divided into 
y-+1 groups in each of which / occupies a different fixed position and 
each group then is of the form (2.2); hence 


(4.4) th, he) o Gi) sth, We 
Tire), der... dat Thre) gl... dt 


Ga Jrit k, r 40 
(2.3) 
r+1 
_— b (m ce + e") oun stake rela bu. - 6 u-1 Pie jie+, ° ints 
=1 » Wk, Ke UV Ju—1 JrFi Juri Jw) p 


when j=; is intended to indicate that in each permutation of the (7 + 1) j’s, 
jr+1 is held fixed. When (2.3) are contracted for h,k,, hgke,---+, hye ky, we 
shall get »” out of those terms only in which h, ---h, occur in the same 
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order as k, --- k,, i.e., when @ = £8; and since (2.3) are assumed to be 
true for all values of n we get by equating coefficients of n™*! 


so a = ze c én. 5 jiu ; we Ott 


G40 ad Gi," oF. Jp « 


or designating the (r+ 1)! constants ct by C?, 8 = 1,---, (r+1)! we get 


Tr = ‘oui bi . Ort 
G41) Jay p° 
Hence our assumption being true for r = 1,---, as was proved in the 
beginning of this paragraph, it is true for any value of r. 
3. Relative tensors. The most general form of a relative tensor with 
invariant components can be now easily obtained from the absolute one. 
Let be a relative tensor of weight w having the same components in 


u 
every codrdinate system. We must then have—if 4 = = and oe = of 


| On J 


(3.1) %%, wih wt A = 1% uu! eee re 


The determinant A is an irreducible polynomial in the variables ui and 
therefore if w is fractional equations (3.1) can not be satisfied except by 
tT) = = 0. We therefore assume that w is an integer and use the trans- 


formation determined by ui = cdi. Equations (3.1) then become 


(3.2) Te ¢ srw __ T%, ¢ r 


Gi) 


and since (3,2) are to hold for all values of c, we must have 
(3.3) y = s+nw 


or the tensor must be a zero tensor. We now assume that (3.3) hold and 
that w is positive. Then the tensor ad Pt er ee 

is an absolute tensor with invariant components and according to the results 
of § 1 must have the form C“ di - 3% ‘, _* . ov ),2 Where « is summed 
from 1 to S, When the two expressions above are multiplied by 


eee hi 
ginMin ,., gitet”’“en and the corresponding indices are summed out we get 


(3.4) al a Cc” bf: ae oh Ope e. oh gti’ Min * gitar Pon ge gti’ , 
1" “Se 1 ’ 11 


wn’ a 


(ve 
since* @,...,,¢°° "= n!, 0% being nll 
a Ng ey & (n!)"" 


* For the definition of eth and its properties that are used here see Oswald Veblen’s 
Cambridge Tract No. 24, Chap. I. 
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In a similar manner we can show that if w is negative, the tensor must 
take the form 


ae i, sh, h 
(3.5) Died, ~e by. a: dj a we oie Shhyys+ Mig Ehigy + Bag? © * Digs -Iiggn « 


Combining these results, we have 

THEOREM 2. The only non-vanishing relative tensors with invariant com- 
ponents are those of integral weight satisfying (3.3) and having the form 
(3.4) if the weight is positive and (3.5) if the weight is negative. 

The preceding results are still valid if we replace the word tensor by 
tensor-field provided that the constants C“ are replaced by absolute scalar 
functions C“ (a1, -.-, x”). 
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LINEAR DIFFERENTIAL EQUATIONS OF INFINITE 
ORDER, WITH POLYNOMIAL COEFFICIENTS 
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1, Introduction. The writer has shownt how linear differential equations 
of infinite order arise from the consideration of systems of linear equations 
in infinitely many unknowns, and has discussed the case of systems of wey 
differential equations whose coefficients are constants. In the present paper 4 Be 
there is treated the case where the coefficients are polynomials of degree 2 
not exceeding one. The existence theorems for the general case of poly- a 
nomial coefficients of bounded degree have been obtained by von Koch, 
Perron and Hilb.t The treatment of von Koch involves the consideration 
of the coefficients of certain power series which he sets up; the method 
does not appear to define precisely the number of linearly independent 
solutions (of the homogeneous equation). Perron proves the existence theo- 
rems relating to such equations, using some theorems he has proved on 
the theory of infinitely many linear equations in infinitely many unknowns.§$ 
His method is very neat, insofar as concerns the existence proofs. Hilb, 
in his three papers on the subject, uses the theory of quadratic forms in 
infinitely many variables and the theory of Laplace’s transformation. He 
obtains the existence theorems, and is also able to express the solutions 
in series. 

In considering the case of degree one, we shall indicate to what extent 
the equation can be solved by means of an expansion in a series of 
characteristic functions, and how by an operational method the problem 
can be led back to the discussion of a linear differential equation of finite 
order, of Fuchsian type. 2 4 

In § 2 we are led in a very natural manner to the consideration of % i 
a function D(¢) whose behavior at certain critical points determines the | 
character of the solutions and, to some extent, the number of solutions, 


ah: Ss ah 








* Received May 24, 1928. Presented to the American Mathematical Society, December 28, 
1927. 

t Ann. of Math., vol. 30 (1929), p. 250-264. We shall refer to this paper as Annals I. 

tH. von Koch, Arkiv fér Mat., Astr. och Fys., vol. 15 (1921), No. 26. Perron, Math. 
Ann., vol. 84 (1921), pp. 31-42. Hilb, Math. Ann., vol. 82 (1921), pp. 1-39; vol. 84 (1921), 
pp. 16-30; pp. 43-52. é 
§ Perron, Math. Ann., vol. 84 (1921), pp. 1-15. 
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bts. a In this section we treat the case where D (¢) is analytic in the region con- 
5 eke sidered. We are then able to give a complete discussion of the equation. 
Ae When D(#) is not analytic throughout a certain region, the operational 
{ oi method that we use apparently ceases to apply.* We then introduce, :in 
ae § 3, the Hurwitz polynomials, in expansions of which we obtain a series- 
eG solution of an auxiliary equation. To discuss the convergence we intro- 
ee duce a function f(t; x) whose Taylor coefficients are the Hurwitz poly- 
nomials, Some properties of f(t; ) are given, and by means of this 
function we-can establish the existence of at least one solution of the 
auxiliary equation. 

A study of characteristic functions is made in § 4. On introducing 
a parameter into the equation (where here we take a simple case to start 
ie with) we arrive at a set of characteristic values which furnish us cor- 
he responding solutions of the homogeneous equation. We consider a range of 
functions which can be developed in series of these characteristic functions, 
and in this way obtain a solution of the equation for a subclass of functions. 
} The method of characteristic functions does not seem to yield convergence 
‘ for all functions with which we are concerned. But even when divergent 
Fi i. we are guided formally (§ 5) to a new way in which we may apply the 
eis. operational method used in Annals I. This method enables us to reduce 
the problem to a linear differential equation of finite order, of Fuchsian 
type. We can then solve completely this case. 
we In § 6 we take up a slightly more general case, which can be treated 
Ha similarly; and finally in §7 we treat the general case of polynomial 
coefficients of degree one. 
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ns 
f 2. The function D(t) analytic. We consider a differential equation 
’ of infinite order, whose coefficients are polynomials of degree not exceeding 
Sha: one: 
40 <, 
ae (1) , (Qn-t+bnx) y™ (x) = 0, 
% “ r= 
i ‘ 
oe ZX (mt bn2) ya) = gd. 
Pau Set 
os y e) a 
me (1) A(t) =Dat, Bi) = Doda. 
: & 0 0 


mt 


We assume that A(/), B(é) are analytic, |¢}< R, and that g(x) is of exp. 
val. = q< Fk. Then (J) and (II) can equally well be writtent 








one 
Uadigs Th capaiess 


* Later we return to show that this method, suitably modified, does apply. 
+ For the meaning of the terms used, and for the proof of the validity of certain 


operations that we shall make, see Annals I. 
By A[y] is understood the differential operator ao y (a) + «+++ any™ (a) 4+ «+e. : 
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DIFFERENTIAL EQUATIONS OF INFINITE ORDER. 


(I) Aly|+ Bly] = 0, 


(II) Alyl+«Bly] = g(2). 
We shall want 


LemMA 1: If D(t) is analytic, |t|< R, and h(z) is of exp. val. < R, then 
D{xh| = D'{(h)+2D{h). 
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D{xBfh\] = BD (h)+2cBD{h). 


Proof: (ch) = xh™-+-nh-», so that a 
Dizh) = d'da(ch)™ = Dik) +D'. Le 
0 ? 
Coro.uary: If B(t) is also analytic, |t|< R, then 4 
hI 





Let D(t) be analytic, |¢]< R, and operate with it on (I). Using Cor., 
Lemma 1, we obtain (A D+ BD’) [y]+2BDl[y] = 0. Let us choose D(t) 
as a solution of 


(2) A(t) D)+ BO) D'() = 0, 





and assume that (2) defines D(t) to be analytic, |¢}< _R. Then (I) reduces 
to xBDly| = 0, or 
(T’) 


Let §,,---, §& be the distinct zeros of B(é) in |t}< R. It is clear from 
equation (2) that any zeros that D(t) may possess (in |¢|< R) are among 
the §’s. Let the order of the zeros of B(t) D(t) att = &; be p;. Then 
the most general solution of (I’) is* 


BDly] = 0. 








r ¥ : ; 
ya) = Sarre toga. 4 


We wish to determine the number of linearly independent solutions of (1). * 
To do this we substitute into (I) the expressiont 


(i) y(x) = (Ci,p— gt + .0. 4 Cx x)e", 
Recalling (Annals I, Lemma 3) that 


Els &] = e| (8)a¢ + (*) E' (8) #34 ...4 (*) n°], 


we have E[y] = a P(x), P(x) a polynomial of degree < p;—1. 





* Annals I, Theorem 2: 


Tt We may (see Annals I) consider the number of linearly independent solutions involving 
each § separately, and then sum over the number of distinct zeros. 
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If we replace EF by A, B successively, we find that Aly] a2 Bly] = nad Q(x), 
where Q(x) is a polynomial of degree < p;. Since the right hand side is 
to be zero, every coefficient in Q(x) must vanish. This gives us the 
equations 


Cip—1 B(&) = 0, 
| 1 
* riff? : Bos) + * ae i) Amd | 
+ eg, (2) zom-n@y-+-(P— 9) av (| 
+ --»- + ,p-n-1 B(E,) = 0 
(n ie 1, 2, -++,pi—1), 


Ppi— l\ —) 1 Seeing 2 —2) ane 
Ci, py—1 “ << i)4 ‘ (§;) + Ci, pj—2 ( — 3} a” (;) sae & Co A (F,) 5 ties 


(a) 


as necessary and sufficient conditions that y() (involving only &;) satisfy (1). 

To take up the question of solving equations (a), we need some relations 
concerning A(t), B(t) and their derivatives, at ¢ = §&. Let §& be a zero 
of order n of B(t): B(t) = (t— &)" [A+ 4, (¢—F)+---], 8 +0. If we 


solve (2) we find 
AO y 


(3) Dit) = 28 we 





and since our assumption is that D(¢) is analytic, |¢ < R, it follows that 
A(f) must have a zero at ¢ = &; of order at least » — 1: 


A(t) = (t— &)"* [#o + 4, (¢— &)+ ---] 


and — «/8) must be a positive integer or zero, say s: s8)+ @ =O and 
(s+) is the order of the zero of B(t) D(t) at t= &: s+n=—p;. But 
(n —1)! a = A®™-(&;), and n! & = B™(§). Therefore 


(ii) sB™(E)+nA"-»(§&) = 0, with B™(§;) $0. 


We can now return to equations (a). Two cases arise: 

1, A™-(&) +0. Then s is positive. The first m equations of (a) drop 
out, as does also (using (ii)) the (2+ 1)st. Therefore in the succeeding 
equations, ¢j,»1 may be chosen arbitrarily, after which ¢;,p—2, ¢Ci,p—s, +++; Ci,p—s 
= in are uniquely determined from the (n+ 2)d equation down to the 
next to last. This leaves ¢i,n—1, ¢in—2, +--+, ¢io to be determined to satisfy 
the last equation. Now the coefficient of c;,»—1in this equation is A“—(&,) + 0. 
We can then solve for ¢,n-1, so that ¢,,~-2, +--+, co are arbitrary. Together 
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with the arbitrariness of ci,p)-1, we see that corresponding to ¢ = &; there 
are precisely » linearly independent solutions of (I), in Case 1. 

2. A™-D(E;)) = 0. Then s=0. That is, pjp—n. In this case all the 
equations of (a) drop out, so that co, ---, ¢,n—1 are all arbitrary. This 
again gives n linearly independent solutions of (I) corresponding to ¢ = &;. 

Hence if we let 7 run through the values ¢ = 1, 2,---, 7, we obtain in 
all m linearly independent solutions of (I), where m = number of zeros of 
Bit) in |t|<R. That is: 

THEOREM 1: Let A(t), B(é) be analytic, |\t!}<R, and let B(t) have 
m zeros in |t|<R. If (2) defines D(t) to be analytic, \t|<R, then the 
homogeneous equation (1) has precisely m linearly independent solutions of 
exp. val.< R. Moreover, if &,, ---, & are the distinct zeros of B(t), of 
order ™, +++, Ny, respectively, then these solutions can be so chosen that ni of 
them correspond to the zero &. 

Turning now to the non-homogeneous equation (II) we have 

THEOREM 2: Let the same hypotheses be made on A(t), B(t), and let g(x) 
be of exp. val.q< R. If (2) defines D(t) to be analytic, |\t|< R, then 
a necessary and sufficient condition that the non-homogeneous equation (II) 
have a solution y(x) of exp. val. << R is that G(x) = Dlg] vanish at the 
origin. If this condition is satisfied, then there is a solution y(x) of exp. 
val.<q, and the general solution is obtained by adding in the general 
solution of the homogeneous equation (1).* 

Proof: Necessity: Let y (of exp. val.< R) satisfy (ID. If we operate 
on (II) with D we obtain, on using (2): 


(II’) xBD\y) = G(x), or (I) BDy) = G(a)/z, 


where G(x) == D[g]. Since B Dy] is analytic at zc = 0, we have G(0) = 0. 
Sufficiency: G (x)/x = D|g\/x is of exp. val. < qg. (II), and hence (II’), 
has a solution yp (x) of exp. val.< gq. Moreover, to y(x) we can add 
any solution of BD(y) = 0. If we use the relation «BD [y| = 
D{x B [yo\] — D’ B [yo] (Cor., Lemma 1), (II’) becomes, on using (2), 


(a) D[A lyo] + 2B lyo] — g(@)] = 0. 
Then, using the notation given in the proof of Theorem 1, 


nr 


(iii) Alyolt+2Blyol—g (a) = D Gipe-n 10" +--+» + din x®) 


i=1 


*We remark that it-is not necessary to require that D(t) be analytic in the whole 
range |t|< R, to obtain a solution of exp. val. <q; it suffices if D(¢) is analytic in the 
interior of any circle (center at the origin) whose radius is greater than q. 
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Application to (a) of Cor., Lemma 3 of Annals I tells us_ that 
A [yo] +2BD|yo]— g(x) cannot involve any zero §; of B(t) which is not 
also a zero of D(t). We need consider, then, only those &;’s which are 
zeros of both B(t) and D(t); and as usual, we take each &, separately. 
Furthermore, since <A [yo]+ 2B [yo] — g(x) is of exp. val. < g, we need 
consider only those zeros which lie in |&|<q. Let §& be such a zero, 
and consider (i) yi (x) = (cra? +--+ cox). We wish to show 
that the c¢’s and J; can be chosen to satisfy the equation 


(b) Aly)+2Bly] = — (di,p—n—1 gh + ...+dip x°) oe. 


On substituting (i) into (b) and equating coefficients of like terms, we arrive 
at a set of equations (c) similar* to the equations (a) of Theorem 1. 

Let us choose 1; = p;. The first (n;+1) equations of (c) drop out, as 
in the proof of Theorem 1. In the (nj-+)th equation (k > 2), the coefficient 


of ci.p- is found to be os [14 —) B™ (&)V/n;, which is +0. We 


can then find c’s to satisfy the equations (c),+ and therefore we have 
a solution yi (x) of (b). If we add these solutions y;(x) (i = 1,---, 7) to 
the function y.(x), we annihilate the terms of the righthand member of (iii), 
and so obtain a solution y(x) of (II). This solution is of exp. val. < q. 
This completes the proof. 

It may happen that D(#) is analytic at some, but not all, of the 
zeros of B(t). In such a case we have 

THEOREM 3: If in the equation 


(I) Aly] +2Bly] = 0, 


A(t), B(t) are analytic, |\t|}< R, and if at some zero t = & of B(t) of 
order p, the function D(t) defined by 


(2) A(t) Di)+ BY) D'() = 0 


is analytic, then there exist precisely p linearly independent solutions of (I) 
of the form y(x) = & Q(x), Q(x) a polynomial. 

Proof: We know that A(t) has a zero of order at least p—1 at t= &, 
and that there exists an integer s positive or zero such that 


(i) sB™ (§)+nA"V(E) = 0, Bm) +0. 

* Equations (c) are obtained from (a) as follows: In the left members of (a) replace pi 
by i, and by m. On the right, replace the values 0, 0, ---, 0 by 0, ---, 0, — 4; 9 —n—-1) see 
+, —d;1, —d;o. ? 


1) 


+ In the last equation we use the fact that A” ” (&) + 0. 
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If we assume a solution y(x) = e* (cx a*+ ----+ cox) and substitute into (1) 
we arrive at a set of equations like the equations (a) of Theorem 1. The 
argument now proceeds as before, to the desired conclusion. 

3. The function /(¢;z) and the Hurwitz polynomials. When we 
turn to equations (I), (II) of § 2 where D(#) as defined by (2) is not every- 
where analytic in |¢t}< R,* the situation is different, as we shall see later. 
But in this section we wish to point out one property that is common to 
the two cases. And that is that if B(O) + 0, we can always solve 


(II) Aly|+a2Bly] = g(a) 


to within a constant; i. e., given g(x) of exp. val.qg< R, then y(x) exists 
such that Aly]+2 Bly] differs from g(x) by at most a constant. 

That this is true for the case that D(t) is everywhere analytic in |} < R 
follows from Theorem 2, since by hypothesis B(O) + 0.+ Let us then 
establish it in the contrary case. 

On differentiating (I]) we obtain the equation 


(1) Hy) +x Kly| = h(x) 


where H(t) = tA(t)+ B(t), K(t) = t Bit), h(w) = g'(x). With (1) we 
consider the equation 
(2) Hlyn| + 2 Klyn] = x”. 


Since B(O) + 0, there exists a unique polynomial y, (x), whose degree 
is n, satisfying (2). We propose to obtain some fundamental properties 
of these polynomials to which we may give the name of Hurwitz poly- 
nomials.t 

On integrating (2) we obtain 


(3) Aly) + 2cBly)] = 2’ /(nt+)+hu, n= 0,1,- 


Now Dit) = Ya, t is analytic for |¢| sufficiently small, and since 
0 


x*/(n+1)+Un41 is of exp. val. zero, we may operate on (3) with D: 

* Or in |t}<q+e, ¢>0 arbitrary, if we are dealing with (II) where g(x) is of exp. 
val. q< R. 

+ For: B(O) + 0 implies D(O) + 0. 

{In a very interesting paper in Acta Math., vol. 20 (1896/97), pp. 285-312, Hurwitz 
proves the existence of an entire function solution of the difference equation «(a +1) — u (x) 
= g(x), g(x) entire, by introducing the polynomial solutions u, (ax), of degree (n+ 1), 
of u(a+1)— u(x) = a”. 


























i” 


— ——— Sicataiemenaneae wan a ne er ~ e a 
bia Sot J gcse hah la ec MR ge aS 8 ag gM Sy See ean 
. Z 3 . . . — 5a se" - 
Breve ee 4, en Pe hag ee ey Ege ceed eden 2 
Vy Pe ke ee | ous oer nS r = 


+ 
i 
<< 








6g Rt hn 





ceeiatiaenettitatieesin 


f 
{ 
= 
Ae 
iE 
Raa 
Sue 
‘ 


352 I. M. SHEFFER. 


BD\yx) = (1/2) Dla" /(a+1) +l 


(4) 





a gn-l a 
= Nn. 1] a (n+1)! +d, n! +e ta], 


so that SBDIynl t"/n! = D(t) (e*—1)/tx. We may operate term-wise 
0 


with 1/BD, obtaining the following result: 
LEMMA 2: The series 


(5) Six) = Sm (x) t”*/n! 


is uniformly convergent, |x| < X arbitrary, |t} <o<@ where e = absolute 
value of smallest zero of B(t) in |\t << R; and 





(6) ts) = D)- pe [= "J, Iti <e 


Furthermore, f(t; x) is of exp. val. <|t| for every t in \t|<e. 
On expanding (6) we find 
COROLLARY 1: 


(7) S(t; 2) = Dib) foe dt/t B(t) Dit). 


(7) was established for the region |¢ <e. But we can continue* the 
definition of f(t; x) by (7) to all points of |t}< R with the (possible) 
exception of the zeros of B(t). We denote by 7 the region |¢|< R with 
the zeros of B(t) deleted. Then from (7): f(t; x) is of exp. val. < |t| in T. 

If we differentiate (7) with regard to ¢ and use the relation D’/= —AD/B, 
we arrive at a differential equation for /: 

COROLLARY 2: 


(8) A(t) f(t; «) + B(t) FY is 5%) ge, 


Let us now form A[f]+2zB[/], using (6). On simplifying this reduces 
to A[ f]+a2B[f] = ¢”/t— D(d/tD(0), so that on differentiating with 
respect to x we return to the operators H, K: 

COROLLARY 3: 


(9) A(f)+2K[f) = 
This holds for every ¢ in 7.7 


+ 7, (t;”) may on be multiple-valued. In such case we consider any one of its branches. 
7 That this relation holds formally is easily shown: we have but to multiply each 
member of (2) by ¢"/m! and sum (formally) from n= 0 to n= oo, 
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CoroLLary 4: From (5) we have by Cauchy's formula: 


7 S(t; x) 
(10) Yn (x) an ni c fet dt, 





C being a closed curve surrounding t = 0 and lying wholly in \t|'<e@. 
Since y,(x) satisfies (2), it follows that a formal solution of (1) 
H\y|+«xK|y| = h(a) is given by 


on 
(11) y(2) = 2h Yn(x), 


of 
where h(x) = Dh, x”. Let us take up the question of convergence. 
0 


Let 7” be any closed region lying wholly in T. To every ¢>-0 corres- 
ponds an M, independent of ¢ in 7’, such that 


(12) S(t; eK MEPt ©”, 


where p is the maximum distance of points of 7” from ¢—0. An in- 
spection of (7) shows this. 

Let @ again be the absolute value of the smallest zero of B(t). Suppose 
h(x) is of exp. yal.g<e. Then |h,|< N(q+e)"/n!. Choose 7” as the 
region |¢/< 0’, where g-+-« <0’ <e—e. Then f(t; z)« Me¢’+©”, Now choose 
the contour of (10) as the circle |¢} = oe’. Then | y,(x)| < Me¢’+®!" n!/e"”, 
and S| yn(x)| < MNe' +97 > (2-*)" The series on the right con- 


~ 
verges, so that y(x) = > hn yn (x) converges uniformly, || < X arbitrary, 
) 


( 
and is (clearly) of exp. val.<o’+e. But ¢>0 is arbitrary, and e’>¢q 
is arbitrary. Therefore y(x) is of exp. val. < q. 

y(x) satisfies (1). For: (10) and (12) enable us to show that the formal 
processes are legitimate. 

If now h(x) is of exp. val. g >, the formal series (11) may not con- 
verge. To insure that a solution of (1) exists even in this case, we pro- 
ceed to set up a new formal series which we shall prove to be a con- 
vergent series. 

We assume that h(x) is of exp. val. q< R. Then |h,a| < N(q+e)"/n! 
Choose 9’ in g+e<e’< R—s, and consider the region 7’: |t| < e’ with 
small circles whose centers are at the zeros of B(t) deleted. Then 
(from (12)) f(t; x)<<{ Me@+”, Finally consider the contour C: |t| = ¢’, 
and define the functions z, (x), m = 0,1,.--- by the relations 





(13) én (x) = st f. i) dt. 
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From (12) and (13) we find |z,(~)| < Me®@’t®!"! n!/o", and Sin Zn (x) 
0 


loa) a 
<— MNe@’t®\! (2 ‘ so that 
0 


(14) y(x2) = >» hn Zn (x) 


converges uniformly in 2 < X arbitrary, and represents an entire function 
of exp. val.< gq. (12) and (13) enable us to justify operating on (14) 
term-by-term with the operator H[y]-+2Kl[y], so that (14) is a solution 
of (1). 

We have shown that (1) always has a solution, if /() is of exp. val. << R. 
From this follows that (II) can always be solved to within a constant, 
as was asserted.* 

4, Characteristic functions and certain series developments in 
terms of them. We take up the question of the solution of the equations 


(I) Aly|+ Bly] = 0, 
(II) Aly]+ «Bly] = g(a) 


from another point of view. We may without loss of generality assume 
that B(t) is a polynomial.t 

Let us take up the case B(t) = t — &, where |§|< R, A(t) being analytic 
in |¢} << R. We introduce a parameter which takes on certain characteristic 
values corresponding to which we obtain solutions of the homogeneous 
equation. Consider the equation 


(1) Ay+ Aly] +a(y’— fy) = 0, 


where ,A(t) = A(#)— A(O). There exists a denumerable infinity of values 
of 4, say 4, for which the corresponding operating function D, (t) is 
analytic in |t}< R. 


*If B(O) = 0, a transformation of the form y(#) = e“u(x), where s is a suitably 
chosen small constant, will yield a new equation in which the “new” B(t) does not 
vanish at the origin. We need not then consider this case. ; 

+ For: Suppose B(é) has a finite number, m, of zeros in |t}<(R. Let P(t) be the 
polynomial of degree m with these zeros, so that B(t) = P() C(t), CW) + 0, |\t|<R. 
We may then operate on (I) or (ID) with 1/C, the resulting equation being of the form 
Gly] +aP[y] = h(x) or zero. On the other hand, if B(é) has infinitely many zeros in 
t|<<R, there can be no cluster point in |t}<< R. We may then consider |¢/< R’, where 
R' is very close to R, and less than R. In |t|< R’, Bd) has only a finite number of 
zeros, which reduces to the first case. It is clear that the equation obtained after operating 
is completely equivalent to the original equation. 
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A+,A0 | 
Proof: Since D(t) =e XY © e the condition for analyticity is that 
— (4+,A(§)) = n, n = 0,1,---. We set 2 = A, for the value n: 


(2) A, = —[n+.,A(S], n = 0,1,--- 


For 4.=4,, our previous theory informs us that there is precisely one 
solution y(x) = u, (x) of exp. val. < R, of (1), and that this is of the 
form 
(3) Un (x) = & Py(a), 


where P, (x) is a polynomial. P, (x) is of degree n. 
Proof: Suppose the degree of P, (x2) is s. Substituting (3) into (1): 


(1’) An ee Py (x) +14 [ee Pry (x)] +2 (& Py (x)) = 0. 


On expanding and cancelling the common factor e” we find that s = n 
in virtue of (2), and that the following relation holds: 


Ne , AM &g ™ , 
ar Py (a) +--+ + “eR ‘(@)+-@ Pu (x) = 0. 


(4) —nP,(x)+ 
We wish to investigate the solutions of (II) in terms of expansions in 
series of the w,-functions. It is necessary, for this purpose, to know more 
about the polynomials P,(x). (They are determined only up to a multi- 
plicative constant.) 
The necessary information is afforded us by returning to the operating 
function D (¢) defined by the lefthand member of (I). As we know, 


A(t) dt t A’® . A’® 


D(t) = fee = ({—&)-A® e dt=§ ‘eT ee 
Define 


(t—§)+--. Ja 


t A®-A® 


(5) Ci—) = t= rE 


Then D(t) = (t — &)-4® [C(t — §)]-*.. Since A (#) is analytic, | |< R, the 
same is true of C(t{—&). Moreover, if we set 


(6) Clu) = otauteu?+---, 


this series converges in a circle about « = 0 of radius at least as great 
as g@= R—|§|. 
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Let us now introduce the set of polynomials Q, (x) defined by 





gl a 

(7) Qn (x) = n! ae at (n—1)! 1)! +--+ +& oy: 
It is an immediate consequence of (7) that 

2) 
(8) C(u) & = DQu(x) uv”, jul|<e. 

0 
Furthermore, 
(9) Qu (x) aaa Qn—1(2), Qo (x) = mo = 1, 
and 

, 1 C (uw) et” oe 

(10) Qn (x) = Dwi £ tt du, n—0, 1,---, 


where C is a contour around u = 0 lying wholly within |: 


We can now establish the following relation:* 


LEMMA 3: 
Qn (x) = FP, (x) . 


ul<@. 


Proof: If we attempt to determine the coefficients of P,(x) by sub- 
stituting a polynomial of degree m into (4), we find that the coefficients are 
uniquely determined—up to the multiplicative constant. It suffices then 
to show that Q, () satisfies (4). Let 


FD) Gate +O ge + 2Q 








In (a) = — «= nh Qn 


We shall show that L, (x) = 0. Since QY’ (x) =0, m>n, we may write 


2) 
1B 


In (x) = —n Qn (x) + > - 


k=1 





r Qn” (x) +2 Qn (2). 
On using (9) and (10) this gives 
sion O(u) du 
Ln(x) = sf, yeti’ 


uw — 
aie: [gee Aé) te 


ne -[—(n+,4() +,A4u+ 5+]. 











where ®(u) = 
We need then to show that d”@(0)/du" = 0. Set 


u 
ue ff [AQw+)—A(§)] dee/te 
(iu) = e ° ; 


*It is enduntost that the multiplicative constant in P, (ax) is properly chosen. 
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wu) = w(w)|2+> (4u+9—4@)|, 
and O(u) = —n¥(u)+u¥'(u). 
Using Leibnitz’s Rule for differentiation, we then find that d” ®(0)/du" = 0. 


That is, Zn(x) = 0. 
We have then for Q,(x) the relation 


' (n) 
(11) —nQ(e) +24) Qa)... + AO Qa) +aQi(e) = 
and we may take as the solution «,(a) of (1) the expression 


(12) un (x) = &* Qnr(ax). 


We consider now the expansion of a function f(x) in a Q,-series. The 
definition of C(u) shows that [C(u)]-* is analytic in |w!<e. Set 


(13) 1/C(u) = &+G,u+ ou? +.---. 
Then from (8) we have 


(14) a/nt = 69 Qn (x) + 41 Qn—s (x) + +++ + On Qo (x). 


Suppose now that /(7) = > Sia” Then formally, 
0 


f(x) = 2 m! fn loo Qu (x) + ++» +6n Qo (x)] 
~ z Qn (a) [6yn! fu + o,(n +1)! fagat ++ J, 


n=0 


so that 
I(x) ~ 2m Q(x), Gy ~ Gyn! fata (n+1)! fait --:. 


It is easy to justify these operations for the case where f(x) is of exp. 
val. <e@. We shall not stop over this, but shall rather obtain a “closed” 
form for @,, after which we shall consider conditions under which the 
expansion of f(x) is valid. Let us define 


(15) F(a) = 2alfpw=2>Fi2, F=f, 
0 0 
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which is convergent for |z|< 1/4 if f(a) is of exp. val. = 4. Then 


—— ae n+1 
Fr, = ee oF du/u , so that formally, 








di 
ay = sri. F(u) [oo + + 7+ ..| 3% . 
That is, 
1 F(u) du 
(16) ly, = re | "| re 
td C c(-) yrti 


We can now prove 
Lemna 4: If f(x) = sf, x” is of exp. val. 4A< 9 = R—|\&|, and F(x) 
Uv 
is defined by (15), then 


oO 
(17) I(x) = an Qn (x), 
where @y is given by (16), C being a circle, center u = 0, radius 


r(in 1le<r<1/d). Moreover, the convergence is uniform in any bounded 
region. 





Proof: 1/C(w) is analytic, |a«|<@, so that v/0( 4) is analytic, 

and in particular on C. Also, F(w) is analytic in |w|<1/4 and therefore 
oo 

on C. Consequently «, as given by (16) exists. Now > Q,(x)/u" converges 
0 


uniformly, |v! < X arbitrary, |«! == +> 1/0. We may therefore integrate 


term-wise: 
Flu) & Qula 
>) tn Qn (x) = = =a! eae Z Gale) du, 


which from (8) gives 








Lf, Fade evi o 








22 
— 1 = | #2 a — S) Fn ~ 
= gn Jel a tht Rut: jem ae ” a ar = fe). 


This gives (17). Now from (16), |@,| < M/r”, and from (8), | Qn(z)| 
oe 

< N/(9 —«)", ¢ >0 arbitrary, |2| < X arbitrary.- Therefore >| ¢, Qn(z)! 
U 


oo 
< MN>1/[r(e—«)]", which converges. This proves uniformity of con- 
0 


vergence. 
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We have incidentally proved 
Lema 5: If f(x) = Sfr2” is of exp. val.4, and F(x) = Dn! faz", 
0 


then 
ae F(u)e™™ du 
Sa) = Qi J. u : 


where C is a contour surrounding u = 0 and lying in |u| <1/4. 
Lemma 4 can be applied to prove 
THEOREM 4: If f(x) is of exp. val. A< R, the equation 


8 


— 





(18) Aly|+2y' = f(z) 
has a solution* a 
(19) y (x) “2a re —) Qn (x), 


of exp. val. = 4, provided D(t) is not analytict at t= 0. Moreover, (19) 
is the only solution of (18) of exp. val. <R, so that the homogeneous equation 


(20) Aly|+axy' = 0 


has no solution of exp. val. <R other than y(x) = 0. 

Proof: A(0)+m + 0 since D(t) is not analytic at ¢ = 0. From (10) 
and (16) we see that series (19) is uniformly convergent, |2| < X arbitrary. 
Now from (1), since uw, (2) = Qna (x), 


A[Qn] + 2 Qh (x) = [A() — An] Qu (x) = [A() + 2] Q, (). 
Consequently, 


2% 
A ly] + ry’ = 2 ay Qn (x), 


which is /(7). re’ (19) is a veer’ > of (18). 
Let Ry(x) = \eo| os +. oe or? and V(u) = = > leniu™. Then 
0 


y(x) << NV(i/r)e*”, which is of exp. val. = 1/r. Hence y(x) is of exp. 
val. < 1/r, and since + can be chosen as close to 1/A as we please, y(z) 
must be of exp. val. <4. But if exp. val. y(vw) = w<4, then A[y]+<2y7/ 
is of exp. val. < «<4, which is impossible. Hence exp. val. y(x) = 4. 


” In (18), BY) = =t, so that = 0, and therefore 9 = R. Consequently every func- 
tion f(x) of exp. val.4< R has a uniformly commun expansion: f(a) = Sen Qa(a), 
0 


where @n is given by (16), C being a circle with center at ¢ = 0 and radius r: 1/R<r<1/A. 
TIf D( is analytic at tf = 0, it is analytic throughout |t|< R, so the method of 

§ 2 applies. . 

t This operation is easily justified. 
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There remains to prove uniqueness. Suppose the contrary; then y(x) + 0 
exists, of exp. val. w~< R, satisfying (20). y(x) has a Q,-expansion: 


y(x) = Bn Qu(x). Substituting into (20): 
Aly) +2y! =A LA) +7] Que) = 0, 


or, on setting y, = &,[A(0)+n], 


ico] 
(a) g (x) = 2m Qn (x) = 0. 
Now |7yn| < nN/r™, where 1/R<r<1/u. Consequently (a) is uniformly 





convergent and of exp. val.< mw. If we express the left hand member 
of (a) as a power series and equate coefficients (as we may), we obtain 
the set of equations 


(b) Crmtarvintervzet::: = 0, = 0,1,2,---. 
oo 

But this tells us that J(z) = Dy, 2”/n! satisfies the equation* 
0 

(c) Cl{J(z)] = 0. 


Now C(u) + 0, |u| < R, so that (Theorem 1 of Annals J) the only solution 
of (c), of exp. val. << R, is the function zero. That is, J(x) = 0, and 
yn = 0. Now A(O) +n + 0, n = 0,1,---, so that 2, = 0, n = 0, 
1,---, and y(z) = 0. This completes the proof. 

We now consider the equation 


(21) Aly]+ a(y'— &y) = g(z). 


Corresponding to it we have 

THEOREM 5: If in the equation (21), A(t) ts analytic, |t|< R, § is in 
\E;< R, D(t) is not analytict at t = &, and g(a) = &* f(x) where f (x) 
is of exp. val.< 0 = R—|§&\, then there exists a solution y(a) of exp. val. 
<BR, given by 


> >) 
y (x) = e 2 last law, 


where f(x) = > ayn Qn (x). 
0 
Proof: The proof is like that of Theorem 4. 


* J(x) is of exp. val. Su< R, since g(x) is of exp. val. Su. Also, C(u) is analytic 
in |w|<c R. We may then express the lefthand member of (c) in a power series. On 
doing this we find that the coefficients of x°/O0!,a'/1!,.-- are precisely the lefthand 
members of equations (b). Therefore (c) holds. 

T Then A(S)+"+0, n=0,1,°°>. 
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If g(x) = &* f(x) where exp. val. of f(x) is >, the Qn-expansion 
does not seem to give convergence. We must then proceed differently. 

5. Solution of the problem for B(t) = t—&. We are still concerned 
with the equations 


(21) Aly] + x(y'— fy) = f(a), 
(22) Aly|+2(y’— fy) = 0. 


We had formally, e—** f(x) = F a, Q(x), so that a formal solution of 
0 
(21) is 


yz asta |erew = Dire Un(x), where yn = «,/[A (§)+n]. 


Now (formally again) 
P ¥n Qn(x) = C[A(az)], where* s(x) = Zz yn x"/n!. 
0 0 


This suggests that a possible solution of (21) is y(z) = &* C[4(a)]. In 
fact we have 

THEOREM 6: Jn equation (21) Aly] +<2(y’—&y) = f(x), let f(x) be of 
exp. val. <R, § in |&|<R, and let g(a) = e** f (x) be of exp. val. 4<@ 
= R—|§|; and let D(t) fail to be analytic at t = &, so that A(E) + —n, 
n=0,1,---. Then (21) has a solution 


y(x) = & C[4(a)], 
of exp. val. < R, where 
A(x) = 2Gnar/(a+n), « = AQ), 


G(x) = a ly@) = hie Sa, x", C(t) = B LD —areaes 


Proof: G(x) is of exp. val. < 4, and therefore y(x) is of exp. val. 
<4+ \&|<R. We can therefore write E[y] = &* Es C[4(x)], provided E(t) 
is analytic, |t} << R. Here E£s(t) = H(t+&). Set H(x) = Aly]+er(y'—€y). 
Then H = &* CAg [4] +26" TC([4, T(t) = +t. Therefore 


z [eS H] = (Ags —TC'/C) [4+ rT|4). 


But Ag(4)—T'(t)C"()/C() = A(§) = a, so that a —[e$*H|=aA(x2)+2rA'(z). 
And from the definition of 4(a), we obtain «4 (a : +2A'(x) = SGn2" = (x). 


* We see this che writing Q, (x) = ¢,a"/n!+-+++e,2°/0! in Sy, @, (x) and equating 
0 
coefficients of the same powers of x. 
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Therefore e~§* H(x) = C[@] = g(x). Hence Al[y]+2(y’/—&y) = & g(x) 
= f(x). y/(x) is therefore a solution. 

Let us further consider the operational method. Set B(t) = t—8&, and 
K(t) = C(t—&). From the definition of C(t—&), K(#) is analytic in 
|t}< R, and K(t) +0, |t}<< R. Operate on (21) with 1/K: 


(4 +B(z 1) yite2 Zyl = ZL/1 = gle), sa3 


But A (#)/K () + B(d) (1/K ()) = A (§)/K (O, so that on setting A (§) = «, 


w(x) = <ul. (21) reduces to a differential equation of jinzte order: 


(a) xw (x) +(a— Fx) w(x) = g(a). 
Solving, we find 

xr 
(b) w(x) = cz fa (x) a®—! oe” da, 


which is an entire function. In order to know something of the exp. val. 
of w(x) it is desirable to consider its Taylor coefficients wy: w(x) = Sw, =. 
0 


To that end we substitute this power series into (a) and equate coefficients. 
We find 
i. = a = GJn-1 E er Jo a 
atn ciwwte—-h (a+n)(a+n—1)---@ 
n=0,1,---, 

where g(x) =S 9 x”, so that (as a computation shows) jw, <— M[(n+1)u"]/n!, 
where «< F is the larger of 4+ ¢, |€|, ¢>0 being arbitrary but fixed. 
This means that w(x) is of exp. val C<w< R. 

We can now prove 

THEOREM 7: In the equation (21) Aly|-+a(y’—&y) = f(a), let A(t) be 
analytic in |\t} <R,& in ) of exp. val. A< R. Furthermore, 
D (t) is not to be analytic at t= &, so that A(S)+n+0, n = 0, 1,--- 
Then (21) has one and only one solution y(x) of exp. val.< R, and this 
solution is given by 











(23) y(z) = K[w(a)] 
where* 
(24a) w(x) = 2 Wn x", 


*The case pais D (t) is analytic at ¢== §, and therefore in |¢/<( R has no interest 
for us at present, since it is completely discussed in § 2. 





DIFFERENTIAL EQUATIONS OF INFINITE ORDER. 


gn—1 & Jo =" oe 
x  eteuuie—o basis dre otha! 


«= A(’), K(t)=C(t—, gia) = 2s gn — * [fl. 











The homogeneous equation (22) Aly] + x (y’— €y) = 0 has then no solution 
of exp. val.< R other than y(x)=0. 

Furthermore, the exp. val. of y{x) is determined as follows: 

If 4} =\&\, then y(x) is of exp. val. 4. If 4<\&|, then y(x) is of exp. 
val. 4 if and only if DIfl= = 0; otherwise y (ax) is of exp. val. = |§}. 


The function w(x) is of the same exp. val. as y(x), and satisfies the dif- 
Serential equation 
(25) aw (x)+(a — Fx) w(x) = g(x). 


Proof: We have shown that w(x) as defined by (24) satisfies (25), and 
that it is of exp. val.< R. Hence y(x) given by (23), is uniquely defined 
(since K (t) +0, |¢|< R), and is of exp. val.< R. Also, since wo, w,, --- 
are uniquely determined, there cannot be more than one solution y (x) of 
exp. val.< R. Consequently that part of the theorem which does not 
refer to exp. val. will be proved if we show that (23) zs a solution of (21). 
Now y(z) = K[w(@)], K() = C(t—¥). Let H(z) = Alyl +2 (y'—&y). 
Then H (x) = AK[w|+2BK[w], B(t)=—t—&. Operate with 1/K: 


=H] = (A— BK'/K)|w])+cBlwu]) = ew+-2r(w’— Fw), 


and this is, by (25), g (a): + [7] = g(x), or H = Kg (a)], which is f(z). 


That is, Aly] +a(y’—&y) = f(x), so that y(z) is a solution of (21). 

We now consider the exp. val. of y(x). y(x) cannot be of exp. val. <4 
since then the lefthand member of (21) a+ likewise be, and could not 
be equal to f(x). Hence exp. val. y (x) > 4. 

Suppose 4 > |&|, and let exp. val. y(a) be w(<R). If «>A/ we can 
choose R’ in |§|< R’<w and so obtain a solution of (21) of exp. val.< R’, 
and this solution must by unigeness be identical with y(x); a contra- 
diction. Hence « =A, and y(z) is of exp. val. 4. 

Suppose 4<|&|. If D[f(x)]z=0 = 0, then in considering the region 
t|< RB, 4<R<|F|, we obtain a solution* y(x) of exp. val. = 2. If 
D[f(x)|x=o + 0, there is no solution of exp. val. <|&| so the exp. val. of 
y(@) is >|§'. By considering |t|< FR’, where |§|< R’< R, we then see 


* See Theorem S. 
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that y(x) must be of exp. val. —'&|. The theorem is now completely 


proved. 
6. The case B(t) = (t—&,) (t—&,). Let us now consider the equations 


(1) Aly] +2Bly] = 0, 
(2) Aly) +2 Bly] = g@), 


where A(t) is analytic, |¢|< R, g(x) is of exp. val. < R, and B(t) = (t— §&,) 
(t —&), |§,|<R, |§|<.R. We shall first assume that §, + &. We wish 
to examine the characteristic functions of the equation 


A+ Alyl +e Bly] = 


where , A(t) = A(t)-— A(O). We obtain tivo sets of characteristic functions, 
according as we choose 4 to make D(#) analytic at ¢ = &, or at t= &. 

The condition that D(é) be analytic at = §;is that — [2+ ,A(S)]/(S&i— SJ =n 
(positive integer or zero). Let us, for, definiteness, consider the zero t = §&, 
and the corresponding characteristic functions w,(a). We define 


(3) An = —[n(&, ints &)+,A(&)], 
so that 
(4) An Un+ Alen] +2 Blun) = 0, n= 0,1,-- 


As was shown in § 4, u,(x) = &* P,(x) where P,(x) is a polynomial of 
degree n, and when we substitute this into (4) we obtain 


A 1B) Ph(a +4... oe i a PO” (a :) 


+2[Pr enim &) Pr(x)] = 0. 


[An + 1A (&,)] Pa (x) + —] = 
(5) 


We connect the polynomials P, (2) with the function D(¢), modifying 
the method used in § 4. Let us suppose* that |§&,|<|&|, and set 
T(t) = t—&,. Operate on (4) with 1/7' (which is analytic, |t| < | §,): 


(A,/T + A/T — B/T®) [tn] + x(n, — &, tm) = 0, 
or 
(6) Py [tn] + 2 (tn — & tn) = 0, 
where 


(7) Th) = Alt—&)+00, OF = LAW—¢—s)/(t—§)]. 


*This assumption is for the purpose of arriving at definite results. Once obtained, 
these results will be shown to hold without this restriction. 
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Now keep n fixed, and consider 
(8) Iyly)+x(y’— Sy) = 0. 


There will exist (by § 4) characteristic numbers Amn (m = 0, 1, ---) which 
make the corresponding D-function analytic at ¢ = &,: 


(9) Amn Umn (x) + Pn [mn (x)] + 2 (inn (x) — F, Uma (x) = 0, 


with ,J,() = Tn(Q}— Tn (0). Clearly, umn (x) = u(x) for m =n. Corre- 
sponding to (8) we have 























_f Tb at 
Dit) =e % Hh = (¢t—8)-® [C,¢—Fy, 
where 
dt 
i t —Ty g, ray 
(10) ipa ee, 
On rewriting the integrand we obtain 
wh 
—; t AH—OE,) 
t — & \ > * i “Tt? 
(11) Ch = (ce a rare 
As n increases by unity, 4, increases by —(§,—&,). Hence if we set 
oll 
: t @H-O&,) 
sci §,—& an at 
(12) O(t—&) = (g | ns “ , 
&,— &, 
then 
Y t— &, . 
(13) Cnlt—8) = (sf) 04-8), 


and ® is independent of ». This relation exhibits the nature of the 
dependence of C,n(t—&,) on m. Let us set 


(14) Umn(x2) = e” Pmn(x). 
By the results of § 4, 

m aym—1 0 
(15) Pmn(x) = oT ma tk Oy 
where* 
(16) Cn(t— 81) = oh +f (t—&,) +--. 


The series (16) converges at least in |#—£&,|<, @ being the smaller of 
R—|&,|, |§:—&,|. We then obtain, by Cauchy’s formula, 





*The multiplicative constant in P,». (x) is properly chosen, 
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1 Cu(t—¥,) of?” 
(17) Pan(a) = gi; [| Ste at, 


C being a contour surrounding ¢ = §, and lying in |t{—&,,<e. In par- 
ticular, on choosing m = n: 


tar. (tS )x @O(t—&,) (i= )" 
(18) Py(a) = A fi. Gat lee) At: 


We obtained (18) on the assumption that |&,| <|§|. We shall show 
that it is valid in any case. Let us now make no assumption on &, + &%. 
We wish to prove that P,(x) as defined by (18) makes wp (a) = e'” Py (a) 
the characteristic function of (4) for 4. It is clear that P,(#) as so 
defined is a polynomial of degree ». Since (5) defines a polynomial of 
degree » uniquely (up to a constant multiplier) our point will be established 
if we show that P,»(x) given by (18) satisfies (5). To this effect let Ln (x) 
denote the lefthand member of (5). We wish to prove that L,(a) = 0. 
Now* 


_— 1 ff o(t—s&) &* (t—&\ 
ne 20 J. “—§,P"" = 
< [ant 3 AE) Gay to (8+ G—8) C— 8} ] 
= 


ae anil = ee ‘5 a 


277i Je &,—&, 
<[@x—4O) +40 +2 {(t—8)*+ G—B) ((—-2)]] Gage 


On reducing and setting 
K(t) = LAW —,A(&))/(¢— &) + a(t §), 
H(t) = (t—&) K(O+(m—1) ¢—&), 

















ms Hat 
S(t) = oe = HWED (7) —(n —1) (t— &) —(& —&)], 


es 2 ae * S(t) dt 
En(x) = oJ, (¢—&,)"1 


we obtain 





L(x) will be zero if (d" S/dt")—¢ = 0; and this last follows on applying 
Leibnitz’s Rule. Hence ZL, (x) = 0, as was to be shown. 


* Since ce PE (a) = = 0, k>n, we may insert in the integrand theterms > 1A™ (6) pe (x). 





k=n-+l k! 
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Since we made no assumption on §, + &, a similar relation holds for 


the zero t = &. 
Let us now determine «, in the formal development 


(19) fia) ~ 3 an Pa (2). 


For convenience we set u = ¢— &,, so that 


’ 1 C(u) e 
(18°) Pr (x) Be: [SO au, 


21 


where now C is a contour around u = 0 lying wholly in |u|<@,. Then, 


Sp nye — 1 | OMe > (27+ i —*)\" 
er ss yeah = | u (§, = 2 E,) on 


21 n=0 


ey OM (ue du 
"Jc Gi — Bu — eu FRB) 


The only singularity in and on C is at u = 2(&,— &)/(§&: — §&—z). Set 











(20) w = 2(§,— E,)/(§, — §&,—2). 


w will be inside C for |z| sufficiently small. Then 


z al §,) 


(21) S 2 Palo) = (ee (f ai 1h 0 (ga) ), 


(21) is valid for |z) sufficiently small. From (21) we derive 


- w§,—§,) 
fest (ea) “(i= BD) ae 


2ni Jc\&—%&—u! “ §,—&—u/ ut" 





(22) P,.(«) = 
Then 





o,f P (ao 
ai ete 
JI (x) Sen Pala) ~ oo Ages) 
u(&, — &) ay 
= o (tS) 3 Sr du. 


If we introduce w, defined by (20), we have 


a SUPER Rw = PERE Comer 
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If in (23) we expand the lefthand member in powers of w, we obtain 


z Ww Ee dnt ("5 ‘ (—\"2 @++..+("—)( a—_) > on. 


where do, = 0 if n + O and 1 if nm = 0. By (23) this must be : equal 
iv.¢) 
to [(§& — §&.+ w/(§, — §)] Olw)e"* = > Qn (x)w", say. On equating co- 
0 
efficients: 
Py (x) = O(0) = qa), 


@4) (5) Aw@+("T') (=) Pat. 





— snail. Se 
+ lee (; =s} Ph (x) = Qn (x), n>O, 


Let us set 


(25) Q (w) == an w= (1 + Fe) O(w). 
Then 

x gt x° 
(26) Qn (x) = fo7 tae (n—1)! a + dn or 
(27) e’" O(w) = »2 dn (x) w". 
Now Q(0) + 0, so that 
(28) x"/n! = yon (x) +71 gn (@) + +++ +¥nqo(a), 
(29) 1/Q(w) = >. w", 

0 


Substituting into (28) the values of the q,(x)’s given by (24), we obtain 
the expansion of x"/n! in a Py-series: 


x°/0! = yo Po(x), 


min\ = trl Pao) +|(" 7") (g—_) mt 14] Pas (e) ++ 


[IGE ot BTA) rt tre] re 
+ [yn] Py (x). 


(30) 


Now let 
f(a) = Lira, F@)= Qn fra®, Fy = 2! fn 
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Then, using (30), and simplifying, we find that /(7) = Sa, P,,(x), where 
0 


jee. 2 Ft dt 
46 21% n+-1 
(+) ¢ [+ a0, a 
We can now prove 


Lemma 6:* If f(x) = S fax is of exp. val. A<@,, where o, is the 
0 
smaller of R—|&,|, |§&— §&|, and if F(x) = > Fyrx" with Fy=n! fr, 
0 


then the series 


(31) an 


2) 
(32) f(a) = 2 en Palo) 
converges uniformly in |x| < X arbitrary. Here @, is given by (31), C 


being the circle |\t| =r, /o,<r<i/a. 

Proof: The formal operations are easily justified, and lead to the desired 
result. 

We can now obtain solutions of (2) for a sub-class of functions g(z), 
as was done in § 4; but since the method of characteristic functions does 
not give convergence for all functions g(x) that we consider, we may pass 
over this. 

We proceed to investigate the equations (1) and (2) by an operational 
method. Consider the equation 


(i) Aly) + a(y"— (+8) y+& Sy) = 0 or g(x). 


We suppose that D(t) is not analytic at both ¢ = &,,&. Recalling that 
D(t) is defined by 

(33) A(t) D(t)+ Bit) D'(t) = 0, 

we see that we can write 


—AGg,) —Ag,) 
(34) D(t) = H(t) (t—&) © ® .(¢— §,) 5 


where H(t) is analytic and + 0 in |t)< R. In fact, 


Aé,) Aé,) at 
(35) H() = ~Slee-te=e = t- B+ Ee est] CEE 
Operate on (i) with H: (AH+H’B) ly]+2BH[y] = 0 or H[{g]. Now 


A(t) H(t) + H(t) BY) 
= H(t) [A(&) (t— §)/(G — &) + ABs) (¢— &)/Se — &)). 


* A similar result holds of course for the zero t = &. 
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Consequently, if we set 
(36) w(x) = Aly), 


we have the following equation for w(z): 


aw" (x) + a e — 2 a a(§&,+ =| w' (x) 





(37) 
+ [rite (BAD BAG |] ys) — a 





Now this equation is a linear differential equation of finite order; in fact 
a second order equation of Fuchsian type. We have thus been able to 
reduce the problem to an equivalent finite order equation by applying 
a suitable operator. The theory of equations of second order can now be 
utilized. We shall not stop over the details. 

7. The general case: reduction to a finite order equation. In 
the preceding section it has been shown that for particular choices of B(t) 
the equations 
(I) Aly|+2Bly] = 0, 


(II) Aly]+2 Bly] = g() 


can be treated by the method of characteristic functions (at least for 
a sub-class of functions g(~)) and by an operational method. The general 
case, that in which B(¢) is an arbitrary polynomial,* can be similarly 
handled. We shall not go into the question of characteristic functions. 
(The previous work indicates how to proceed.) But we shall show that 
the operational method applies, We have, in fact 

THEOREM 8. Let A(t), B(t) be analytic, |t|< R, and let B(t) have a finite 
number, m, of zeros in |t]}<R. Suppose g(x) is of exp. val.q< R. Then 
equations (1), (II) can be transformed into linear differential equations of 


Jinite order (mth order) and the resulting equations are equivalent to the 


original ones in that to every solution of exp. val. <R of an original 
equation corresponds a solution of exp. val. < R of the transformed equation 
and conversely. 

Proof: As was remarked in § 4, we can suppose that B(t) is a polynomial: 
B(t) = (t—&)"--- (t— 8)", & $&, pit--- +p, = m. Let D(t) be 
defined by 
(1) A(t) Di)+ Bi) Dd) = 0. 


Case 1. B(#) has only simple zeros: Pj = 1, i = 1, 2,---, (=m). 
Then 


*That this is the general case is shown in a footnote at the beginning of § 4. 
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A(tyat ~A&) 
@) Dit) = ¢ FERED — = mo] e- x) PAD 
where 
(3) Pi(t) = B()/(t—&), 
Ag) 
(4) H(t) =e -J [4 —s pay] oe 


We observe that H(t) is analytic and + 0 in |t)< R. 
Let us operate on (J), (IJ) with H. Using the relation 


A(t) H(t) + B(t) H'(t) = H(A) = [A(&)/PiEd] Pi), 


and setting 
(5) w(x) = Ay), 
we obtain the equation 


(6) > pay Pilw|+2Blw] = 0 or Algl. 





Since B(t) is a polynomial of degree m, (6) is a linear differential equation 
of order m, of Fuchsian type. 

Now H(t)+0, |t}<R. Consequently by (5), w(x), y(x) are each 
uniquely determined by the other, provided their exp. val. (which is the 
same for both) is <R. The theorem is thus proved in this case. 

Case 2: B(t) has multiple zeros: 


BO =[]@—-8",  &F8 mts tp =m. 
i=1 


Let 
(7) Qi(t) = B()/(t— 8) 

(R—-D (¢. 
(8) Rw) = 4g)+4 Ws) +.. +e, 
(9) R(0/Q0) = Y e— 4. 
Then 
(10) Dit) = H(t) KT] ¢—&) , 

§==1 

where* 





* Such values of i for which p; = 1 contribute nothing to K(?). 
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f dt 
sla - = Ri | ia 


(11) HW = 
r cl) 1 es 
x EOE. TSR ge Sik Mer A 
iz1] 2-1 Ey? 1 Cs) 


(12) K(t) = e 


H(t) is analytic and +0 in |¢}< R. Operate on (I), (II) with H, and 
use the relation A(t) H()+ B(d) A’ (t) = H(t) Dd Ri(t): 
= 


(13) > Ritwl+ eBiw = 0 or Aly, 
where 
(14) ; Aly] = w(a). 


(13) is a linear differential equation of mth order, of Fuchsian type, and 
since (14) gives y(x), w(x) each uniquely in terms of the other, the theorem 
is established. 

To equations (6) and (13) can now be applied the known theory of 
Fuchsian equations. 


HARVARD UNIVERSITY. 







































THE EQUILIBRIUM POINT OF GREEN’S FUNCTION 
FOR AN ANNULAR REGION.* 


By DresorauH May Hickey. 


Introduction. The behavior of the Green’s function in a plane annular 
region may be studied in the following way. Let us denote by S a plane 
region of a uniform material that conducts electricity, the boundaries of 
which are two concentric circles, C, and C. Let the positive terminal of 
a battery be connected at a point M, in S and the negative terminal con- 
nected to the boundaries which are kept at zero potential. A current of 
electricity flows from the pole to the boundaries. Equipotential lines can 
be mapped which are those of the Green’s function. For, denote by 
g(M,, M) the Green’s function for S and by @ the radius of a small circle 
about M, such that log e@~? equals a constant c. If M is on this small 
circle, then g(M,, M) = «, approximately a constant. Also the potential 
function for this region v (M/) is V, approximately a constant on this circle. 
Hence g and v are constants on the complete boundary of the region 
obtained from S by leaving out the small circle, therefore g is a linear 
function of v since g —F v = 0 on the complete boundary. Then g and v 
have the same equipotential lines throughout. 

In mapping the equipotential lines it is noticed that on the side oppo- 
site M, in S the current lines, which are orthogonal to the equipotential 
lines, tend to turn aside, leaving a kind of isolated point. Such a point, 
where the field intensity is zero, is called an equilibrium point. Theoretically 
if F’ denotes the field intensity at any point in S and F, and F, its com- 
ponents in the x and y directions, the necessary and sufficient condition 
for an equilibrium point is that both F, and F, vanish at the point. 

W. 8S. Vaughn? found from an experimental investigation that the equi- 
librium point did not change sensibly when the pole was moved inward 
or outward along a radius. He develops the condition for an equilibrium 
point in terms of Fourier series and in terms of the o-function as given 
below in Sections 1 and 2. Denoting the radii of the inner and the outer 





* Received July 19, 1928. 
7 W.S. Vaughn, Thesis for the degree of Master of Arts, Rice Institute, 1925, The behavior 
of the Green’s function at the point of equilibrium, manuscript in the Library of the Rice 
Institute. A continuation of this investigation was suggested to the author by Professor 
G. C. Evans. 
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circular boundaries of S by R, and R respectively, he shows that for R, = 1, 
R =e, the equilibrium point, contrarily to what might be expected from 
the experiment, is not identically fixed. For a particular position of the 
pole, we have the following 

THEOREM. Jf the pole is on the circle of geometric mean radius, the equi- 
librium point is also. 

The theorem is almost immediately evident. In fact, suppose we make 
an inversion in the points of S with respect to the circle C, radius 
Ry = VR, R. All points on C, transform into themselves, in particular 
M, on Cy remains unchanged. Points in S,, bounded by Cy and C;, go into 
points of S,, bounded by Cy and C, and vice versa. Hence the region S 
is unchanged. Let F denote the point of equilibrium. By symmetry it is 
on the same diameter as M,). Now if EF were in S,, it would go by 
inversion into S, and vice versa. But this would cause a change in the 
region. Hence E must be on ( also. 

To account for the physical fact, it appears then that dr/d7) = 0 or is 
very small, for r= 7) = VR, R where M, (7%, 9) is the pole and M(r, 6) 
the equilibrium point. Vaughn calculated the value as zero to seven signi- 
ficant figures; the question of a proof was still left open. It is the purpose 
of this paper to show that in spite of the appearances, d7/d7» is not zero, 
and to develop other facts about the theoretical relations, which seem 
interesting to a student in the theory of functions of a complex variable. 

1. The necessary and sufficient condition for an equilibrium 
point by Fourier series.* Consider the region S defined above. Let 
P, (R,, 9), P(R, ¢) be points on C,; and C respectively. The Green’s function 
is of the form 


1 
g (M, M) = log MM + u (r, 6), 


where wu (7, @) is harmonic and single valued in S and equal log M, M on 
the boundary. To determine such a function, consider two functions U (9) 
and V (g) continuous, of period 2 7, and developable in Fourier series which 
are uniformly convergent, 

Ay 


U(y) = > + 4 (am cosmyp + bm sin mg), 


Vy) = <. + 4 (em cosmy + Bm sin mg). 


m= 


(1.1) 


Choose the function «(7,6) so that for points P(R, y), P,(2,, y) it reduces 
to U(m) and V(q) respectively. Take u(r, 6) in the form 


* Method outlined in Goursat, Cours d’analyse, vol. 3, Paris (1915), p. 191. 
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u(r, 0) = Ajo + By log r 


(1.2) + p (0 Am +1" Bm) cos m+ (7 Cm+1—" Dm) sin m 4] 


where Am, Bm, Cm, Dm are constant coefficients to be chosen to satisfy (1.1). 


The function u(r, 6) given by (1.2) is harmonic. For 6=— gy we must 
have then 

Ao+Bylog R =}, AmR"+BmR—™ = any Cn R"+DmnR—™ = bm, 
(1.3) 

Ao+ Bo log Ry= , AmRT+ Bn Ri” = @m, Cn RT +DmRi” = Bm: 


9? 


To solve these equations for the constants we determine first the Fourier 
coefficients dm, bm, &m, Am from the usual formulae. The evaluation of 
these definite integrals by means of the boundary values U(y) = log M, P, 
V(y) = log M, P,, where log M, P is written in a familiar development, 


g/ - s 
log M, P = log R——, cos (y — 6) — 5 (5) cos 2(y — Oy) —--- 


1 , m 
opie (+) cos m(y — A)—---, 


‘ 


r 





























R << 3. 
gives 
a =2le Rk, an = mae (73)"cos mG, te = =n 9 (35)"sin mo@ 
(1.4) ee m\R ; sa m\R a 
. m m 
a& = 2logro, am = sins (“*) cos MA, Bm = — nF (**) sin m 4. 
m \%, m Yo 
Substituting these in (1.3) we obtain the desired constants 
log oi log x 
Ay = log R— ; BR, = a 
1 u 
an ] ace 
log R og 
my 2m 7 
eS RR ae ee | ee ee 
An= m Cr" — me") cos m %, Bn m (rR — R;”) cosm 90, 
m -(2)" Re” (=) a 
on «a tol 2 ~sin m6, Dy»=— i > = sinmé 
m (7... R?”) . U» m m (rr ~ R?"") ’ O° 
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Then the Green’s function for S may be written in the form 


| il 
{f) = ee a> Gl ailniged = 
* ov M) log MoM * log aa log R log “hee log + log —> R 


<) COS m (0 — 4) am | a.m __ =)" -m - ( -\"— ™ | 
Ps (2 — Fe”) f [)s (= % R of I. 





The necessary and sufficient condition for an equilibrium point for the 
Green’s function is that 8g/06 = 0 and dg/dr — 0 for 0—@ =a. 
The first of these conditions is easily verified; the second gives, for A, = 1 


ce 1 1 log r/R 


or ro tr r log R 


oo : 
i 1 ane M—-1 [mM —_ a—m —m-—1 (*") ‘as m | 
2, Tem — a [7% r 0 ) Yo ) 0 | : 


This evidently becomes zero for the case where the pole and equilibrium 
point are on the geometric mean circle C,. In general, however, let 
F(r, vo) = 0g/0r where 6—6) =a. Then the necessary and sufficient 
condition for an equilibrium point is that F'(r, 7) = 0. 

What we wish to study is the function dr/d7). If it vanishes at the 
equilibrium point, then that point is instantaneously at rest when the pole 
is moved inward or outward from the geometric mean circle along a radius. 
From the relation F'(r, 7) =O at the equilibrium point, we obtain an 
expression for dr/dry there, 


A OF /0F 


~~ dro / Or ~ 











(1.8) 


The vanishing of d7/d7) then depends on the function 07/07), since if 
dr/dry = 0, we must have 0F/07), = 0. 
From (1.7) @F/@7» is given by 








Pees, Ae Te 
Ory (r+)? rorlogR 
9 
“ , Sy (— 1)" m m—1 [,.m—1 —m—1 —m—1 2m —m—1 m—1 
— jem —1 {) Os +N |-+-1 [Le " + ]}. 
m=1 
For a point for which +r = ™% =VR, equation (1.9) becomes 
OF ae (—1)"m 1. 
1.10 . | ite nc | | ES — 1)" mi 
) OV donc R 2lgR 8 r+ S pm — 
































ee é By 4 
GREEN’S FUNCTION. 377 ap! 
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In the particular case R = e which W. 8S. Vaughn considered (1.10) gives a m 


#2 SS"9] 


Oro 


The quantity in brackets yielded zero to seven significant figures. The 


a listen ential th oithe: oulI i aan tes sere hitomi ime! mint sme mle ti 


value of @F/87), however, for any # is considered below in Section 3 : 
with the result that it cannot vanish. ae | 
2. The necessary and sufficient condition for an equilibrium ) 
point by means of doubly periodic functions. Consider the region S *° Hd 
in the z plane. Take Rj = 1, R>1. In putting « = ilogz, we trans- - oe 


form the circle C, into the real axis, the circle C into a parallel straight 
line of ordinate length log R, the region S into the region K included 
between these two straight lines. To a point of S there corresponds an . oe 
infinite number of representations in K which have the same ordinate "ame 
length, and abscissae forming an arithmetic series of constant difference 27. | 
Consider the system of periods 2H = 22, 20’ = 2ilogR. 

Let «+i be a point in X in the period parallelogram 0, 2, 2a’, 
2m+2’. It has been shown* that the Green’s function for K can be 
written in the form 


(2.1) g(M,, M) = Real part of V(u), 
where 





logz 28%iu , 
Viu) = ioe Pi —s— #9 : 
o(u—a + Bi) 





This function becomes logarithmically infinite at the point u = e+ i. 
So the pole in the z plane is at the point e-@. 
At the equilibrium point in the z plane we must have 0g/az = 0. But 





i: Le and since @u/dz = i/z, which does not vanish, then 

dz Ou 02 me 

dg/du = 0; that is, dlogV/du — 0. This derivative is ' 
alog V 2 Read 

(2.2) ——— we £ i+ Put 4 tu —@ — Bi) +o(u—a + Bi). be 


Since the figure is symmetrical we may take «=0Q. For the conditions 
= }@'+ a, 8 = ow'/2, dlogV/du can be easily shown to vanish. 
To see what happens as #72 moves up or down on the imaginary axis ae 
away from o’/2 we form du/df at the point of equilibrium. When ; ie 
dlog V/3u = 0, du/d&B is given by ; 





* Method cutlined in Goursat, loc. cit., page 241, problem 14. 
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0 = +47" 4 ifou— 2+ 9+ si) 
(2.3) du 
+ Fy leu+4i) —eu—si). 


The necessary condition then that du/d8 vanish at the equilibrium point 


is that 
(2.4) 0 = 1428 5 ifp@)+e(n+e)]. 


@ 
By means of the relations g(a) + 9(’)+ e(1#+ o’) = 0, and 4o’—7'a 
== mi/2, this condition reduces to 


(2.5) 20(a') = w'p (a). 


Condition (2.5) is also sufficient since g(@-+ m’)— g@(m) does not vanish. 

The two necessary conditions obtained from Sections 1 and 2 for an 
equilibrium point to be instantaneously fixed are equivalent for the case 
R, =1, R = e; or a = 0, Bi = @'/2, u = o+o'/2. This fact can 
be shown by substituting for ¢(@’), @(w’) their values in terms of infinite 
series, obtained from a many of elliptic functions. The result is that 

— mm 

(2.5) reduces to — 2i]— = + - cures | 

According to a al of proof suggested by Professor E. T. Bell, i 
may be shown that the equation 2[(’) — w’g(m’) — 0 is not an identity 
in ’; in fact, this statement is verified by substituting for ¢(m’) and g(o’) 
their values in terms of infinite series from elliptic functions and proving 
the coefficients of like terms of the variable are not equal. But it still 
remains to show that this relation is true for no values of », o’. 

The relation (2.5) is in fact homogeneous in » and o’ and is therefore 
merely an equation in w/w’, In fact 


@ 


~ _ - 1 — u ! 
o(w) = ow’ yt = w'(1— iai—ane * tandeee tomatoe 








, / w’ @ 
oper = wo 7+ = wa 2m')—2mo)? (2mo+2m =| 
m,m’ = 0, +1,---, m? +m” + 0. 


Hence if (2.5) were true for any values of w, w’ the point of equilibrium 
would be instantaneously at rest, and ieninn the equation 0 F/07), = 0 
would be satisfied for the corresponding value of R. But we shall show 
that 0F/07,5 — O for no value of R. 
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3. THEOREM 1. For every real R, greater than 1, the expression 


n=1 


1 1 < (—1)"n 
2log R —stzZ R*—1 
is negative. 
The proof of this statement depends on an application by Schlémilch* 
of the following theorem: 


THEOREM. If the value of an integral of the form 
2 io) 
(3.1) By = = [° piysinntat 
7 Jd 
is known, then the development in series is possible 
ie) iv.) 
(3.2) > Basinna = f(xz)—> [fQna—2)—f(2na+2)], 
n=1 n=1 


where f(x) is a bounded, continuous function of x, monotonically decreasing 
to zero, for x in the interval O<x<2a, 
To choose the function f(2) Schlémilch considers the integral formula 


eo 
sin Ag wee 1-4] 
J as ni =t+$[s4, A|’ 4 +0. 
Then 


Se Ree ot POSE eee Se Be 
sg J, [arma sep lode = Flam ah 


With the substitutions 4 — 2na0, »y = t/27@, (3.3) becomes 


1 1 
(3.4) 3 i laty- £|sinneat = 2e anne sal 


Schlémilch chooses 








1 


{6 = w= 4: 


1 2. 
Bn = 2e| ae Serer 


The function f(t) satisfies the conditions of the above theorem and so 
equation (3.2) for this function may be written in the form 





(3.5) 








* Uber einige unendliche Reihen, Zeitschr. fiir Math. und Physik, vol. 23 (1878), p. 132. 
The suggestion that this reference might prove useful was given by Professor Bell. 
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& sinna 1 & sinnz 
2¢ 2) awe —1 me 
i cas oT 1 a 1 | 

(3.6) ~ @—] of ae l\Qun+a Wnn—-z 

ST 1 1 

“ts 2n71—x 2nA+xe 

e @ —l1 e @ —1 





This can be simplified by the relations 





oo 
2. Sane _ 5 (a—2), O<4r< 27, 


and 





ey, , Si awe oe: eee 
n=itl2na—ax 2na+en2 2 ; 


The remaining series on the right may be rewritten 


or 1 2) oo 
—s — rz/o ___ p—rx/e) p—2nrn/e 
PA 2na—2x 2n1+x p> 2, (é s e ) e 





e @ —]1 e @ —]1 
nx/o __ enxle 


n=1 e° mej 
With these relations and the identity 


1 1 epee 1 


ee—1 2 ee — ete QD? 
equation (3.6) becomes 














sin nx 
7 * 2 > ento 1 
[= 
(3.7) “a my 1 etl2e -h e—Zi29e $ encle —— enzo 
rl oe cots Tp eaite — ag — as, ganalg ’ 





or using the relations (e“-+ e~“)/2 = cosh u, (e“—e—)/2 = sinh w, dividing 
by Ve and rearranging terms, we obtain 











Fa ra Vo iS = +26 >> a. 
(3.8) 4n in n=1 ewe —1 
. 2 & sinh(nz/e) 
= = coth —— — ‘ 
awe si V3 20 Ve n=1 ele —] 


In this equation x and @ are variables. The equation can be differentiated 
with respect to x org. Differentiation with respect to 2 and multiplication 
by Ve, gives 
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1 1 Q n COS nx ot) 
3.9 4 ~ 4sin® (x/2) idea? ero — ] Sah) 
(3.9) RR, Fee 7m _ 2a > ncosh (nx/@) |. 
4 4esinh* (z/2¢e) ea, ame 1 id 


If the left side of this equation be denoted by w(z, @), (3.9) states 
wWiiz,e) = — v (= -) ) Hy | 
’ 0 ; P ° : 1 | 


Equation (3.9) gives the result we use. Suppose we take 2 =a and 
choose @ to satisfy the condition, 


erlogR — aii e2ne 


that is, e = (log R)/2a, R>1 and real. Then (3.9) becomes, on being 
simplified and divided by log R 


1 ‘ (—1)"n 
2QlogR 8 +> Sar erlogR 1 


Sa [ 1 >> n cosh (2 n2*/log R) 
(log R)? L8sinh?(2?/log R) | A, etn /loeR —] 


(3.10) 








the right hand member of which is evidently not zero, since the bracket 
is essentially positive, R being greater than 1. Hence from (3.10), with 
er log R — R*, 

1 ~ cure ~ : 
(3.11) rT? +> 5 <0 8 
for every R>1 and real. 


So the function 8F/8r, for r = r= VR does not vanish for any 

R>1. For Rk = e (3.11) gives = + +3 ou Geen <0. cf Re 
n=1 a 

The point of equilibrium therefore does es remain fixed when the pole 
is moved outward or inward from the geometric mean circle along a radius, 
however small the motion may be. 

The investigation of the second derivative, however, from the o-function 
treatment yields the following result which helps to account for the physical 
results of the problem. 

THEOREM 2. The second derivative d*u/d8* vanishes identically at the point 
of equilibrium Bi = w'/2, u=21+'/2. 3 ee 
From Section 2, equation (2.3) defines u as a function of 8. ‘This dif- AP 

ferentiated. gives ou 
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0 = e'u+ao (TF ++i) —9 '(u — Bi) (44 _,) 


(3.12) 
+ bp (wu + £1) — g (u — B2)]. 


For the special values Bi = @’/2, u=2a-+'/2 (3.12) becomes 


(3.13) O= e'(nt+ o') (5 +i) — — g' (nm) (Sy - —i) 


+ le (1+ w’)—¢(n)). 


Since g’(17+ ’) = g'(a) = 0 and g(a1+o’)— g(a) +0, then at the 
equilibrium point 
du 
ape ~~ 
4, An approximation for the magnitude of the shift of the equilibrium 
point may be obtained from equation (3.10). This gives 





= 0. 





1 (—1)"m 1)" m 
2log R -;+2 R™—1- m 


(4.1) 
4n°? [ 1 +> m cosh (2 mz*/log R)]. 


Nig (log R)* | 8sinh?(x*/log R) * 2, gimm/logR — 








The form of the second member may be changed, using the relations 


1 1 e—27"/log R 
8 sinh?(a*/log R) 2 (1 —e-27*/loeR)? 








and 
> m cosh (2m7*/log R) __ i> m (1 


im jlog R omen I 


+ e~4 m 71?/ log R) e7 2m7?/ log R 








1 an e-4 m7/log R 


The quantity on the right hand is surely less than the expression 


—IM/logR @ —47?/logR —27?/log R 
i 1+e p> me 2m /log R — i I+e € “ 
2? 1 — e174 /logR =, - 3 — e417 /logR (1 — e—17?/ log Ry? ‘ 








Then an upper bound for |dF'/dro| is given by 


2 712 e- 7 /log R e-2 7 /logR 





(log hk)? (1 ae e—27*/log R)2 (1 as e-4 7/log R) . 
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For the particular case Rj; = 1, R =e, this upper bound for | 0 F/dr,| 
may be written in a simpler form by putting k = e?”= 2.7<10-. 











OF | _ 4n*k as . ss ; : ny 
a |<U=bU+tb = 42*k (1+3k) (1—k) = 4n’ k approximately. t 4 
Hence | 2 F/379| < 0.000000 1066. ¢ 
% 
In fact, for R=e, 6F/try= — = (0,000 000 1066) very nearly. To pie 
obtain a value for dr/dr, for R= e we form Re At the equi- : H 
librium point > 
ey. 813 . {se 
or ae = R™+1 | 
For R=e 
oF _3f1_ $1P—)]_ _ 2 : 
> = : E i mT = . (0.001), nearly. 


The required value of dr/dry is then approximately a 


dr 
dro 


Tue Rice Institute, Houston, Texas. 





= 0.0001. 
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ON A CLASS OF INTEGRAL FUNCTIONS.* 


By P. L. SRIvAstTAVA. 


1. Let » (z) be an integral function of z, where z = ge”. Then, evidently, 
there is a class of integral functions for which the asymptotic equality 





(1.1) lim sup ely teem = Acosy+ Bsiny, (for |w| < a), 


emo 


where A and B are some real constants, is true. The simplest number 
of this class of functions is e. In this paper, I propose to establish certain 
results concerning this class of functions. 

2. THEOREM 1. Jf p(z) is an integral function of z satisfying the relation 


(2.1) g(e) = Oe), 
where k is some real constant, everywhere in the plane; the inequality 
(2.2) lp (oe)| << eAw+®), where 4(w) = Acosw+ Bsiny, 


is satisfied, for every positive « and @ = oo(e) on the three radii vectores 
Ww = Y,, We, and Ws, which are such that the angle between each consecutive 
pair is less than 7; then 


log | (oe”)| 
e 





(2.3) lim sup = Acosy+ Bsiny, (for |w| < a), 


ew 

unless p(z) = 0. 

In the first place, we observe that, in virtue of the fundamental theorem 

of the classical memoirt of Phragmén and Lindeléf, the hypotheses (2.1) 
and (2.2) at once lead to the inequality 


| iv) | , , 
(2.4) seigige ) <Acosw+ Bsinyw+e, (for |w| < a), 
é being an arbitrarily small positive number, and ¢ exceeding a certain finite 
limit depending upon ¢, but independent of w. 
Next, we proceed to show that the inequality (2.4) implies the asymptotic 
equality (2.3), unless g(z) = 0. 





* Received September 21, 1928. 

7 “Sur une extension d’un principe classique de l’analyse et sur quelques propriétés des 
fonctions monogénes dans le voisinage d'un point singulier”’, Acta Math., vol. 31 (1908), 
pp. 381-406. The theorem referred to here is that of § 10. 
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Suppose, if possible, that the equality (2.3) is not true. Then there must 
be at least one value of w, say #, in the interval —a < w < qa, for 
which 





iy 
(2.5) lim sup veleiee ) = Acosw+ Bsin wy — J, 
o>” 


where 6 is some fixed positive number. 


Now suppose 9(z) => cw 2/v! = O(¢%), and let 
0 
I(s) =| 9 (z)e—* dz, 
0 


ora) - " 
ee Qi Cr Z 
=| e 7 as a 08 
0 0 V. 


By Cauchy’s theorem, we have 


(2.6) (s = o+ it), 





(2.7) ty = O((k+6)”), for every «>0, 
and hence it follows that 
—sz|, S| cre" | _ —(6—k—e) 
Je*|- | |< Ke *, 








where K is some constant, for positive values of z. 


Hence, if o>k, we can perform term-by-term integration in (2.6), from 
which it follows that 





co ” 
(2.8) I(s) = P rin = ie y(z) edz, 
where the series > cy/s**1 is absolutely and uniformly convergent for 
v=0 
\s| =k’ >k, and vanishes at infinity. 
Now let 


(W) 
I(s, ) ={° y (z) e* dz, 


where the integral is taken along a radius vector making an angle wy, 
(\w| < a), with the positive real axis. Putting s — Re®, we have, by 
virtue of (2.4), 


i - —o;)R 6 —A y—Bsin y— 
lp (oe™) e st! <e of cos (6+)— A cos y—Bsin y *} (e>0), 


so that J(s, w) represents a regular function of s in the domain D(w) 
given by 


(2.9) : fi cos (8+ y) > A cos w+ Bsinw+e. 
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Now suppose we take two values of w, say y’ and w”, sufficiently near 
to each other. Then the domains D(y’) and D(w”) will have a common 
portion, and for a domain of values of s within this portion, the expressions 
I(s, w’) and I(s, w”) will be equal. For 


ee” w (gel) eRe | +0, as e>m, 
if s lies in the region given by 
Reos (6+ wy) >k, 


where wy varies continuously from wy’ to w”. 

Therefore, by the principle of analytic continuation, either of J(s, w’) 
and J(s, w”) gives the analytic continuation of the other. Now introducing 
a set of values of w sufficiently near to each other between — 7 and 2, 
and comparing the expressions J(s, w), two at a time, corresponding to 
these values of Ww, we arrive at the conclusion that 7(s, w), where w may 
have any value between —a and 7, gives the analytic continuation of 
the function J(s) defined by (2.6). 

It follows, therefore, that the function Z(s) is regular over the domain D 
obtained by varying y from —z to a in D(w) given by (2.9). That is, 
D is the region lying exterior to the envelope of the lines 


(2.10) Reos(6+w) = Acosw+ Bsiny+e, (|p| < z). 
Now this envelope is 
(2.11) (o— A)?+(t+ B) = 2, 


so that it follows that J(s) is a regular function of s in the whole plane 
except at the point s= A—iB. Further, it can be easily shown that 
I(s) is also a uniform function of s in the region where it is regular. 
Also I(s) vanishes at infinity. Hence J(s) is either an integral function 
of 1/(s — «), where a = A—iB, without a constant term, or is identi- 
cally zero. 

So far we have made no use of the equality (2.5). Now utilizing this 
and arguing as above, we can prove that J(s) is an analytic function of s 
in the half-plane 


(2.12) Reos (6+ W)>Acos~+B sin py +e—d, 


where « is an arbitrarily small positive number. 

But the half-plane (2.12) is easily seen to include within it the point 
s = A—iB, so that if (2.4) and (2.5) are both true then J(s) = 0, and 
so is y(z). 
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It follows, therefore, that if y(z) is not identically zero, the inequality 
(2.4) implies the asymptotic equality (2.3). 

CoroLLaRY. If g(z) is an integral function of order 1 and type zero 
in Pringsheim’s terminology*, then it follows from the preceding theorem 
that 


(2.13) lim sup log | 9 (ee) | = 0, (for | w|< a), 


ea e 





and conversely. 

The corresponding result for an integral function of order 1 and type k, 
(k>0), is not necessarily true, as will be seen from a consideration of | 
the function e, : 





3. THEOREM 27. The necessary and sufficient condition that an integral Ne 
Junction (2) should satisfy the asymptotic equality Hae 
(3.1) lim sup log see = Acosw+Bsiny, (for |w|<a), 

ern 


is that p(z) should be of the form 
1 uz 
(3.2) y(z) = Oni of d(u) du, 


where C is a simple contour enclosing the point u = A—iB, and d(u) is ; ae 


an integral function of ol + —7B)’ not identically a constant. 





In the first place we shall show that the condition is sufficient. Replace 
the contour by a circle whose centre is the point «w — A—iB, and whose 
radius is «. 

Since d(u) is an integral function of 1/(u—a), («a = A—iB), not 
identically a constant, we can expand it in Laurent’s series 





(3.3) du) = dot e+ te tes Ae 


where all the coefficients of 1/(w—ea)", (n = 1, 2, 3,---), are not zero. 
We, therefore, have, by a simple substitution, 


(3.4) oe) = forrlat hs %4.tau, 
21 u u 


*A. Pringsheim, “Elementare Theorie der ganzen transcendenten Funktionen von We eh? 
endlicher Ordnung”, Math. Ann., vol. 58 (1904), pp. 257-342. A 
+ Compare: this with a lemma established by G. H. Hardy, Acta Math., vol. 42, p. 333. ; 
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the path of integration being the circle of radius « round the point 
«’ = 0. 

Now the series within the brackets in (3.4) being uniformly convergent 
on the path of integration, we can perform term-by-term integration, and 


thus have 
Zz oo u'z 
g(z) = = pn a {< du’, 








21 v=0 u 

co v—l 

— giz dy 
v=1 (vy —1)! / 


where the infinite series represents an integral function of z, not identically 

zero, and satisfies the relation ya z’—1/(v —1)! = O(e®@), for every 
v=1 

positive ¢, in the whole plane. 

It follows, therefore, that » (z) is not identically zero, and that it satis- 
fies the inequality (2.4). Hence, by virtue of Theorem 1, it satisfies the 
asymptotic equality (3.1). 

In the second place, we shall show that the condition is necessary. If 
gy (2) = >> d, 2”/v! is an integral function of z satisfying the asymptotic 

0 
equality (3.1), then y(z) is not identically zero, and it follows from § 2 
that the function (3.6) 


0 dy 
d(u) = = “350 


is an integral function of 1/(w—(A—iB)), not identically a constant. 
Now, by Cauchy’s theorem, we have 


2” 1 ev 
ms) vl ato , 


the contour of integration being a circle round the origin. 
Multiplying both sides of (3.7) by d,, and summing under the sign of 
integration from 0 to «©, we have 











ee ST dy 2” a we te: (* uz s" _ ov 
(3.8) 9) = p> yl iC et a rt on, 
mies 1 uz 
. zo 74 ke d(u) du, 


provided we take the radius of the contour of integration to be suf- 
ficiently large. 
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But now it is clear that the contour of integration in (3.8) may be 
replaced by any closed curve surrounding the point u = A—7B in the 
u-plane. 

Hence 


(3.9) 9 (z) = ser fe d(u) du. 
c 


4. Now we are in a position to establish the main theorem of this paper. 
THEOREM 3. The necessary and sufficient condition that the integral 


function » (2) = > cy 2”/v! should satisfy the asymptotic equality 
0 





iy « si 2 el 
(4.1) 2(w) = lim sup log lee | = Acos y+Bsiny, (for|y|<n), Aa 
0% 


A and B being some real constants not simultaneously zero, is that there 
exists an integral function c(z), which assumes the values co, (, C2, +++ for te 
z= 1, 2,3,---, and which satisfies the asymptotic equality 





(42) HW) = lim sup 28/¢ see 
ow 


= tan-! (=) sin y + 3 cos y log (A*+ B®), 


for |\w| <7, |tan—1(B/A)| being less than or equal to m/2. ha 
In the first place we shall show that the condition is sufficient. Ae a 
Let us consider the Taylor’s series 


(4.3) h(w) = Se ott = > e(v+1) wt = b c (v) w”, 


where c (2) satisfies (4.2). 

The asymptotic equality (4.2) implies that c(z) is not identically zero, 
and SO Cy, G4, C, Cs, «++ do not all vanish.* Hence h(w) does not reduce 
to a constant. Further (i) c(z) = O(é%), where k is some constant ‘ 
throughout the plane; and (ii) c(z) = O(e™”®), on the imaginary axis, so a 
that following the method of Carlson,t we can prove that h(w) is an 
analytic function of w all over the plane (including infinity) with the 


exception of the sole finite singularity at the point whose polar coérdinates ee 
are 


oe (Z) 
SS» tan wee a 
V A*+ B A 
*F. Carlson, “Sur une classe de séries de Taylor”, Thése, Upsal (1914), p. 58. 


+ Loc. cit., p. 18. In this connection see also G. H. Hardy, “On two theorems of F. Carlson t: ai a ¢ 
and S. Wigert”, Acta Math., vol. 42, pp. 327-339; and, in particular, the theorem of p. 338. ‘. See 
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Making the substitution w — 1/u, we find that 


(4.4) d(u) = h(w) =~ 2 ey 





is an integral function of 1/(«a—(A—iB)), not identically a constant. 
Now, proceeding as in the latter half of § 3, we have 











me. eee Bi & 5 
(4.5) — a — eee C8 wri ™ 
1 UZ 
” s5t.58 d(u) du, 


where C is a simple contour enclosing the point « = A—7B. 

It follows, therefore, from Theorem 2 that (z) satisfies the asymptotic 
equality (4.1). 

In the second place we shall assume that there is an integral func- 
tion y(z) satisfying the asymptotic equality (4.1), and then show that there 
exists an integral function c(z) which assumes the values ¢, G, Cs, --- 
for z = 1, 2,3,---, and which satisfies the asymptotic equality (4.2). 

y(z) not being identically zero, the function J(s), as defined by 





(4.6) Is) = 2 oa =[ 9@e* az, 
v=o § 0 


may be shown, as in § 2, to be an integral function of 1/(s — (A —7B)) 
without a constant term. 

Making the substitution s = 1/u we have g(u) = J(1/u) regular and 
uniform all over the plane (including infinity) with the exception of the 
sole finite singularity at « — (A+7B)/(A?+ B’). 

Now consider the integral function 


(4.7) c(z) = — : J g(u) du, 





yeti 


the contour of integration being a closed curve J enclosing the point 
u = (A+7B)/(A®+ B’), and u*+ being interpreted to mean exp. {(z-+1) log u}, 
where logw has its principal value. 

It is evident that, if R(z) => 1, we may deform this contour IF into 
a circle = having its centre at the origin and radius less than 1/V A®+ B’. 
That is, if R(z) > 1, 

1 u 
(4.8) c(z) = J. oy) du, 


277 
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so that it follows that the integral function c(z) assumes the values 
Co, Ciy Cg, +++ for z = 1, 2, 3,---. 

In (4.7) let us now effect the transformation uw = e*, (¢ = e+7m), 
where that value of loguw is chosen whose imaginary part lies between 
—ma and m. Plainly we may suppose the closed contour I enclosing the 
point « = (A+ 7B)/(A?+ B®) to be of such a form that it becomes trans- 
formed into a circle C of arbitrarily small radius « round the corresponding 
the point 4 log (A*-+ B*) — tan (B/A) in the ¢-plane. That is 


—1 
Qi 





(4.9) c(z) = f. &&g(e) de. 


Also —g(e~$) is regular except for € = }log(A®+ B*)—i(tan—'B/A + 2ka), 
(k = 0,1, 2,3,---), and is therefore of the form 


—ge*) = FO+8(), 


where F(C) is an integral function of 1/(¢— 8), (2 = 4log(A?+ B’) 
—itan—? B/A), and S(¢) is a power series whose radius of convergence 
is 2a. Therefore, 


(4.10) i se — fe F( at. 


Now it follows from Theorem 2 that c(z) satisfies the asymptotic 
equality (4.2). 

In virtue of a theorem of Carlson already referred to, the function c(z) 
is unique. Also g(z) and c(z) belong to the same class of functions so 
far as the property (1.1) is concerned. 

Particular cases. If A= 1, B= 0, then 4(W) = cos y, and H(w) — 0. 
If A=0, B=—1, then A(w) = siny, and H(wW) = a/2 siny. 

Finally, we may remark that there exist pairs of integral functions ¢ (z) 
and c(z) for which 4(w) and H(w) are identically equivalent. 

This will be the case if 


(4.11) B = tan (4), 

and 

(4.12) A = +-log(4? + BY), 
which lead to ; 

(4.13) Bcosec B = eBeotB, 


which has real solutions. 
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5. Wigert* was the first to prove the following theorem. 
The necessary and sufficient condition that 


(5.1) Sle) = otaeteoe®+-:-- 


should be an integral function of 1/(1—2z), not regular for z= 1, is that 
there should be an integral function c(z) of order 1 and type zero, which 
takes the values c,, C2, ¢3,+++ for 2=1, 2,3,---. 

Now from Theorem 3 we know that the necessary and sufficient condition 
that there should exist an integral function c(z) of order 1 and type zero, 
taking the values ¢,, ,¢s,--- for zg = 1,2,3,--- is that the integral 
function » (z) = S oot: z’/v! should satisfy the asymptotic equality 





(5.2) lim sup log ee = cosy, (for |w|< 7), 


ern 


Hence we have the following theorem. 

THEOREM 4. The necessary and sufficient condition that (5.1) should be 
an integral function of 1/1—z), not regular for z = 1, is that the integral 
Sunction 9 (z) = Zn 2”/v! should satisfy the asymptotic equality (5.2). 

fan 





* “Sur les fonctions entitres”, Gfversikt af K. Vet.-Ak. Férhandlingar, Arg. 57 (1900), 
pp. 1001-1011. See also G. H. Hardy, “On two theorems of F. Carlson and S. Wigert”’, 
loc. cit. 


ALLAHABAD, 
June 30, 1928. 





























THE JACOBI CONDITION FOR A PROBLEM OF MAYER 
WITH VARIABLE END POINTS*. 


By E. L. MAckrz. 


Introduction. The study carried out in this paper was suggested by 
the problem considered in a thesis by G. Senftner at Rostock in 1905, 
entitled Ein Mechanisches Problem aus der Variationsrechnung. Briefly 
stated, his problem is to find the shape of an inextensible wire of given 
length, suspended at its ends from two fixed points on a horizontal line 
and coplanar with the line, in order that the time of oscillation of the 
wire through a given angle about the horizontal line as axis shall be 
a maximum or a minimum. 

The integral that he gets to be made an extreme is 


{vv Vity? de 
Jo yVit v2 ac 


the x-axis being taken in the horizontal line of the ends of the wire, 
the y-axis vertically downward, and a being the distance along the x-axis 
between the points from which the two ends of the wire are suspended. 
The length of the wire is given by the integral 


(2) t= |" Vity? ae 


and so his problem is to find among all admissible arcs joining the fixed 
points (0,0) and (a, 0), and giving (2) a fixed value 7, one which minimizes 
or maximizes the quotient (1). The unusual feature of this problem is the 
type of quantity, the quotient of two integrals, which is to be made an 
extreme, and his application of Jacobi’s condition does not seem to be 
justified, as he fails to obtain any transversality condition such as those 
upon which the determination of focal points for analogous problems is 
known to depend. 

In the following pages a generalization of the problem of Senftner is 
considered, in which arbitrary functions of x, y, y’ replace the integrands 
of (1) and (2). The problem here considered is that of finding among the 





(1) L= 





* Received August 7, 1928; presented to the American Mathematical Society December 28, 
1927. 
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sets of functions y(x), u(x), v(x), w(x) (a, <x2< 22) which satisfy the 
differential equations, 

w—f(e,y,y¥) =90, v’—g(z,y,yv) = 0, w'—h(,y,y) = 0, 
and the end conditions at 1 and 2, 
0, 3 — ay = 0, 
0, y (x2) — i, = 0, 
w (a) —l nea 0, 


UM ay 
y(%1)— By 


u(x,) = v(%,) = wl) = 0, 


one which minimizes the quotient u(zxz)/v(a,). It is readily seen that 
the problem includes that of Senftner, when 


S(e,y,y) — yVity’, g(x, Y; y) — yVity", 


h(x, y,y') = yi +y”. 


The theory developed applies equally to a maximizing or a minimizing 
problem, but for simplicity we shall use the terminology of the latter in 
this paper. 

This generalized problem is itself a special case of the problem of 
Mayer with variable end points studied by Bliss*. Using his theory, we 
set up the differential equations and obtain the transversality condition 
at the second end point for our problem, and then an analogue of Jacobi’s 
Condition is found. The last-named contribution is the important part of 
the paper, as it is believed that this is the first time that such a condition 
has been justified for the type of problem studied by Bliss. 

The following discussion is divided into five sections. Section 1 contains 
a more detailed statement of the problem to be considered. In Section 2 
the Euler-Lagrange differential equations are deduced as a first necessary 
condition on the minimizing arc E,., and their solution yielding a seven- 
parameter family of extremals is discussed. Also, a transversality condition 
for the minimizing are at the second end point is found. In Section 3 by 
applying the transversality and other end conditions at the second end 
point, the class of ares within which ZF, lies is reduced from the seven- 
parameter family of extremals to a four-parameter family satisfying the 
end conditions at the second end point. Section 4 gives a method of 
selecting from this four-parameter family a one-parameter family of extremals 
containing 2, in such a way that the family has an enveloping curve D 
lying on an enveloping four-space. It also gives a method of determining 





* Trans. Amer. Math. Soc., vol. 19 (1918), p. 305. 
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this same one-parameter family directly from the seven-parameter family 
of extremals. In Section 5 it is shown that an envelope theorem and 
a necessary condition analogous to that of Jacobi apply to this problem 


just as analogous conditions apply to simpler problems in the Calculus of 
Variations. 


1. Statement of the problem. The problem proposed is to find in 
the class of sets of functions, 


(3) y(x), u(x), v(x), w(a) (7% < x < 2), 
satisfying the differential equations, 
(4) w—f(z,y,y)=90, v—-ga,y,y)=90, w'—h(z,y,y) = 0, 
and the end conditions at 1 and 2, 


%,— a, = 0, Lg— a, = 0, 
(5) y(x%,) —B, = 0, y(a)—#&, = 0, 
u(%) = v(m) = w@)=— 0, we)—l =), 
one which minimizes u(z,)/v(x,). Let the functions f; (¢ = 1,.---, 9) of 
the end values of x, y, u,v, w be defined by the equations 
Ji ~~ Uy/Vs, St Tae Be » Ii = Ly — ty, 
(6) Ss = %™— 4, Js = U1, Ss = yz — bs, 


Js = m"—Ai, Je = , Jo = we — I, 


where yi, wi, vi, Wi, (¢ = 1, 2) are the values of y, u, v, w, respectively, 
at 2, and x,, and consider a minimizing are Ej», 


y=y@), w=u@), v=v@), w=wv@) GMSxr< my), 


I\ 


which fulfills the above requirements—that is, which minimizes f, in the 
class of sets (3) which satisfy (4) and make f,f = fp = --- =f, = 0 
It is assumed that Ej, is of class C”,* that the admissible arcs among 
which a minimum is sought are of class C’, and that there is a neighbor- 
hood R of the values z, y, y’, about Ey, such that in R f, g, and h are 
of class C!Y, 

The admissible curves which satisfy (4) and (5) all pass through the 
fixed point 1, whose coérdinates in the five-space are (az, y, u, v, w) 
= (a,, A,, 0, 0, 0), and have their second end points in the two-dimensional 
set of points (x, y, wu, v, w) which satisfy the equations 


c=%, yrh, w=l. 





*See Bolza, Vorlesungen iiber Variationsrechnung, pp. 13, 63. 
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2. The differential equations for a minimizing arc, and the 
transversality condition. The problem of the preceding Section, as was 
stated in the Introduction, is a special case of the Mayer problem with 
variable end points studied by Bliss. By applying his more general theory 
here, it is known that if 2 denotes the function 


(7) Q(a, Y; y’, uw’, v’, w, Ay, ds, As) — Ay (w’— f) + ds (o'— 9) +s (w’— h), 


then a necessary condition that #,, shall be a minimizing arc is that there 
shall exist functions 4; = 4;(x) (¢ = 1, 2, 3) not all identically zero on the 
interval 2,, x2, which with the functions y(x), u(x), v(x), w(x), defining the 
minimizing arc satisfy the following conditions: 

They are solutions of the differential equations (4) and the equations 


d : d 
Ry ee d oe Qy = 0, Q, = dz Qy or 0, 

(8) 4 P 
2, — =~ Bw = 0, 2. — 7, Sw ad 0, 


the subscripts denoting partial derivatives and the primes denoting derivatives 
with respect to x, as they shall throughout this paper, except when other- 
wise specifically stated. Furthermore, they make the following determinant 
vanish: 


Oh fk Oh hh hh A Mh MM MO Me 





On, en 8 Uy 81 v1 0 wy, 0 Le 0 Ye 0 Ug Ove 0 We 

; a a 
RR Ne ee ee ee 

0x, 0 We 

Aq by Qu(%) 2Qv(a) Bue) —ag —by —Qw (x2) —Qy (x2) —Qw(xz) 


where a, ),, a2, b2 are the values at 2, and x, of the expressions 


a = 2(xj) — By (xi) y' — Qu (x) uw — Qy (ai)  — Qw (x) w’, 
iy se ir bed (i = 1, 2). 


On account of the special character of the function 2, the equations (8) 
take the form 


d d d 
(10) &,—— fy = 9, ~— am = Q, a 
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the last three of these equations having as their solutions, : 4 
4, = constant, 4, = constant, 4; = constant. ey 
: 
“ 
The first equation of (10) is a second order differential equation in x and y, 
which can be written in the form : 
d i 
(11) —Ay Sy — Ae gy — Ashy + a Oa Sy + Aagy + shy) = 0, 
or 5 
(12) Qyyy" + Qyyy + Bye = Qy. ee 
Assuming that va 
(13) Qyy = —Afyy —Asgyy —Ashyy +9, : ba 
in a neighborhood of F,:, we find that the solution of (12) for which 
4, +0 has the form 
(14) Y = (2, G1, Ce, Cs, &), 
where cy = 4,/A,, cs = 4s/4,, and c,, c; are constants of integration. On 
account of the continuity properties assumed for /, g, andh, this function 
and its derivatives with respect to x are defined and of class C” in 
a neighborhood of the values (x, ¢, C2, ¢3, ¢7) defining the special mini- 
mizing arc E,, which we are studying. 
The other differential equations (4) determine u,v, and w in terms of 
(14), so that the whole family of extremals is defined by the functions 
yY = y(@, G, Ca, Cs, i), 
re 
u = u(x, G1, Ce, Cs, C5, Cr) =["re, y, y dx cz, 
(16) : | 
v = v (a, G4, Ca, Cs, Ca, Cr) ={. g(x,y, Y)dxt+ ey, 
1 
Go 
w = w(x, %, C2, Cs, Ce, Cz) =[. h(x, y,y)da+ ce. } 
The tenth order determinant (9), when the indicated operations are per- is! s 
formed, is seen to reduce at once to a third order determinant which when 
expanded is found to be . 
A,/v,+ 4, u,/v2, : 
and so the condition that the determinant vanishes reduces to the equation 
(16) A, Us -} hs ve = 0. 
Now it is known that not all the 4; (¢ = 1, 2,3) are zero, but since 


the réles. played by u, v, and w are not interchangeable, there might 
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obviously, from (7), be loss of generality in arbitrarily assuming that 
a particular one of the three is different from zero. We can prove, how- 
ever, that 4, + 0 for a minimizing arc. For suppose 4; 0. Then (16) 
becomes 

Anve = 0. 


But for f, = ws/ve to be a minimum, obviously v, + 0, and so 4; = 0. 
For 4, = 4, = 0, 4s + 0, as they must be in the case under consideration, 
EF, would be an extremal arc for the integral 


We = "ne, Y; y )dx 
1 


as seen from (7), a case which will be excluded by hypothesis. For if 
the arc Ey, were a minimizing arc for the integral w,, there would in 
general be no other ares near it giving we. the required value w, = J, 
and the minimizing problem of this paper would be trivial.* 

Hence we may assume that 2, + 0. From this and the fact that the A; 
enter homogeneously in 2 it is seen that the solution of (8) contains only 
the constants co = 4,/A, and c, = A;/A, in addition to the constants of 
integration, as has been heretofore indicated. In terms of c., equation (16) 
becomes 
(17) Us + Cov, = 0, 


which is the transversality condition at the second end point. 

We may summarize the results of this Section, by making the follow- 
ing statement: 

A minimizing arc Ey, for a problem fulfilling the requirements imposed 
in Section 1 must satisfy the differential equations 
Zz 
dx 
and the transversality condition 

A, u(a2) + Aav(ae) = 0, 


(18) 2,— Qy =0, w—f=0, v—-g=0, w—h=0, 


where 


@ = Aw —f) +4, (v'—g) + da (w'— 2). 
The solutions of the differential equations (18) have the form 
ae (x, Cry Ce, C3, Cr), 


wa 
U = U(X, Cy Ce, Cs, C5, Cr) =| S(x,y, y)dx+ cs, 
1 


* Cf. Bolza, loc. cit., p. 460, footnote. 
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xe 
v = v (2X, G1, Ce, Cs, C4, Cr) ={; g(x,y, y)dx+ae, 
1 


ae 
2 = we, C1, Ca, Ca, Ce; (1) =[ h(a, Y; y)dx+ eg, 


where Cg == As/A, and cg = Ag/A,. 

Thus, we have a seven-parameter family of extremals in the zyuvw-space, 
and we shall henceforth suppose that this family contains £, for the par- 
ticular set of parametric values 


(19) = Cio ( vr eye ty 7). 


The end conditions for the determination of these seven constants are that 
b=h=h=fe=S/s= fo = 0 and the transversality condition (17), 
seven in all, as there should be. 

3. A special four-parameter family of extremals. Out of the 
seven-parameter family of extremals just obtained, let us select those which 
satisfy the end conditions at 2. Leaving off the restrictions at 1, we find 
that these conditions are expressed by the equations 


mm" es y (X25 C1, C2, C3, C7) = pe, w (x2, G4, Ce, Cs, Ce, G2) = U, 


u (x2, C1, Cay Cay C5, Cz) + cg v (ae, Ciy Coy Cay Cay () = @. 


(20) 


The end values of E,, at 2 satisfy the conditions (20) applying at the 
point 2, and so the constants cio (¢ = 1, ---, 7) from (19) defining £,, must 
satisfy (20). 

As a consequence of the assumption (13), it follows* that the determinant 


|Ye, Ye, | 
i Ye, Ue | 
is different from zero along E,, and in particulier at the second end point 
of Eyz. In a neighborhood of the values co, ---, Go at least one of the 
quantities yc, and yc, is different from zero at 2, as otherwise the determinant 
(21) would vanish. We suppose the notation so chosen that y, +0. Then 
it is possible to solve the second equation of (20) for c; in terms of c, ¢, 
and cs. The third determines cg as a function of the same three param- 
eters, and the fourth equation then determines c, as a function of c¢, Cs, 
C3, Cs. These functions have the form 


ge eas (a, C2, Cs) — & (a, C2; (3, (4), 


Ce == Co (Cr, C2, Cs), yr = Cy (Cay Cay Cp). 





* Cf. Bolza, loc. cit., p. 176; Bliss, Calculus of Variations, p. 147. 
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Substituting the values so determined of these constants ¢5, cg, c, in (15), 
we obtain a four-parameter family of extremals 


y = Y (a, C1, Ce, C3); 


xr 
u = U(a, Gy, C2; ¢3, C4) = [re Y, Y’) dat cs (ey, ¢s, €3, C4); 
(22) . 
v = V (a, G1, Ce, ¢s, C4) = [o, Y, Y')dr+«a, 


7 W(x, C1, C2, Cs) os: [fre ¥; Y’) dx-+ C6 (C1, C2) Cg). 


This four-parameter family of curves in the space of the variables z, y, 
u,v, w is the part of the original seven-parameter family (15) that satis- 
fies the end conditions at the second end point, or comprises all the 
extremals that satisfy the conditions (20) which apply at 2. Hence £,, 
is also contained in the family (22) and is defined in that family by the 
parametric values cio (¢ = 1, ---, 4). 

4. A one-parameter family of extremals with an envelope. 
In addition to the necessary conditions imposed on a minimizing are E,, 
that were established in Section 2, let us consider the possibility of applying 
to this problem an analogue of Jacobi’s condition for simpler problems in 
the calculus of variations. 

For this purpose let a one-parameter family containing E,, be selected 
from the four-parameter family of extremals (22) by determining the c as 
functions of a single parameter ¢, given by the notation, 


in such a way that for a definite value ¢ = t% we have cio = Gj (to) 

({ = 1,---,4). Furthermore, the functions c(t) are to be so determined 

that this one-parameter family of extremals shall touch an enveloping 

curve D at the points defined by a suitably chosen function x = z(t). 
The equations of the one-parameter family sought are 


= Y(z, (4), o(t),c()), w= U(x, 1 (t), ce (0), cs (0), (0), 
= W(x, «(t), c(t), c3())), v = V(x, a(t), cs(0), es (0), c(O), 
and those defining D are 

z =z (0, 


(24) 7 


y = Y(x(t), ad), @(d), cs (d), 

(25) u = U(ax(t), a(t), c(t), es(), c(t), 
v = Vi(az(t). a (0, of), oO, a(), 
w = W(x(t), (2), (2), c(d), 
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the c(t) and x(t) to be found. Since the slope of D at every point is 
to be the same as that of the curve of (24) through the point of contact, 
the corresponding derivatives of (24) with respect to 2 and of (25) with 
respect to ¢ must be proportional. Calling the proportionality factor 
eo = o(t), we see that this condition is expressed by the following equations: 
Q . 1 == Lt; 
oY’ (x, ce (0), c(t), cs (0) = Y' att Ye, a,+ Ye, co, + Ye, ¢s,; 
(26) @U'(a, e(0), co(t), cs (8), c4(Q) = U'at+ Ue, e1, + Uc, c2, + Ue, 3, + Ue, c4,; 
eV" (x, 1 (), ca (t), cg (0), c(t) = V' xe+ Vo, c1,+ Ve, 2, + Ve, ¢2,+ Ve, c4,; 
oW' (a, (0, ce (0), ¢3 (0) = W'at+ We,c1,+ We,c2,+ We,¢s,; 


where the arguments of Y’, Y.,, etc., on the right hand side are the same 
as those on the left. From the first equation, e = 2. When this value 
is substituted, equations (26) become 


Ye, C1, + Ye, to, + Y., 4 = 0, Ue, ¢1, + Ue, ¢2,-+ Ue, Ca, + Ue, ¢4, a 0, 


(27) 
We, 1, + We, c2,+ We, ¢s, = 0, 7c, C1, + Ve, C2, + Ve, ca, + Ve,cs, = 0, 


which hold at each point on the enveloping curve D. Hence if the 
derivatives c;, (¢ = 1,---, 4) are not all zero, a case ruled out from the 
nature of the problem, as these are the variables for which we are solving, 
it follows that at every point along D the determinant of the coefficients, 


a(¥, U,V, W) 
0(q, Co, Cg; C4) 4 





A(x, C1, Ce, C3, %) = 


or, as this becomes for the family (24), 








Fé: Sey Te. @ 
Uc, Uc, Uc, Ua, 
(28) A (x, C1, Ce, Cs, C4) — Ve, Ve, Ve, Ve, 
We, We We, 0 
vanishes identically in ¢ when x(¢) and q(t) (¢ = 1, ---, 4) are substituted.* 


The determinant A(x, cio, cso, C30, Cao) Will vanish at every focal point 
on £,,—that is, at every point of contact of Ej, with D. Suppose that 
this vanishes at points for which x<z,. Let the last such focal point 
before 2 occur at a point 3, at which z = 23< 2», and assume that 


(29) Ax (7s, C10, C205 C30, Cao) + 0. 





* Cf. Darboux, Théorie Générale des Surfaces, t. 2 (1915), p. 7; Bliss, Lectures on the 
Lagrange Problem, p. 52; Bolza, loc. cit., p. 611. 
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Consider the equation obtained by equating (28) to zero. From theorems 
on implicit functions,* it is known that there exists a unique solution of 
this in the form 

(30) = = F(a, C2, 3, C4) 


which holds in a neighborhood of the values x = 23, ci = co (= 1, +--+, 4) 
and satisfies the initial condition 


= E(co, C20, Cao, C40) 


When (30) is substituted in (24), the locus of all the focal points of the 
four-parameter family (22) in a neighborhood of the point 3 is obtained, 
an enveloping four-space, the portion of which lying in the neighborhood 
of 3 shall be designated as R,. The equations defining R,, obtained by 
making the above substitution, are 


x = §(q, C2, ¢s, Cs), 

y = Y(E(q, ca, es, C4), C1, Ce; Cs) = 14(¢y, Ca, Cs, C4), 
(31) u = UE (er, ca, Cs, C4), Cry Coy Cy Ca) = C(Cr, Ce, Ce, Ca), 

v = V(E(G1, Ce, 3, C4), Cry Cay Cs, Ca) = (Cr, Ca, Cs, Ca), 

w = W(E(c,, Ce, C3, Ca) Cr» Co, Cs) = WG, Ce, Cy, %), 


the c lying in a neighborhood of co (= 1,---, 4). 

Now the determinant (28) vanishes at every point on R,, and in particular 
at 3, given on A, by the parametric values cj (¢ = 1,---,4). The rank 
of the determinant cannot be less than three, however, by virtue of (29). 
For if so,—that is, if all third order minors vanished—each of the four 
determinants obtained by differentiating a column of (28) would vanish, 
when expanded in terms of the elements of the differentiated column, and 
so the sum would vanish, thus contradicting (29). Hence the rank of the 
determinant is three. For the three rows in which there is at least one 
non-vanishing minor, let the minors proportional to ¢,,, c2,, ¢s,, cs, be denoted 
by A,, de, 4s, 4s, respectively, where 


A= Aili, ¢e, C35 (4) (i _— 1, ee Oe 4), 


and let the proportionality factor be taken to be one. Then these 
equations follow: 


(32) 5, = Ailes, C25 gy C4) Gi = 1,---, 4). 
For initial conditions, we take 
(33) Ci(to) = Cio = 1,---, 4). 


ee 


* Goursat-Hedrick, Mathematical Analysis, vol. 1, p. 35. 
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Then existence theorems for a system of ordinary differentia] equations* 
tell us that there exists a solution of (32) in the form 


(34) Gg = a (e) (2 anal hk. Che, 4) 1 


which for the value ¢% of ¢ satisfies the given initial conditions (33). 
Putting the functions (34) in the first equation of (31), we find the function 4 


x(t) = &(q (0), ce(t), o(0, a (8), 


it and the functions (34) having been so chosen that the one-parameter 
family (24) contains the are E,, for the value ft, of ¢. 

This one-parameter family of extremals could also have been obtained ; ae 
directly from the seven-parameter family (15) by imposing the restrictions oh ae 
on the c(t) (¢ = 1,---, 7) that they satisfy the end conditions (20) at 2. 
The method is similar to the one just completed, and so merely an outline 
of it will be given. 

The equations of the one-parameter family sought are 


a SPS eae ON Fan Fi ere) 


y = y(z, ¢ (0), ce(t), cs (0), e7(0), v= v (x, 4 (0), c2(O, ¢3(0), 4 (0), c7(8). 


35 
; u = u(x, (0), c2(0), c3(0), ¢5(0), cr(d), w= w(z, c(0), ce(0), 9 (0, c(t), er(0), 


the c(t) having to also satisfy the equations 


y (x2, Cy (t), C2 (t), cs (0), c7(#)) — Bs, w(xe, ¢, (8), ¢2(t), cs (0), ce (t), ¢7(0)) _— i, 


36 
' U (xz, C(t), C(O), Cs (4), C5 (t), c7(t)) + ce (t) (xe, C(O), ca(0), ¢3 (0), cx (8), er(t)) = 0. 


We wish to determine these functions ¢(t) (i = 1,---, 7) in such a way 
that for ¢ = t we have c(t) = co and such that the one-parameter 
family of extremals (35) shall have an enveloping curve D defined by the 


equations 
x= x(t), + 
(37) y= y(a(d, e1(8), cold), cg(0), c(t), = v (x(8), e1(0), cal), ca(0), ca), cx(8), | 


u = u(a{t), c:(), co(d), ca(0), c5(0), c(t), ow = walt), e1(0), colt), cg(0), colt), cx(0), 


the function x(t) also to be found. Imposing the condition that the slope 
of the one-parameter family (35) shall be the same as that of the curve (37) 
at the point of contact, we find that at every point on the curve D the 
following equations must hold, where primes here denote derivatives with q ; 
respect to ¢: ; ey 


--— , = 


* Bliss, Princeton Colloquium Lectures, p. 86; Bolza, loc. cit., p. 168. 
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Ye, + Ye, C2 + Ye,C83 -b Ye,C1 == 0, Ve, Ct + Ve, +e, c3+ Ve, cave, C3 = 0, 
We,Ci + Mea + Ue + Ue, + Ue,c7 =O,  We,cr + We,C2+ We, c+ We,c6+ we, C7 = 0. 


By virtue of equations (36), the functions c; (¢ = 1,---,7) must also 
satisfy 


Ye, (W2)+C1 + Yo, (a2)-C2+ Yo, (%2)-03-+ Ye, (9) + C7 = 0, 
We, (2g)+ C+ We, (a2) C2 + We, (22) + C3 ++ We, (2) +C6-++ We, (29) C7 = 0, 
[ee, (a2) + €2 Ve, (a2)] ci + [ete, (@2)+ C2 Ve, (22) +-v(x2)] 2+ [ te, (ar2)+ C2 Ve, (2)] c3 

+ Cg Ve, (2g) + 4 + Ue, (a5) + 5 + [Ue, (&2) + C2 Ve, (x2)] 7 = 0, 
and so there are seven homogeneous equations which the seven quantities c; 
must satisfy. Hence unless all the cj; are zero, a case ruled out as before 
as being irrelevant, at every point along D the determinant of the co- 


efficients must vanish identically in ¢ when x(¢) and c(t) (@ = 1,---, 7) 
are substituted. This determinant is 








Ye, Ye, Ye, 0 0 0 Ye, 
Ute, Ue, Ue, 0 Ue, 0 Ue, 
Ve, Ue, Ue, Ve, 0 0 Ve, 
(38) We, We, We, 0 0 Weg We, 
Ye, (2) Ye, (a) Ye, (2) 0 0 0 Yc, (a2) 
We, (%2) We, (%2) We, (2) 0 0 We, (H2) We, (Xa) 
1 Ye Ys  — €aVe, (42) Ue, (aX) 0 17 
where 
= Uc, (X2) + C2 Ve, (x2) (k = 1, 3,7), 


¥2 = Uc, (X2) + C2 Ve, (2). 


By repeating the argument of the previous case concerning the point 3 
and assuming that 


(39) Dz (x3, X2, C10, +++, C70) $ 0, 
we find a unique solution 
(40) z= B(q, ---, ¢) 


of the equation obtained by equating (38) to zero, which holds in a neighbor- 
hood of the values x = x3, ¢ = co (i = 1,---, 7) and satisfies the initial 
condition 

Xg = F (co, +++, Co). 


Putting the value (40) in (15), we get the equations defining the enveloping 
hyperspace to be 
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x= E(q,---, ¢), 

y = y(B(q, «++, cz), Cry Ce, C3, Cr), = H(q,---, cr), 
(41) u == U(F (Gq, +++, C7), Cry Ca, C3, C5, Cr) = Z(G, +++, cr), 

v = v (FE (Gq, +++, C7), Cty Coy Cy Cay Cx) = O(G, ---, cy), 

w= WE (G4, +++, C7), Cty Cay Cy Coy Cr) = (Gq, +++, or), 


the equations holding for values ¢ near cio (i = 1,---, 7). The seven con- 
stants are, of course, not all independent, the cs, c., c; being defined by 
equations (36) as functions of ¢,, cz, cs and c, so that (41) above represents 
a portion of a four-space as before. 

The rank of the determinant (38) at 3 is six by the previous reasoning 
applied to hypothesis (39). Call D;, where 


Di = Dj (aq, +++; €7) (i = 1,---, 7), 


the minors proportional to c; in the six rows of (38) in which a non- 
vanishing minor lies and take the proportionality factor to be one. Then 


¢ = Di (ey, +++, €7) (¢=1,---, 7). 


For this set of ordinary differential equations, we know as before that 
there exists a solution 


G = c(t) (¢ = 1,---, 7) 
which for ¢ = f) satisfies the initial conditions 
Ci (to) = cio (¢ = 1,---, 7) 


and so the one-parameter family (35) contains E,,. The function x (¢) is 
given now by 


a(t) = F(a (t),---, er) = §(a@,---, a). 


In Sections 3 and 4 we have selected out of the seven-parameter family of 
extremals (15) those satisfying the transversality and other end conditions 
at the second end point, given by equations (20). The curves selected com- 
prise a four-parameter family, 


7 = Y (x, Cy Cay Cs), 


u = OU (a, G, Ca, Cs, Ca) ={"re, Y, Y’) dx-+ cs (1, ce, ¢s, Cs), 
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xr 
v = V (a, (1, Ce, Ca, Ca) =f g(x, Y, Y’)dxa+u, 
to 
w = W(a, 1, Cs, Cs) =" h(a, Y, Y’) dx cg (q, ce, ¢s). 


A one-parameter family has been selected by determining the c; as functions 
c(t) in two ways: first, from the four-parameter family of extremals above, 
and second, from the original seven-parameter family (15). In each case 
this has been done in such a way that the one-parameter family contains Es 
Sor the value ty of t and has an enveloping curve D lying on an enveloping 
Sour-space. 

5. The envelope theorem and Jacobi condition. In the preceding 
Section it was assumed that Hj, touches the enveloping curve D at a point 
or points for which x< zz, the last such point being at « = 73, as shown 
in Figure 1. Let the point of contact of D with another of the one- 
parameter family, an arbitrary arc E,, lying in a neighborhood of jz, 
be a point 5, defined by the value ¢; of ¢. Consider the composite path 
Fi43+Ds;+Hs, as shown in Figure 1, the equations of whose constituent 
arcs E\3, Dgs, and Hs4, respectively, are 


tates Y(a, Cy (to), C2 (to), ¢3(to)), “= U(a, Cy (to), C2 (to), ¢3 (to), C4 (to)), 
= Wa, C1 (to), C2(to), ¢3(to)), v = V(a, (to), ce(to), Cs (to), ¢4(to)), 
for 7 < x4 < 23; 


(42) 


x= 2,(d), 

y = V(as(), a (d, (0), cs () = ys(t), 
(43) u = U(x, (bt),  (t), co (0), cg (2), cx (2) = us (0), 

v= Vast), a, o(, oO, a) = vs (0), 

w = W(as(t), 1 (t), c2(2), ¢3 (2) = ws(t), 


for tj <¢t< 7%; and 

y = Y(a, (ts), c (ts), es (ts), 

u = U(x, & (ts), C2 (ts), Cs (ts), Ca (ts), 
v = V(a, G (ts), ce (ts), ¢ (ts), ca (ts), 
w = W(a, &% (ts), ce (ts), 3 (ts), 


(44) 


for 7; 4%. 

Since 1 is an end point for this composite arc as well as for E,, and since 
by hypothesis the end values at 1 are satisfied for Z,., they are likewise 
satisfied for the composite arc. 

Along FE, and Hs, which are extremals and so are solutions of (18), 
the differential equations (4) are obviously satisfied, since they are included 
in (18). Also, the slope of D at every point is the slope of one of the 
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one-parameter family of extremals (24), and so D satisfies (4). Hence the 
whole composite arc at every point satisfies the differential equations (4), 
just as Ej, does. 





1 Fig. 1. 


The functions (22) defining the four-parameter family were determined, 
as is seen from (20), so that at 2 


Y (xe, C1, Ca, Cs) = Be, W22, G1, Ce, cs) = I, 


45 , 
(45) U (ae, Cry Coy Cay C4) + C2 V (ae, C1, Coy Cay (4) = 0, 


identically in ¢,, cs, Cs, ¢¢. Hence the transversality condition a. 
Us + Ce Vg = 0 


is satisfied, and the required values are obtained for y and w at 2 along 
the composite path. 

Thus the arcs E,3+D;,+£;,, for all positions of 5 near 3 on D, have 
been shown to satisfy the original differential equations and to cause all 
the functioms (6) to vanish except the function f, = we/ve. It can now 
be shown that f, has the same value on all of the composite arcs 
E,3+Ds3;+;, for any position of the point 5 near 3 on D. a 

Since E,3;+Ds,+ £3, satisfies (4), the values of w2, ve, we along it are, 
respectively, a 

U (az, Cry C2 C35 Cs) 


Zs Se ts Pe ts , 
= [FY Vda $f" P es, us nd 2504, dt+ J $Y, Vax, 


V(ae, C1, Co, Czy (4) 


Ts — 5 ~ —- 
=|, g(x, Y, ¥ dx + f"9 xs, ys, ys,/ ts) a,att - g(x, Y, Y’)dz, 


W (ag, C1, C2, C3) 


= ["nw, ¥, Yar tf nles, ys, ys,/asdasatt fhe, ¥,¥)de, 


(46) 
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the constants of integration c, cs, cs being zero since 1 is the initial point 
of these ares and at this point w= v, = w, = 0 from (5). From the 
last equation of (46) and the second of equations (45), it is seen that 


(47) i ‘h(a, Y, ¥')da+ J “Ie(@s, Ys» Ys,/06,) x5,dt + i ph Y, ¥')de =1. 
From (46) and the last of equations (45) we see that 
” on 5 x, - 
re, Y,¥ arf. SF (x55 Ys; Y,lt5)%,at+ wl Y, Y’)dx 
+a(6 f “ox, Y, Y")dax+ f “Gls, Ys, Ys,/xs,)x5,dt-+ f. ee 2, Y, Y'\ae) 0. 
1 3 5 
Differentiating (47) with respect to ¢, we get 


(49) his, ys, ys,/2%s,)x5,—h(xs, Ys, ¥5)205, +f. * hy 1t,+hy Yijdx = 0. 


(48) 


There is no term in 24, since 2 = 2, on all the composite arcs on account 
of the conditions (20). The first two terms of (49) cancel each other, 
since D and Es, are tangent to each other at the point 5, and so (49) 
reduces to 


* (hy Yithy Yi) dx =0, 


x,(t) 


the derivatives with respect to ¢ being taken at ¢=—¢,;. Integrating this 
by parts, we get 


; , d 
[hy Vals + f Ye (ty — hw) peer 
or 


(50) [Ay (Ve, «1,+ Ye, c2,+ Ye, ar +) Y: (hy “— hy) dx = 0. 


From the first of equations (45), it follows that 


~~ 
™_ 


(51) Ye, a,+ Ye, ¢2,+ Ye, C3, == ( 


at a, = 2, for all values ¢; of ¢ in a neighborhood of 4, and (51) holds 
at the lower limit by means of the first equation of (27), since this point 
of the are E;, is on the envelope D. Therefore, equation (50) may be 
written 


a d 
(52) be y t (hy = shy) dx = 0, 


Differentiating (48) with respect to ¢;, we get similarly, where again 
the derivatives are to be taken for ¢ = f¢,, 
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© oe d q d 
8 ” (J ca ia) ar eS af (oy cas + 9v) - 
: ; # ¢ “s ‘ 7 yr 
+ a(t glx, Y,Y Na+ fi kas, yorys/ta)rrat+ J a, aE \az] ==), 


Now from the Euler-Lagrange equation (11), replacing the 4; (i = 1, 2, 3) 
by their values in terms of cz and cs, we know that the equation 


(54) Sy — + fy + (oy se +9) + Cs (iy . 


(53) 


— hy) = 0 


holds at every point on each extremal arc, and so certainly along the 
arc E54. Multiply (54) through by Y; and integrate between the limits 
x5(t) and a,. Since the integrand vanishes at every point of the interval, 
the integral will be zero, yielding the following equation: 


x, - d 
Se¥: (Aa polv) dete J ¥: (y— 4 gy) ao 


d 
+a‘ Y, (ty — as 


(55) 


a(t) hy) dx — 0. 


But from (52) the last integral is zero, and (55) becomes 


4 ‘ , d pone 
alt (fv—gofy) dates nw lt (Gv — 4 gu) dx = 0. 


7 means of this equation, (53) reduces to 


a ({ g(x, Y, Y')dx +f 9 (X55 Yss Ys,/2s,) Xs, at+ | oI 3 Yaa) = 0. 


Since the second factor is the value of v, along the composite path, and 
since from continuity properties v, must be different from zero along all 
admissible ares in a neighborhood of E,, in order that w/v, be a minimum, 


it follows that 
d C2 /at = 0, 


or c,(¢) = constant for the family of arcs Z,3; ++ Ds,+ E;,4. But from (17), 


Us/Vv, = — c(t), and so 
Si = te/ve = constant. 


This quotient has therefore the same value as when taken along E,., when 
taken over any member of the family of composite ares for ¢, in a neigh- 
borhood of 4%, and the envelope theorem holds. 
By existence theorems for differential equations, we know that there 
is one and but one solution of the equations (18) through each point 5 in 
29 
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the direction of D. This is the extremal E;,, and it is evident therefore 
that D cannot be an extremal of the family. If it were, it would have 
to coincide with each extremal #,, with which it has a point of contact, 
each of which in turn would have to coincide with H,:, since D touches 
Ey, at 3, thus contradicting our hypothesis of the existence of a one- 
parameter family (24).* Then E,3-+ Ds; + E;4 can be replaced in a neigh- 
borhood of EZ, by an are giving the quotient /, a smaller value. Hence 
no composite arc of the family considered can minimize f, if the point 3 
is such that x; >2,. Therefore E,, cannot minimize it, and an analogue 
of Jacobi’s condition is established. 

We may state this condition in the 

THEOREM. Let D be an envelope of a one-parameter family of extremal 
arcs satisfying equations (18), containing E,:, and satisfying the end con- 
ditions (20), which apply at the point 2. Let 3 be the last contact point of 
D with Ey: before 2, given by the value x = a43< x2. If Eg is a mini- 
mizing are for the problem of Section 1, then it can have on it no such 
point 3 for which x, = x. 

Analytically, the points 3 are determined by the zeros of the deter- 
minant (28), where Y, U, V, W are the functions in equations (24), or they 
may be determined by the zeros of the determinant (38), where y, u, v, w 
are the functions given in (15). 





* Cf. Bliss, Calculus of Variations, p. 141. 








































ON FINDING IDEALS.* 


By N. R. Witson. 





1. Introduction and notation. The present paper is a continuation 
of a former paper on finding the basis of an algebraic number field.t In 
the three sections following the introduction, standardized bases for ideals 
similar to that for the field are set up. Necessary and, unless p* divides 


the discriminant of the field, sufficient conditions that [p] should be prime aie: ae 
are then obtained: and, if composite, the factors of [p] in terms of the Ea 
irreducible factors of f(x), modp, where f(a) = O generates the field. 


Methods when p? divides the discriminant are discussed and the whole a Bea 
applied to the general cubic. a 

To save explanation we use the following notation, terms and results 
from the preceding paper. Latin letters except x denote rational integers, 
p being a rational prime. Greek letters and x denote algebraic numbers 
and German letters ideals. Divisibility is denoted thus, a|b: the symbol 
a/b denoting division. The irreducible equation generating the field is 
T(x) = 2? + Gr-1 x" 1+ --- +a = 0, reduced to its normal form: i.e., q 
there is no prime p such that p*|a,—; for all values of 7. A simple integert iat 
of degree ({ —1) in x is a homogeneous linear form in 1, 2, 2*,.--, 2”. :3 
If integers of degree (i —1) in a are not entirely simple, integers occur 
in the field of the form w;(p) = (a+ a, a*?+ ..- + a?)/p;'s, called 
single-prime elements{ in p of degree (¢—1) inz. The a’s satisfy certain 
congruences (Theorem IVa); aj; > w-1,;: and the square of the product 
Il p;* for all values of i and 7 is a factor of A, the discriminant of f(z). 
The singe-prime elements are uniquely determined if we select the set for 
which 4p; < aj? < }p;* and all integers of the field are homogeneous . Caan 
linear forms of such. There is a least degree ry >1 for which such single- * aa 
prime elements occur. For the basis of the field we take ; — 2‘! for a 
1 < i<r and for r <i <n, we take 


o; = (2 4 Bega P+... LOPY/P, = D hij wy (py) 





* Received August 25, 1928; presented to the American Mathematical Society September 6, 
1928. 
+ Trans. Amer. Math. Soc., vol. 29 (1927), pp. 111-126. 
tThe terms simple integer and single-prime element have been suggested and are used 
here in place of ordinary integer and maximal reduced integer of the former paper. 
411 29* 
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where P, is the product of p;* for all values of p, and the k, are solutions 
of Dk, P/p; = 1. This basis can be made unique as for the set 
of single-prime elements. The discriminant of the field is A, where 
Pr Prai+++ Pad = A, 

2. Simple integers of an ideal. The familiar argument that every 
ideal a contains a least positive integer m, of which every rational integer 
in a is a multiple, can be extended to the simple integers of a. For at 
least one simple integer of each degree (¢—1) in 2 occurs in a, viz., 
ma‘, Hence a contains a simple integer of the form 


a= mx +bPoa +... +00 


for which m; has the least positive value ina. If any other simple integer 
of degree (i —1) in x occurs ina, « = ca*1+..-, we have c = maq+r, 
0 < 1<m; whence « — qq; is of the form ra*+ .-.: so that r = 0, 
since r<.m. Hence mjc. In particular m;|m:—1 the latter being the 
leading coefficient in xo;_, of degree (¢—1) in x: and similarly mg|m. 
Further if ¢—1 = qmi, @— qa is of degree <i—1in wz. It follows 
in the usual way (cf. Thm. Ila, former paper) that every simple integer 
of a of degree (i—-1) in x is a homogeneous linear form in oj, oj1, ---, 6, = m. 

We prove by induction that every coefficient of o; is a multiple of its 
leading coefficient. We have o, = mx+b>. If m = QM, ¢%— max 


BD - -« 2 2 . 
= qb} is in a: whence m|qb’ or m,|b>. Assuming the statement true 
for 7 = 1, 2,---, 7, since m,|m,-1|---|mg|m, coefficients of powers of x 


in every number a of degree <r—1 in x are multiples of m,. If 
My = YMri1, Y5r+1 — x6, is of such degree. Since the coefficients of xo, 
are divisible by m, = qmr41, those of o,4; must be divisible by m,+:, 
completing the induction. 

Simple integers of a may evidently be represented as linear forms of 
any set, o,+dj;1 61+ ---+d,o,, 1<i<n, as well as of o;. Hence 
we may reduce the coefficients of o; so that — m,<m,c? , < $m, for 
1<j<7, where m, c?, is the coefficient of 2/—’. The determination is then 


unique: as, if there were two such, the coefficients of 2/—', the highest 


non-vanishing term, 1 < i<j, in their difference would be <mj. 


THEOREM I. Jf m denote the least positive integer in an ideal a, there 
exists in a a set of numbers On, On1, +++, 6 = m of the form 6 = m (at 
+ c_,a**-+ ----+ c), where each m; is positive and mn|mny—a| +++ |me| m= m, 
such that every simple integer of a of degree (i —1) in x is a homogeneous 
linear form in 6;, 0-1, +++, 6, and its leading coefficient is divisible by mi. 
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Any number of a whose highest coefficient is m; will serve for o; and the 
set may be chosen uniquely so that —4m,<m,c?,< 4m, for j <i. 

For convenience of reference, we call such a set a simple-integer basis 
of a. If a contains only simple integers, it is the basis of a. Thus for 
the field 2*+ 2*— 22—1= 0, basis 1, x, x*,* where m is the prime p, 
possible bases are of the forms (p, x — a, 2*+ax+b), (p, px, 2*+ax+)), 
and (», px, px”) = [p], where —}p<a, b< 4p. In the first case, 
XO, — 03 — a0, = —b—a’* and xo,-+-0, — (b+ 2)6,—= b+1+a(b4 2): 
whence a*+ a®— 2a—1=0, b+1-+a(b+2)=0, mod p. The second 
leads to an equivalent congruence. This congruence has solutions, if, and 
only if, p is 7 or of the forms 7 m+ 1,7 so that [p] is prime except in these 
cases. Also the given sets of forms are closed under multiplication by 


1, x, ~*, so that they are ideals and factors of [p]. For p = 7, the factors. 


have bases (7, x —3, 2*+ 3) and (7,72,2°+3x2—3). These are expressed 
in the form of the present section, the principal ideals [1-+-2-+<z*] and 
{9 —2x”2—3 2°]; the expressions within brackets being factors of 7 in 
this field. 

3. A basis for ideals: first form. We consider next all numbers 
of a when the latter contains other than simple integers. Let (r —1) and 
(s—1), be the lowest degrees in x for which such occur in the field and 
in a. Then since the field contains a, r<s. For each degree (i —1) 
in xz, r<i<n, there exists in a a number, 2; = mj2*/Q;+---, the 
leading coefficient having the least positive value. Since 1/P; is the leading 
coefficient of ;, 1/P;|mj/Q;: and, since we may suppose the latter in its sim- 
plest terms, Q;| Pi. We may therefore write 2; in the form m Rjx*—'/P;+ --- 
where R;| Pj and Rj = P; for r<i<s since Q;=1. As in Theorem I 
m; R;/P; divides the leading coefficient of every number of a of degree 
(¢—1) ina, any such number is a homogeneous linear form in 2;, 2;—1, ---, 2,, 
Oy—1, +++, 6: also m’ R/ P;| mj_-1 Ri-+/Pi-1, including m;R,/P,| mp». Since 
moj;, leading coefficient m/P;, occurs in a, m; Ri! m. Every coefficient of 
2; is a multiple of its leading coefficient. For, being true of 6,—1, ---, %, 
it follows exactly as in the proof of Theorem I that it is true of 2, and 
thence of 2;, r<i<n. From this we can prove that m; = m, of Theo- 
rem I. For Q; 2; is a simple integer, leading coefficient m;. By Theorem I, 
mi|m;. Also, since o; is in a, m;/Q;| m:, the leading coefficient of o;. As 
we have already supposed m;/Q; in its lowest terms, mj|m;. Also, as 
before, taking 2; = m Rj (z**+ d®, a *+.-.+d)/Pi, we may obtain 
a unique set 2; such that —4 mj Rj/Pj)<m Ri/ Pid, < 4 mj Rj/P;, 
r<j <i and between +3 m, for j<r. Since every integer of the field 





* Bases throughout are read from the table at the end of the former paper. 
+ Cailler, Interm. de Math., vol. 16 (1909), pp. 185-7. 
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can be reduced to the form (a; 2*'/ P;+---), the number of classes, mod a, 
of degree (¢ —1) is m; Rj, so that Tl mB: m= Wai 

THEOREM II, Let m, 1oic<n, dette the leading coefficients of a simple 
integer basis 0; for an ideal a, m, = m denoting the least rational integer 
in a; and let (r —1) and (s —1) be the lowest degrees in x for which integers 
other than simple integers occur in the field and in a respectively. Then 
s > r>l1 and there exists in a a set of numbers Qn, Qn—1,---, 2, of the form 
Q= mi R;(a*-*+ a, gi-?+.. -+ d®)/ Pi, where (z) Mn R,/P,| mi 1 Rn—1/ Pa 
|.++| m,R,/Py| myp—1|-++| m, = m, the least positive rational integer in a: and 
(ii) Ri| Pi, me Ri|m and m is prime to Pj Ri: (iii) I m R; is the norm 
of a; such that every number of a of degree (i—1) ia 2, rstcn, és 
a homogeneous linear form in 2;, Qi-1, +++, By, Gp—1, +++, %, tts leading 
coefficient being divisible by m: Ri/P;. Any number of a of degree (i—1) 
in x whose highest coefficient is m Ri/ P; will serve for 2; and the set may be; 
determined uniquely so that —%} mj Rj/ Pim Red? ,/ Pi < 4 mj R//P 
where Rj = P; forj<s. If r<s, 2y, Qpii, +++, Qs-1 are identical with 

roe * O51. 

We refer to such a canonical basis for a and frequently use 2; for any 
member of the set, 2; being identical with o; fori<s. We call m; R; the 
leading numerator (including m for i<_r when R; = 1). The theorem that 
the number of ideals containing a given rational integer is finite is an 
immediate consequence since such must be of the type of Theorem II, 
m being a divisor of the rational integer. We may also prove as in the 
corresponding corollaries in the next section that: (1) Rj(a*1+ d® ,a*-?-+... 
+d®)/P; is an integer; (2) s = r unless m, P,|m; (3) if m is prime 
to P;, Rij =1 and 2; = m;(@;4+ q_: o1+---+¢,@,); (4) 2; is of the 
form Bj (o;+ cia 61a ++ + & 0%) / Pi; (5) mi/ Pj Qi| mit j-1/Qi4j— for i+7 <n. 

The determinant whose square is the discriminant of a is the same as 
that in Theorem III of the former paper, except for the common factor m; 
in rows 1 ---(r—1), and m; R;/ P; instead of 1/P; in rows r,---, n. Hence 


n n 
As = [|] (m Ri)? A, = [] (m: Ri/P,)? A; Ae, Ar, and A being the discriminants 
1 1 
of a of the field and of the generating equation and R; = 1 for l1<i<yr. 
We have therefore the familiar theorem (Na)? A; = Ag. 
These with the restrictions P;-1|P;,* P? Poi.1--- Pi|At and the ex- 
pressions given in Theorem IVa of the former paper which must be rational 


* Trans. Amer. Math. Soc., 1. c., Cor. p. 115. 
+ Theorem I. 
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integers are sufficient for numerical cases and the simpler literal cases; 
including the field by taking m =—1. For example for the quadratic field, 
a*+ax+b=0, we have P:”|A = a’—4b; or, since the equation is in 
its normal form,* P;”|4 only if a is even. The basis of the field is there- 
fore 1, (2+1), if, and only if, a is even, a==6-+1,mod4.t Since the 
norm must be p, possible ideals other than [p] are of the form [p, x«—c] 
or [p, 4(2—o)], c odd in the latter case. To be closed under multiplication 
respectively by 1, 2, and 1, $(@+1), requires only that c?+ca+b=0, 
modp, be solvable; except in the latter case where also we must have 
a=b-+1, mod8. Hence except in these cases [p] is prime and in these 
cases, its factors are the given ideals. 

4. A basis for ideals: second form. Except in simple numerical 
cases ideals may be obtained more readily from the single-prime elements 
of the basis of the field. Let 2, = m,(a*1+d®, a ?+...+d®)/Qi, 
Q;>1. Then m, is prime to Q, (Theorem Il, (ii). If Q, = pj¥S, p, prime 
to S, then SQ; is a single-prime integer in p; of degree (i—1) in x. 
Hence #4; (pj) (See Introduction) occurs in the field and there exists in a 
a single-prime integer in p, of degree (¢—1) in x, 0,(p,) = m'a*"/p} +---, 
whose leading coefficient has a least positive value. As before, m’/ p; divides 
the highest coefficient of any single-prime integer in p; of degree (i—1) 
in x contained ina. Applied to SQ,, m’/ py |m,/ p,’. Supposing the former 
in its lowest terms and remembering that m; is prime to Q; and therefore 
to p,;, m'|m, and v>v,. But, by Theorem II, m,/Q,|m'/p;, the leading 
coefficient of o;(pj), or mj|m’, vy>v. Hence m’ = m and v = vy. Also 
o,(p;) = m,x*/p;¥+--+ where p;¥ is the highest power of p, inQ,. As 
the numbers 2” o;(p;) for w= 1, 2,---,m~—1, occur in a, such elements 
in p, occur for all higher degrees in x, and, since m,/ p;¥ must divide the 
highest coefficient of xoj1(pj), we have vj > w-1,;. Since Q; is the 
product of all p;¥, Q, ,|Q,;. We may prove as before that the leading 
coefficient of o;(p;) divides the remaining coefficients. 

We prove that every number of a of degree ({—1) in z, is a homo- 
geneous linear form in 0;(p,)--- 6s(pj), %s—1,-+-, 0 Where pj in o%(pj) 
runs through all primes in Qx, Qx>1, by proving that 2;, Q;1,---, Qs, 
are such. For we can determine w, so that Q, > w,/p'¥ = 1. The co- 
efficient of a*—! in 2, >) w; %(pj) is 0 and hence this difference is a linear 


F 
form in 24-1, ---, 2s, G31, ---, % (Theorem I]); whence the result follows 
as usual. As before any single-prime number of a with highest coefficient 
m,/ p;® will serve for ¢; (p;) in this representation and the determination 





*p. 111. 
+ Theorem IVa. 
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may be made unique. Further, if »,(p,) = (at-1+...)/ pis is the corres- 
ponding single-prime element to o;(pj), mmi(pj) occurs in a and hence 
m,/p;4|\m/p"#. Since m, is prime to p,;, p"* "#|m. 

THEOREM III. With the notation of Theorem ll, there exists in a a set 
of numbers 6,(p;),8 Si<n, of the form o,(p,) = m, (a+ eat 2+ &)/ p59; 
one for each distinct prime pj in Qi = P;/ Ri; where 

(i) p; is the highest power of p,; in Q;; and p, runs at least through all 
distinct primes in the denominator of m/ P; in its lowest terms, but mi contains 
none of the primes pj; 

(ii) vy 2 i,j; 

(iii) py > viz, p"e“*|m; 

Hj being the index of pj in the denominator of the corresponding single-prime 
element i(pj) in pj; such that every number of a of degree (i—1) in x is 
a homogeneous linear form in o%(pj), sk <i, and os-1,+++,0%. Any 
single-prime integer of a of degree (i—1) in x whose highest coefficient is 
m,/ P; “4 will serve for o, ;(p;) and the set may be determined uniquely so that 
— tm, [pi <m, * PB; §§<4m,/p; % where v,;=0 fork<s. If o,(p,) occurs 
Sor any degree i, then o;(pj) occurs fori<k<n. Also, if Q;, > w;,/ p59 =1, 
then 2; = > w; 0;(pj). 

CoroLuary 0. If 2; = mj (a+ ---)/Q:, then Qi-1|Qi- 

CoROLLARY 1. (a*-!+ ?. Fin Sie epi is an integer. For, since m. 
and pjare relatively prime, we may determine wu and v so that umi+vpj = 1: 
whence (271+ .-. + en pis = um, (14.6.4 a v(t... + e), 
both of which are integers. 

CoROLLARY 2. Jf rj-1 denote the lowest degree in x for which single- 
prime elements in pj occur in the field, then 6,, (pj) occurs in a unless Dis 








For a contains mp,, (pj) = m(a’o t+. -)/pi's. 

CoROLLARY 3. If pj is ‘tee to m, then wj = vj and (pj) 
= ms {oi (pj) + Cea Mia (pi) H+ FOr, Mr, (Bi) ra ‘4 ++» +4} 
where cx may be taken as 0 if m, = 1. From Corollary 1, ee a. By is 
an integer whence uj > vy. Also mui (pj) = m(a2 -+)/p;# occurs 
in a, whence m,/p;*|m/p;*. Since m and m, are prime is Dy» Yy S ty. 
Hence v, = u,, and, being an integer, a ae - +)/pie has the required 
form. If m, = 1, ox (pj) being an integer is of the form mx (pj)+---, 
and cx may be reduced to 0 by subtracting cx ox (p)j or cx O%. 

COROLLARY 4. @, i (P)) is of the form (o,+ ¢,_,%_,+ --- +¢,,)/p;%. For 
Dp; 6, ( P)) is a simple integer in a. 
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COROLLARY 5. vi4x—-1, J 2 Py tej for itk—l<sn. For mi(p;)ox(pj) 
must occur in a and the coefficient of its leading term m, aft *igivttn 


must be divisible by m,,,_,/p;*". 


THEOREM IV. Let m be the prime p, k te the least value of i for which 
m: = 1, and (r —1) the least degree in x for which single-prime elements 
in p exist in the field. Thenk<r, i<k, m =p and fori>k, m=—1. 
When p; + p, pwi(pj) may be taken for o;(pj) fori<k. When pj =p, 
6;(p) does not occur fori<k. For i<k, Ri =p or 1. In the former 


case pwi(p) may be taken for o;(p) and in the latter wi(p)+ > G4 Hj (p) 
+ cp-1v*-1+ ...+4, the summation extending only over elements for 
which Rj = p. 


For, since pu, (p) occurs in a, the simple integer pu, (p) occurs with 
my =1, so thatk <r. The second result follows from m;|m;1. For p; + p, 
pi (pj) occurs and has the required highest coefficient. Hence it may be 
used for o;(p), (Theorem II]). For pj = p, pmi(p) occurs and leads to 
a simple integer with m — 1. Hence it cannot occur for i<k. Since 
m Ri\p, ki (Theorem 11D), Ri = p or 1. If p, pui(p) oceurs for i > k and 
has the required highest coefficient. It may therefore be used for o;(p). 


r—1 
If R; = 1, o;(p) must be of the form wi (p) +> 6 4j(p) +> 6 x/, which 
r 


can be reduced to the form stated by subtracting cj o;(p) wherever Rj = 1 
and multiples of o; for r>j > k. 

We refer to the elements in this section as the single-prime elements 
of a. Given the norm of a, the leading numerators are determinate to 
a small number of choices and thence the leading terms of the o’s, which 
we have seen in the former paper to be the chief difficulty in determining 
such integers. Results similar to those in Section V of that paper may 
also be obtained. 

5. Ideals as homogeneous linear forms. For the set of all rational 
integral homogeneous linear forms (more briefly “linear forms’’) in @, 8, 
Y,-++, Wwe use the notation (a, 8, 7,---) square brackets being used for 
ideals. The ideal, [a,, a, a;,---] is a linear form in a@;;. The reduc- 
tion to the canonical form is facilitated by the result m;|mi-1, as the 
example (52 — 3, 52*+1, 427+ 82+ 8) to (7, x — 2, x*® +3) in the field 
z+ x2*— 2x2—1= 0 will indicate. A necessary and sufficient condition 
that S = (a, @,,---) constitute an ideal in a field (4,, &:, ---) is obviously 
that each 4; a; is contained in S. If any # is a rational integral function 
of other 4’s the test need not be applied to it: e.g. in Case 4b of the 
former paper, where @, = (#7+1)/3, w, = (a?+22+1)/9, we need 
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apply only to #,. In particular in determining a simple integer basis, we 
need apply oniy to z. 

If f(x) = O of degree be the generating equation, reduction of any 
number « by some or all of f(7), 2n, 2n-1,---, means that, from the 
remainder on ordinary division of « by f(x), rational integral multiples of 
2Q,, Qni,+--, are subtracted successively so as to give the coefficients 
gv, ~-?, ..., the least non-negative values. A necessary and sufficient 
condition that ala’ where a and a’ are written in the canonical form is 
that each 2; on reduction by the set 2j leaves the remainder 0. Hence 
we can reduce the finding of ideals to those in which m = 1. For, if 
myn + 1, since m,|mi, i<in, we can divide through by [m,]. Also if ala’, 
then each m;|m;. For a contains a’ and therefore the simple integer system 
of a contains that of a’. The algorithm for finding the G.C.D. of a 
and a’ is similar in form and proof with that for ordinary numbers each 2; 
or o; of a’ being divided successively by each of the elements of a each 
element of a by the remainders and so on; e.g. the G. C. D. of (91, 77+ 21, 
7 a? + 28) and (182, 22 — 46, 2a*-+ 34) is (91, 2 — 23, ~*-+ 17) independ- 
ently of the field. Hence if m and m’ are relatively prime, ideals with 
these as least rational integers are relatively prime, since their G.C. D. 
is 1. 

Since we can make m, = 1, the simple integer basis of a factor of [p] 
must take the form (p, pz,---, pat, vt+..-,---) where oj, may be 
taken as x*o;. The same method may be used to determine the remaining 
coefficients of o;. For, if f(x) = 0 be the generating equation, f(x) occurs 
in every set of simple integers. Since the quotient on division of f(x) 
by o; will be a simple integer, the remainder is a simple integer of degree 
<iin a. Hence all its coefficients are congruent to 0, modp. 


THEOREM V. The simple integer basis of any factor of |p] is of the form 
PP» PL; px’, gs * 4 di. J 4 ees +4 = Gj, XUj,---, P tite a. If 
such a factor exists, the congruences obtained by making congruent to 0, 
modp, the coefficients of the remainder on dividing f(x), where f(x) = 0 
is the generating equation, by o; must be solvable and the d’s are such 
solutions. Thus in the field 2*-+ 2?— 22 —1 = 0, the existence of a simple 
integer basis of the form p, px, xz*-+ax-+b requires that a®2—a—b—2=0, 
ab—b—1 = 0, modp. For p — 11, there are no solutions or [11] is 
prime and for p = 13, there are three solutions, a*—52+2, x*—2x+4, 
z*—4x+5, all of which yield ideal factors of [13]. 


In a simple integer field, to prove the sufficiency of these conditions, 
it is only necessary to show that xo, is in the set. If 
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S(2) = (@e*14+ av *+ ba *1+4 ... +k)oj mod p, 
since x6, = x”—*t10;, we have 


f(x) = LOn + A0n + Don1+koj+mo41+ ---+ = 0. 
Hence, 

CoROLLARY. For a field containing only simple integers, the conditions 
of the theorem are sufficient for the existence of such ideal factor. This is 
the most convenient form for this theorem though it can be generalized, 
F(x) being replaced by any multiple of f(x), 9; by 2; and the simple 
integer quotient by any integer in the field. 

THEOREM VI. Jf a, a’ and aa’, in the canonical form have leading 
numerators mi Ri, m; Ri and mj’ Ri’, 1 <i<n, then mi! Ri is a multiple 
of m Ri and of mR and a submultiple of (mj Rj) (mi-j+1 Ri-j+1) for 
1 <j<i. For a contains aa’, whence (Theorem II) m; R;| mj’ Ri’; and similarly 
for a’. The third statement follows from the fact that aa’ contains 2; 2;—j+1 
of degree (¢—1) in z. 

CoroLtary. If m and m’, the least rational integers in a and a’, are 
relatively prime, then mi’ Ri’ = (m Ri) (m; Ri). 

For m: R;|m and mj R;|m’ (Theorem II), whence m; Ri and m; R; are relat- 
ively prime. Putting 7 —1 and i in Theorem VI, mj’ R;j’|(m: Rim’ and 
mi’ Ri’ |m(mi' Ri’). That the theorem may or may not be true when m 
and m’ are not relatively prime follows from the examples (p, x, x*/p)* 
= (p*, x, x*/p) and (p, x, (x*+ Q)/p) = (p, x, x*) in the field z°+ Qx+R=0, 
basis 1, 2, x*/p where @ = 0, mod p, Q + 0, R= 0, mod p® (Section 7). 

CoroLLaRY. Jf mm’, where m and m’ are relatively prime, is the least 
rational integer in a, then a is the product of two ideals, whose leading 
numerators m Ri and m; Ri, 1<i<n, are respectively the factors of 
m;' Rj’, the corresponding leading numerator of a, which divide m and m’ 
respectively. 

This follows easily from the preceding corollary since a|[mm’]. With 
this information as to leading numerators, we may multiply readily by 
the L. C. M. process when the least rational integers are relatively prime, 
or factor until these integers are powers of a prime. For example, 
(7, x—2, xa*+ 3) (26, 22+ 6, 22+ 8) = (182, 2a — 46, 227?+ 34), the 
leading numerators being 182, 2, 2 (Corollary 2), and 27’, 23, being obtained 
by combining 26(a—2), 7(27+6), and 26(2*+ 3), 7(22?+ 8) accordingly. 
Reversing the process, we may take 7, 1, 1, and 26, 2, 2 or 14, 2, 2 and 
13, 1,1 for leading numerators. Taking the former, since the factor must 
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be of the form (7, 2+ a, x2*+b), we have 2x—46 = 2(2+ a), mod 7, 
—}<a< 4; whence a= —2. Similarly } = 3. 

When the two factors are not relatively prime or are relatively prime 
with least rational integers powers of p, to perform multiplication requires 
information as to how prime factors occur in[p]: obtained in part in the 
next section, though the actual values are unnecessary. Thus, in the same 
field, [7] = p*. Hence, from the norm, (7, 7x, 2*-+ 3a2—3)* = (p*)?= [7] (7, 
x+a, x®+b), where a = —2 and b = 38 since (x+ a)? = a°+32x—3, 
(mod 7, 7x) = a*+b (modx+a, 7). Again [13] = p, pe ps, distinct primes. 
If a = (169, 7+ 29, 2*+4) and b = (13, 132, 2*—5x2+2), having the 
G. C.D. (13, +3, 2+ 4), these are of the form p? and p, p, whence 
ab = p?p,. The leading numerators are therefore 13°, 13,1. By in- 
spection, 2, = 13(x+29) and 2; can be got by reducing (#+29) 
>< (#®—5a-+2) or observing that since a/ab, 2; = x*—5x2+b whence 
b = 2 (mod 13), b being found to be 704 as in Theorem IV. 

6. Factors of [p]. Besides that given in preceding sections, we use 
the following symbolism in discussing the factors of [p]; 


wo; = gi(x)/Pi, 
#,(p)) = Wy(a)/ p;" for p; + p, 
= Yi(x)/p™ for pj = p, 

oi(p) = xi(x)/p™. 


The simple integer system of any factor of [p] must be of the form 
(p, px, +++, px**, g(x) ---), where g(x) is of the form z-!+..-.; spoken 
of as of degree (¢—1) in p. A simple integer system of degree 1 in p 
is of the form (p, «—c, x*— cz, ---, 2" !— cz"); equivalent to 
(p, x—c, x?—c*,.--, g-!—c*); 8, say. The rational remainder on 
reducing any simple integer F(x) to a rational number by subtracting 
multiples of x—c,---, 2*-!—¢*"1, is F(c) if F(a) is of degree <n in z. 
If of degree > n, since F(x)— q(x) f(x), q(x) the quotient on dividing F(x) 
by f(x), is of degree <n, the rational remainder on reduction is congruent 
to F(c), modp” where p” is the highest power of p dividing f(c). If 
S is closed under multiplication by x, 2*?—c*1 a2 = a"—f(x)—c" x of 
degree <n must be in S: or f(c) = 0, modp. This condition is evidently 
sufficient. Hence if F(x) is in 8S, F'(c) == 0, mod p and conversely. Also, 
if the field contain only simple integers S is an ideal. (Section 5). 

The condition f(c) = 0, modp is also a necessary and sufficient con- 
dition for the existence of a factor of [p] whose simple integer basis is 
of degree 1 in p unless p| Py. The necessity follows from the preceding 
paragraph. Since 2; may be taken of the form »;-+%; (Theorem III Cor. 3) 
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and P; 2; is in S, gi(c)+P:ki =0, mod p. On reduction, the product a. 
gj (x) {pi(x)+ki} will take the form S'am{ym(x)+Pm km} +a, where, , ae 
since the leading coefficient of every y is 1, and the a’s are rational iy 
integers, since this product is in S, p\a,. Dividing P; Pi, we have 
0; 25 = DS bm Qn+h,, where bm Pi Pj) = am. The 2’s differ from the o’s 
only in their rational terms and may therefore equally be used as a basis 
of the field. The b’s are therefore rational integers. Since b; Pj Pi) = a 
= 0, mod p, and p is prime to P, and therefore to P;, Pj, b: = 0, mod p. 
Hence S, with 2; replacing o;, is an ideal. Similarly we may obtain 
single prime elements for the same ideal, o; being replaced by the set, 
6,(p,) for each p,, where o,(p,) =p ,(p) +k, and W,(c+p;%k,)= 0, mod p. 
The set S’ = (p, px,---, px"-*, o,) where o, is defined in the theorem 
below, is closed under multiplication by z. In a simple integer field it 
is therefore an ideal. Unless p|P, we can determine k,(x) of degree (n — 2) be 
in x such that P,{,+kn(x)} is congruent to 6, modp. It follows that 
if we replace o, in S’ by 2n = @n+kn(x), (p, px,---, 2x) is an ideal. 
Since (#— c) 6, = f(x) = 0, SS’ =[p]. Similarly for a single prime basis. 
THEOREM VIIa: With the notation given above, if [|p| has a factor whose 
simple integer basis is of degree 1 in p, f(x) = 0 mod p, must have a solution 
x =c and the simple integer basis is S = p, x—c, x? —c*, ---, 1 — 1," 
Unless p| Pn, this condition is sufficient. In a simple integer field this factor 
is S. Otherwise, unless p| Pn, the factor is obtained from S by replacing 
zt*— ce for P)>1 by oj +k: where 9;(c)-+ Piki = 0, mod p; or by the a 
set wi(pj)+ky for each pj; in Pi, where wy(c)+p;%k; = 0, modp. The ) ie 
quotient of dividing |p] by this ideal is S’ = (p, px, +++, px"—*, Gp) in a simple ey 
integer field, where Gn = 2”! +- (c+ an—1)x"~? + (PC + an—1 0+ Gn—2) x”? +.-- 
+ (ce 1+ an-1 CF +--++ am). Otherwise unless p| Pn, the quotient is 





obtained from S’ by replacing 6, by wn+kn(x) where In(ax) is of degree ei 

(n —2) in x and such that 9n(x)+ Pakn(x) = on, mod p; or by the set ei 

Ht, (p;) +kyj(x) for each p; in P,, where w,,(x)+p;"k, (x) = 0, mod p. | a 
Again, if p|P, and the simple integer basis is of the type S, the same ate 


reasoning shows that, for pj + p, the single prime elements o,(p,;) replacing 
o; of S in the ideal a are as in the preceding theorem and that ux(pm) o%(p,), bee 
pm +p, is in the new set. If (i) is contains xo;(p), the product of o;(p) ee 
by any simple integer and thence any mx.(p,) o;(p) is also in the set. If (ii) ak 
it contains (#—c) «;(p), since the numerator of any o,(,) is a polynomial a : 
in (2 —c), it follows similarly that m;(p) ox(p) is in the set for p; +p. i 
We must also have (iii) 4;(p) ox(p) in the set. Of these, if o;(p) is of the 
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form wi(p)+%i, the first two are equivalent since (2#—c) ui(p) = x0;(p) 
— c0;(p)+hki(a—c), the last two in the set: and we need test the third 
only for i<k, since pi (p) ox (p) = o:(p) we (p) + ke oi(p) + hi on (p). 

Consider the set S’ = (p, x—c, ---, a”-?—c"*, y,(x) --+ xn(x)) where 
r—1 is the lowest degree in x for which single-prime elements in p occur. 
(Notation at beginning of section); evidently equivalent to S. If Nais p, 
the leading numerators are p,1,1,---, (Theorem III). When w = %4-1, 
since (a — c) 4i(p) must occur in the ideal, we may take x(x) = (x2—c) (x). 
Otherwise, as before o;(p) = wi(p) +h or xi(x) = Wi(x) + p%hkj. The 
condition that y;(c) is in S requires that p|y;(c). The condition that x o;(p) 
is in the ideal is equivalent to the condition that x y;(x), reduced in S’ 
is divisible by p“**, Let 


(1) &#Wy(x) = Wiss (a) + D> OP w(x) + Gila), 


where Wn41(x) = f(x), and gi(x) is of degree <r—1.* On substituting 
and reducing 2 y:(x) we obtain the conditions 


n>iej2r, 


i—1 


(2) ps (e on b?) ki wt {> 2? p's kj — gi co} a 0, mod putt 


the term from y;4; disappearing from the congruence if wii: > and 
reducing to O if w41— uw. The condition for solvability is that 


i-1 
(3) > bo? pk = gi(o) mod p“** or mod p™ 
r 


according as ¢ = b? or c + b:?, mod p. In the former case k; is undeterm- 
ined. 

For (iii), that ~i(p)om(p) should be in a requires that w;(x) xm(2), 
reduced to a rational in 9’, is divisible by p“*“=**. Let 


(4) Wil) Wm (x) = e(x) f(a) +> ef” w(x) + gim (x) 


as in (i): where gim(x) is of degree <7+—1. Evaluating the rational 
remainder as before, we have 


(5) phn — De phy — gim(c) = 0, mod pe" 


As remarked the cases i<k are sufficient: also the finding of (4) is 
simplified as in the preceding footnote. 


* As will be seen in the examples in the next section, computation is simplified if we 
use the equivalent series for (2 —c) y¥i(x) and write f(x) in the form F(x) + F, (x), the 
latter containing the factors of f(x), mod p. 








ON FINDING IDEALS. 423 


THEOREM VIIb. Jf [p] has a factor a whose simple integer basis is of 
degree 1 in p and p| Pn, f(x) =0, mod p, must have a solution, x = c, 
and the single prime elements of a for pj+p be as determined in Theorem VIIa. 
If Na = p, xilx) = (© — 0) Wie) where w= w-1; where uw > w-1, 
xi (x) = Wi(a) +p“ k', where ki is determined from equations (2) and (5): 
that these equations should be compatible and p| yj (c) being necessary and 
sufficient conditions. In general, conditions (i), (ii) and (iii) are necessary 
and sufficient. 

CoroLiary 1. If also p“| wi (c) for i<t<n and c# 0), mod p, for 
i<z, o;(p) = wi(p)—wWild/p" for i<t and i<z: if z<t then 
6; (p) = wi (p)— Yi (0)/p"™ + ki where pki (ce —b?) = DOP ky, e<j<i. 
If t=2=n, o(p) = wi(p)—WO/p™ for i<n and o(p) = 
tin (p) — Yn (0)/p™+k where p™(ec—ve)k = f(d, mod pi, pie 
— er” pkte(cf (cd = 0, mod p™"*, sufficient conditions being that 
these are compatible. 


For «i (p) — yi (c)/p“ is an integer and may be used as an element of 
the field. Using such a basis, these results follow on evaluating gi (c) and 
Jim (c) from (1) and (4). As an example from the general cubic field, 
x*+ Qx+ R =O, consider Case 1, former paper, where p|Q and p*| R, 
but not both p*|Q and p*|R; field (1,2, 2*/p). Here c=0, DO =O, 
ec) — —Q, e(x) =a. The first condition is satisfied for all values of k 
and the second gives p*k*— Qpk=0, mod p®. If p*|Q, we have one 
solution, k = 0, but, if not, also k = Q/p. Hence we have p, = (p, 2, x*/p) 
and unless p?|Q, pi = (1, 2, (z*+Q)/p)) ideal factors of [p]; omitting 
elements o;(p;) for pj +p, as always in the sequel. 

When Na = p’, information as to s may be obtained from the next 
theorem. If the leading numerator of o;(p) is p, then o;(p) = pmi(p); 
if 1, x(x) is of the form yi (x) + S’ KY? p“” w; (a) +p" ki, >” extending 
only over the cases where o;(p) has the leading numerator p (Theorem IV). 
If the leading numerator of o(p) is p, since ~;(p)mx(p) is an integer, 
i (p) % (p) = pei(p) wx(p) is in the set and (iii) may be omitted. 
Equations similar to (2) and (5) may thus be obtained, omitting these cases. 
Single-prime integers in p of degree (n—1) in x only will occur except 
for special multiple factors of f(x), mod p. In this case applying (ii), we 
find by” = c, mod p, and gn(c) = 0, mod p“***. If so (i) is satisfied and 
(iii) is covered above. Adding the condition that z, (zx) is in S, 

CoROLLARY 2. When single-prime elements in p of degree (n—1) in x 


only occur in the field, and the simple integer basis is of degree 1 in p, 
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Na=p or p*. In the latter case 6, (p) = pyn(p), and necessary and suf- 


ficient conditions are that yw, (c)=0, bo =c, modp and 9n(c) = 0, 


mod pe, For the field cited above, these reduce to R = 0, mod p?: so 
that (p, x, x*) is a factor of [p] of norm p*. 


More generally if the simple integer system of a, a factor of [p] is of 
the form S = (p, px,---, px**, os3,-+-), where os = w(x) = a 1!+..., 
and if h(x) denote the remainder on dividing f(x) by w(x), then h(x) = 0, 
mod p (Theorem V). Also (Theorem III), 2; = po; for i<s, and if p|pn, 
there is no single-prime element in p of degree <s—1 (Theorem IV). 
For i>s, unless p| P,, we may take 2;= o; + k;(x) or o;(p)) = wi(p) +hy(a), 
where i; (x) and kj (x) are simple integers of degree <s—1. If h;(x) and 
hij (a) denote the remainders on dividing g;(x) and wWiy(x) by w(x) since 
P; 2 and pj o;(p;) must be in 8 


(6) hi (a) + Piki (x) =O or hy (x)+p7% ky (az) = 0, mod p. 


The former can be solved when p is prime to P; and the latter unless 
pj=vp. For these cases, the sufficiency follows as in the preceding case, 
kj (x) and kj (ax) replacing k; and kj and the remainder on division by w (x) 
replacing substitution of c. Existence of a factor w(x) of f(x), mod p, is 
therefore necessary and sufficient, and the basis is obtained by substituting 
po; for px for i<s and w+4ki(x) or the set m; (pj) +hiy(x) for % for 
i>s. If p| Pn, %(p) does not occur for i<s (Theorem IV). Single-prime 
elements in pj, pj+p, to replace o; are determined by the preceding 
paragraph as in Theorem VIIb. Likewise, (i) if xo;(p) is in the set, 
so also is any x(Pm)oi(~), Pmt p: and (ii) if w(x)m;(p), also any 
i (p) %; (pj) since the numerator of the latter is of the form 9 (x) w(z), 
y (x) a simple integer. If the norm is p*—' we may write 0;(p) = wi(p) + k® (a) 
= HM; (p+ Dk? x/. In this case (i) includes (ii). We require also that (iii) 
#i(p) 0% (p) should be in the set. Applying (i) to equation (1) and reducing 
by w(x), we obtain 


i-—1 
(7) p% \(c — OP) k (2) — ke w (ap — > bP kK @— gi (ah = 0, mod p“ 


if every w>«wes, where gj (x) denotes the remainder on reducing g; (x) 
by w(x). Hence p“k® (x) is the quotient obtained on dividing by (2—d}”) 
the last three terms with sign changed; determining the remaining co- 
efficients in terms of ki2». Writing this as kj, since the quotient will not 
be changed by the added terms, . 
(8) 1 (2) = ep MOOR), Ace) — AcOH) 
x — bj p ‘(a — bj’) 





? 
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where 

(9) Aj (x) = w(2) > by kj—gi (@), 

coefficients reduced modp. Also, equating coefficients in (7) and eliminating, 
(10) pki w(b)) + A; (0!) = 0, mod p. 


If the last congruence is solvable, the coefficients of the last term of (8) 
are rational integers and k; is determined unless w(b{?) = 0, mod p- 
Applying (iii) to (4), we obtain 


(11) p™ wi (x)k™ (x) —> ef” pK” (x) +-gim (x) = 0, mod p* t=? 


the left side reduced in S. Because of relations between f(x) and the w’s 
as the next section will show, this is in practice simpler than the explicit 
formula below, in terms of the coefficients of elements of the field, ob- 
tained on simplification: 


n r—2 
(11’) Wi (x) k™ (x) = 2 by dj? pK (ax) + > Br dj? x’, 
where f(z) = Dax; wilt) =DPw; e& =Dd? yj (@)+D a) a’; 


and By => > kj” (d¢—j— cnx ax) for all non-negative values of the 
subscripts. 


THEOREM VIII. Jf [p] has a factor a whose simple integer system is of 
the form S = (p, px, +--+, px’—*, 6s = w(x), ---) where w(x) = a8 14+ ..-, 
then w(x)\ f(x), mod p. Unless p| Py this condition is sufficient and a simple 
integer fielda = S. Otherwise, unless p| Pp, 25 = po; fori<s: fori=s, 
Q = otk (x) or oj (p) = wi(p)+ky (x) where k(x) and ky(x) are 
determined by (6). 

If p\Pn, %(p) for pj + p is determined likewise. For i<s, oj (p) does 


not occur. For i = 8s, if Na= p* and each uj > ui-a, 0 (p) = wi(p) +k(a),. 


determind to one parameter by (8). The latter is determined by (10) unless 
w (bi?) = 0, mod p: otherwise by (11). Necessary und sufficient conditions 
are that w(x)\ Wi (x), modp and (10) and (11) should be compatible. 

Corollaries similar to those under the preceding theorem may easily be 
written down. As an example, in the field cited above, k® (x) = k,x+ Q/p, 
Hat Bete 8 = = 0, modp’, yielding (px, (Q2° —Rer Q*)/p*) 
when Q + 0, mod p*. 

7. Prime factorization of [p]. Prime factorization of [p] is made to 
depend upon prime factorization of f(x), modp, by the following theorem. 
80 
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THEOREM IX. Let a and 6 have simple integer systems of the form 
(p, px, r +, px, Ws (x) -- +) and b = (p, ab a c<05 par, wi (x) -- +) where 
(x) = a 1+.--, we(xz) = at 34+.---. Lf alb, then s<t and 
Ws (x)|w: (x), mod p: and conversely unless p| Pn. 

For a contains 6 and therefore the simple integer system of a contains that 
of b. Hence s<¢. If w(x) = ws (x)q(x)+r(2), r(x) of degree <s—1 
in 2, r(x) = 0, modp. In the converse case, a will contain 6 by the 
preceding theorem, whence a/b. 

When p|Pn, and the factors of [p] with various simple integer bases 
have been determined, their relations as to relative primeness can easily 
be determined by the G. C. D. process described in Section 5. Thus for the 
field cited before, for the simple integer basis (p, px, x*), we have the 
factors p, = (p, x, x*/p), and if Q+0, mod p*, po = (p, x, (x*?+ Q)/p); 
with the simple integer basis (p, px, x*), a = (p, px, (Qz*— Ra + Q)/p’) 
only if Q 0, modp*®. By the G.C.D. process, p,, is prime to a and 
p.|a, the quotient being p, since its norm is p. Since these form the 
complete sets of factors of [p], we have [p] = p?, when Q = 0, mod p?® 


and [p] = p,p? when Q +0, modp*. The following theorem, however, 
renders unnecessary the determination of a. 

THEOREM X. Jf p, where p|\[p] and Np = p, is a simple factor of [p] 
then the congruences of Theorem Vila are satisfied to a modulus of degree 
in p one higher than that of those given; and conversely. 


For if p is a simple factor of [p], p® has p? for its least rational integer 
and a simple integer system of the form (p*, x—c',.--). Repeating the 
reasoning of that theorem, except that the rational remainder must be 
a multiple of p® instead of p, we have the result stated. Conversely, if 
these conditions are satisfied, an ideal a with the above simple integer 
basis exists and Na = p®. Taking the G.C.D. of a and [p], one of type p 
exists and p'a; the quotient being p since there can be only one of this 
type and norm p. Hence ap’, so that p is a simple factor of [p]. 

Thus in the example just cited if p*|Q, p cannot satisfy the conditions 
given after Theorem Vila unless p*| R; shown to be impossible in this case. 
Hence p is a multiple factor of [p]; or since it is the only one of norm p, 
[p] = p?. If Q$0, modp’, p, is similarly shown to be a multiple and 
p, a simple factor of [p]. 

8. Application to cubic fields. We suppose the cubic reduced to 
the normal form z°+Qz+R = 0. (See Introduction). Fields are classified 
as on page 126, former paper. We deal first with cases in which p| Pn, 
omitting o;(p;) for pj +p. 
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Case 1: (p|Q, p®?|R). Prime factors, p, = (1, x, 2*/p) and, when Q+0, 

mod p*, p, = (1, x, (2?+Q)/p): [p] = p? if Q= 0, mod p*, and p, p? if 
Q+0, modp®. The details are given in the preceding section. 
Case 2. (6QR+=0, modp, A=O0, mod p™ but A$0, mod p+). We 
have 4Q° (2°+ Qz+ R) = (2Qxr4+3R)* (Qx—3R)+A(Qr4+R). If c and cy 
denote the values of c, 2Qq+3R = 0, modp, and Qc.—3R = 0, modp. 
Taking the solutions, mod p?"*?, ws (x) = (x—c,) (a—cg) and 4Q°(a*°+Qz+ R) 
= 4Q°(x—«)* (a@— @) + A(Qx +R), mod p*"**, Applying Theorem VIla, 
p" k(ec—c,) —A(Qc+R) = 0, mod p**!, and A R(c—c.)—8Q* p*k? = 0, 
mod p?*+1 where c = cq or ¢. For c = c, we have the factor 
Po = (p, x— Ce, Ws/p”); a simple factor. For c= «, writing A = p™* J’, 
we have factors 1, pi = (p, e—«, (Ws+p"k)/p”) only if —A’ is a quadratic 
residue, modp: distinct if A==0,modp”"**. In any case pi’ = (p, x—«q, W;/p"—) 
is a factor (Cor.2 Theorem VIIb); prime if p, does not exist. Hence if 
—A’ is a quadratic residue, modp, [p] = p?p, or p, pj p, according as 
4=0, mod p+! or not. If —A’ is not a quadratic residue, mod p, 
Lp] = pi’ pe. 

Case 3a. (Q=1, mod2, R=Q+1, mod4, and (3b) does not hold). 
Here c= 0,1; s(x) = 2(a+1); 2° +Q2+Rh = x(x*—1)+{(Q4+1) 2+}. 
When c = 0, we have from Theorem VIIa, p, = (2, x, (x*+2x)/2) or 
(2, x, (x?+a2+2)/2) according as we have R = 0, or 2, mod 4; a simple 
factor. When c= 1, p, = (2, x—1, (2*+2)/2) exists if R=Q+1, 
mod 8 and ps = (2, x—1, (a*+ 2+ 2)/2) if R = —(Q+1), mod 8; simple 
if both occur. If neither occur, we have p,= (2, x+1, 2®+1). Hence 
[2] = pi Pe Ps, Pr Poy Pr Ps OF P, py according as both, the first only, the 
second only, or neither of R = +(Q+1) mod 8, occur. 

Case3b. (Q= 1, R= 4, mod4, 2*|A). There are two subcases: (a) when 

=0, mod2*, 2n+2—k<2n+4, A not of the form 2%(4s+1); 
(b) when A is of the form 2?"(4s+ 1). Choose q, cs, so that 2Q¢,4+3R = 0, 
Qc: —3 R = 0, mod 27"**, Then 4Q*(2°+ Q2+ R) = 4Q(a@— e)? (x — cg) 
+ A(Qa+ BR), mod2?"*4: s(x) = (w—c) (wn —e). For (a), Theorem VIIa 
yields po = (2, x, W;/2), a simple factor; and p, = (2, 2+ 1, x/2”) where 
%s = Ws(x) or Ws(x)+2" according as 27"*+*|4 or not. Also (2,2+1, 
Ws (x)/2”1) exists, of norm 4, and = p?. Hence, for (a), [2] = p?p,. In 
case (b), the congruences have no solution so that [2] is prime. 

Case 4a. (Q=0, mod3; R= +(Q+1), mod9, but not (4b)). Here 
e= +1: and p= (3, +1, (x* = x+1)/3) exists, a multiple factor of [p] 
and the only one of norm p. Hence [p] = yp’. 

Case 4b. (Q = —3, mod9; R = +(Q+4+1), mod 27, but not (4c)). 
Here c = ¥1: 2° + Q24+ R= (x+1)? @F2)+{4(Q4+1)x+R}. We 
obtain p = (3, (v+1)/3, (2* = 2—2)/9) only if R= +(Q+1), mod 81, 
30* 
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and in this case, (3, (2 +1), (x? = x—9)/9), of norm 9 and therefore equal 
to p’, is an ideal. Hence [3] = p® or is prime according as R= +(Q+1), 
mod 81 or not. 

Case 4c. (Q=—3, mod9, R= +(Q+1), mod 27, 3"*?\ A, n> 2). 
Choose ¢, and c, so that 2Q¢q+3R = 0, Qa—3R = 0, mod 345; 
4 (22+ Q2+ R) = 40 (a#—«,)? (a@—cee) A(Qa+ R), mod 3"*5, wWe(z) 
= 2—: Ws3(x) = (w9—c,) (x— ce’). From Theorem VIIb, we obtain 
pe = (3, (w F 2)/3, Ws (x)/3”), and p, = (3, (v@+1)/3, (Ws (x) + 3")/3") only 
if A = — 3?"+2, mod 32"+8, Also (3, (v@+1)/3, W3(x)/3"—), is an ideal: 
a prime p” or equal to pipi. Hence [3] = pipi or pi pe according as 
A= —3*"*?, mod 3”"*8, or not. 

Finally, if z2®+Qz+ R = 0, modp, has no solution, [p] is prime. If 
it has a solution c, and p is not one of the primes in the above special 
cases [p] = p, po ps or pp” according as z°+ Q2+ FR has three linear or 
one linear and an irreducible quadratic factor, mod p; the bases being 
obtained by Theorems VIIa and VIII. If p is one of the primes listed 
above, the elements o,(p) and o;(p) of the factors of p are as given there 
and the single-prime elements in p;, pj + p are obtained by Theorems VIIa 
or VIII. These may be combined into the ordinary basis by Theorem II. 


UNIVERSITY OF MANITOBA, 
August, 1928. 





AN INTERPRETATION OF CERTAIN DECOMPOSABLE 
ALGEBRAIC FORMS AS FUNCTIONS 
OF DIVISORS.* 


By E. T. BELL. 


1. Introduction. A form (homogeneous polynomial) of degree » in 
indeterminates is called decomposable in a given field if it is the product 
of » linear forms whose coefficients are in the field. When the field is 
algebraic of degree », certain of these forms are well known in the theory 
of ideals. 

It is not necessary that the coefficients in the linear factors and the 
indeterminates of the form be considered as elements of the same field. 
If they are in different fields, the special case of the theory of an algebra 
over a field in which the algebra also is a field, is applicable. 

We discuss certain decomposable forms in » indeterminates, where » is 
an arbitrary constant integer >0, such that the coefficients in the » linear 
factors of a given form are algebraic numbers (but not necessarily in a field 
of degree w), and the indeterminates are in the irregular field of extended 
numerical functions. The latter field is defined in $5, after we have 
developed a few purely algebraic properties of the forms with indeterminates 
in any field. 

As we operate simultaneously in two distinct fields, each of the final 
formulas has a dual interpretation. One interpretation refers to the abstract 
algebraic properties of the forms, the other to their properties as functions 
of divisors of positive rational integers. The forms have the remarkable 
property of repetition under each of the two kinds of multiplication con- 
sidered. They are expressible as special determinants which, in the very 
simple case when the relevant algebraic number field is that defined by 
a primitive wth root of unity, degenerate to circulants of order » in either 
interpretation. The properties of the forms are intimately connected with 
those of w sequences of numbers 


Ay(n) (k=0,1,---,a@—1; n=O, 1, 2,---) 
defined by 
Aw Ay (n + w) + dw—1 Ap (n + @ —1)+.---+ a Ax (n) = 0, 


where dw, @w—1, +++, @ are any constant rational numbers and aw +0, a) +0. 
The w sequences mentioned may be any Ax(n) (mn = 0, 1,---), such that 
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Ax (n) (kK = 0,1, ---, »—1) are » linearly independent solutions of the 
given difference equation. Conversely, the forms arise naturally in. the 
study of these sequences. 

2. The fundamental sequences. Let aj(j = 0,1, ---, ), aw +0, 
a +0, be rational numbers, and let 2 be any root of 


@ 
(1) gy (2) =2 dy —j 2° = 0. 
Let P(x) be any polynomial in x with rational number coefficients. Then 
if # (x) is the remainder on ordinary algebraic division of P(x) by ¢ (2), 
the polynomial P(2) has a unique canonical reduction to the form R (2). 
In particular, if » is a rational integer >0, we shall write the unique 
canonical reduction of 2" in the form 


(2) 2% = Ay—1(n) 2°-1+ Aw—2 (n) QY-?+ ... + Ay (n). 
Multiply (2) throughout by aj 2/, and apply (2) to the result. Then 
a; B+) = aj Aus (n+j) MP4. 4a Ao (n+). 


Take 7 = 0,1,---,@, add the results, observe that the left of the new 
result vanishes by (1) and that the right is a canonical reduction. Hence 


(3) 2 yAx(n+j)=0  (k=0,1,---,@—1) 
I= 

for all integers n>0O. Taking n — 0, 1,---, »—1 in (2) we see that 

(4) Ax(s)=0, sth, OSs<wo—l, Ac(k)=1 (k=0,1,---,o—1). 


That is, Ax(m) (n = 0, 1,---) is the kth fundamental recurring series, or 
sequence, defined by 


(5) p> a; X(n+j) = 0 


and the initial values of X(n) == Ax(n) as given by (4). 
3. Derived sequences. Let X(n) be any solution of (5). Then 


(6) X(n) = 2 X(j) Aj(n) (n = 0,1,---). 


Thus the nth term of the sequence X(n) (n = 0,1,---) is expressed as 
a linear homogeneous function of the mth terms of the fundamental 
sequences, the constants being the first » terms X(j) (7 = 0, 1, ---, #—1) 
of the given solution. If X(j) + Ax(,) for any pairj,k such that O< j < o»—1, 
0<k<o@—1, the sequence X(n) (n = 0, 1,---) is called derived. We 
shall require several such. 
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Let y denote the one-rowed matrix (yo, y:1,---, Yw—1), Whose elements 
Yo, Y1) +++, Yo—1 belong to an abstract field, and similarly for z= (zo, ---, 2w—1),--*, 
u = (uo, +++, Uw—1), Vv = (vo, «++, Vo—1). Define » functions By(n; y) of y by 


w—1 
(7) Bu(m; y) = 2X yj An(n +3) (k= 0,1,---,a—1; n=0,1,---). 
I= 


Then from (3), (7) it is seen that By(n; y) is a derived solution of (5), 
and hence, by (6), 
om—t 


(8) By(n; y) = p> Bu(j; y) Aj(n). 


Either from this or from (7), we find the @ initial values 
Bi (0; y) = yes 


9) Bisy) = mit z Yo—i Ax(mo+j—i) (7 =—1,---, hk); 


Bes y) = Y vos An(o+j—9) (j =k+1,---,a—1); 
| 
(k = 0,1,---,@—1). 


The values of By(n;y), n>w—1, are calculated from (8) or from (5) 
directly with X(n) (n = 0,1,---) replaced therein by By,(n; y). 
Next define the » functions B(y,z) of the two matrices y, z by 


@w—1 
(10) By,da=D>ygBUiy (k=0,1,---, o—1). 
Jj=0 


Then from (7) we have 


w—-1 w—-1 


(11) Bly, 2) = 2, & vi 2j Ax(i+ J); 
=) J= 


whence Bx (y, 2) is symmetric in y,z. From (4), (11) we obtain the 
following explicit form for (10). Write 


n 
Pn (y, z) — ps Yj Zn—j; 0 < n < wm —1; 

J=0 
(12) 


2w0—n—1 


prly,2) = D yrwotjtoj, oSn<2o—2. 
Jj=0 
Then 
20 —2 


(13) Bxly, 2) ae =, Prly; 2) Ax (n). 
r= 
The foregoing can be iterated to any number of one-rowed matrices 
y,2,-++:,u,v of order w. Write as definitions of the functions on the 
left, (see also (24)), 
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(14) Byly, 2, +++, u,v) = 2 4 Bs (j3 y, 2, +++, UW) 
J= 


w—1 
(15) By (n; Bly, z, seis u, v)) = = By, 2, ree, Uy, v) Ax (n+ J), 

J= 

(k = 0,1,---,a—1; n=O, 1,---). 
Then from (3), (15) we have 


@ 
(16) 2 4 Br (n+j; Bly, 2) --+1 %, v)) = 0, 
J= 
(k = 0, 1,---,»—1; n= 0,1,.---). 
That is, Be(n; Bly, z,---,u,v)) (k =90,1,---,@—1) are @ linearly 
independent (obviously) solutions of (5); the initial values are given by 
n = 0, 1,---, o—1. The explicit form of (14) when more than 2 arguments 
(matrices) y, z,--- occur, corresponding to (13), is too complicated to be 


of interest, and it will not be needed. Both (14), (15) are symmetric in 
Y, 2, +++, u,v. From (6), (16) we have 


w—t 
(17) By (n; Bly, 2, vee, U, v)) —- a Bi (J; By, Z,°°°,U, v)) Aj (n), 
j=—0 
(k = 0,1,---,o—1; n=0,1,---), 


the generalization to any number of arguments of (8). 
4, Generalized circulants. With y, z,---,u,v as in § 3, write 


w—1 w—l 
(18) Y= a, .<., V = D yu Qi. 
j=0 j=0 
Then we have, for example, where 7 is an integer > 0, 
w—1 
oiy = ¥ Bijsy) 
i=0 


by (2), (7). In this put 7 = 0,1,---,m—1, and get wm homogeneous 
linear equations in 1, 2,---, 2%"! from which these can be eliminated. 
The result is the characteristic equation for Y, namely 


| Bo (0; y) —Y B,(O;y)  -:- Bo-1 (0; y) 
By (1; y) Bi;y)—Y .:--- Bo-1 (1; y) — 
wonky B,(o—1;y) +--+» Boxa(o—1;y)—Y 


Denote the absolute term of this equation, obtained by suppressing Y in 
the determinant, by N(Y). Then, by considering the product of the 
w roots we see that 





ALGEBRAIC FORMS. 


By (0; y) B, (0; y) cee BoiO;y) | 
(19) N(Y) = _ Y) B, Ms ”) ' : Bo- Os v 
Bo (. — 1: is B, (o ure ae tee os (w es vy) | 


has the value 
w—1 


(20) N(Y) = [] @otm 94+---+yo-1 97), 
jJ=0 


<7 re 


where 2;(j7 = 0,1,---,@—1) are the » roots of (1). 

The generalized circulant N (y) in y of order » degenerates to the ordinary 
circulant in yo, ¥:,-++*; Yo—1 When in (1) we take aw = —a,9— 1, a= 0, 
jo, 0. 

For this special choice of the coefficients in (1), all subsequent formulas 
concerning generalized circulants N()’), N(Z), --- become the corresponding 
formulas for ordinary circulants. 

From (20) it follows that the determinant (19) is a decomposable form 
of degree w in the wm indeterminates yo, ¥1,---, Yo—1- 

The product of any number of generalized circulants of the same order » 
is a generalized circulant of order . To obtain the explicit form of the 
product in terms of polynomials already defined, we note from (2), (7), (18) 
that 
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YZ= = Bx (y, 2) 2. 
=0 


Hence, by complete induction from (14), (15), we get 
w—1 
(21) ¥Z.--UV = 2 Bx (y, 2, +++, U, v) 2; 
=0 
and therefore, since by (20), 
(22) N(¥YZ.---UV) = N(Y) N(Z)---N(U) N(Y), 


we have 
N(Y) B(Z) .-- N(U) N(V) 


| BoO;*) ——BiOs*) ++ Bua (05) 
(23) os en *) ee ° tee Bo-(1; *) 
| Bo(w —1: *) Sein’ sie see Sees pares *) } 


in which By, (j;*) = Bey; Bly, z,---, u, v)), on comparing (21), (23) 
with Y as in (18), and (19). To include (19) in (23) we define 


( 24) Bx (y) = Ye (k= 0, 1,---,@—1), 
so that, by (7), (15), Be(y; B(y)) = Be(j; y).- 
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The determinant form in (23) is the special case n = 0 of 
N,(YZ --- UV) 
Bo(n; *) | Bi(n; *) vee Bo-1(n; *) 


(25) = citidign *) aegis *) Bu-1(n+1; *) 


heb sede oo eae 2 a; ge ee ty ae *) 
Multiply the rows of the last by do, a1,---, @w—1 respectively; add all 
resulting rows, except the first, to the first and apply to the new first row 
thus obtained the fact that B,(n; *) is a solution of (5). Transpose the 
reduced first row to the last. Then it is seen that 


n(Y¥Z--» UV) = (—1) aw Nngs(¥Z--- UV), 


where n is any integer >0. (If (1) be irreducible in the rational domain 
it is easy to extend all previous definitions and theorems so that the last 
holds also, in a slightly modified form, for n<0; but as the results are 
less interesting when applied to what is to follow, we have not imposed 
the restriction of irreducibility on (1)). In the last replace n by 0,1,---,r—1 
and multiply corresponding members of the resulting equations. Then 


(26) m(Y¥Z---UV) = (—1)™ (ao/aw)" M(VYZ--- UV), 


which expresses NV,(YZ---UV) in terms of N(YZ.--UV)= N(YZ:---UV). 

Thus N,(YZ---UV) has a kind of periodicity with respect to n. If 

ado = 4» and mw is even, the periodicity is precise, and the period is 1. 
From (26) it is seen that the necessary and sufficient condition that 


n(Y) Nn(Z) ast Nn(U) Nn(V) oe Nn(VZ- aks UV) 


{== 1)nes—-) (ao/Adw)"S—-Y — ‘. 


is that 


where s is the number of letters Y, Z,---, U,V. The condition is satisfied 
for s = 1 and » an arbitrary integer > 0, or for n = 0 and s an arbitrary 
integer >0O. The latter gives (22), (23); the former (20) with Bx(j; y) 
replaced by Bu(n+j;y) (kK =0,1,---,@—1). 

5. The irregular field of extended numerical functions. If 
Ff (1)#0, and if f(x) takes a single finite value for each integral value 
>0O of x, we call f(x) a numerical function of x. If the value of f(0) 
is not otherwise defined, we take f(0) = 0 by convention. Thus, on this 
definition, the number of divisors of 0 is 0 (not o, as it is sometimes 
useful to assert). If g(x) is a numerical function of x such that g(1)=1 
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and g(mn) = g(m)g(n) whenever m,n are coprime integers >0, g(x) is 
called factorable. Unless so stated, a numerical function will not be restricted 
to be factorable. 

An irregular field differs from a field only in the exclusion of an infinity 
of elements as divisors instead of the excluded unique zero as a divisor 
in a field. Elements which are excluded as divisors are called irregular; 
all others reywlar. Irregular fields were fully discussed in a previous paper.* 
We shall now interpret the four rational operations so that, with respect 
to them, the set of all numerical functions, in an extended sense, is an 
irregular field. 

If f(x), g(x) are numerical functions such that f(m) = g(n) for n = 1, 
2,3,--- (all rational integers »>0O), we say that f,g are equal, and 
write f = g. Conversely, f = g implies f(n) = g(n) (n = 1, 2,---). 

Consider now two resolutions of m into a product of s integral factors 
each >0O, say n = 1, 2---Ns = nine--- ns. These resolutions are 
said to be the same if and only if n = nj (¢ = 1,---,s8). Let the 
summation » refer to all distinct resolutions of into a product of s 
factors as above. Then we shall write 


DSi lm) Sa (me) +++ fa(ms) = fifo--- Soy 


where fj(x) (¢ =1,---,s) are any numerical functions, and call f,ft ---fs 
the product of fi, fe,---, fs. As such products will occur only in equalities 
(as above defined), it is unnecessary to indicate the argument n of /, Se Ts. 
ifix=hR=---=f, we write fitft:-A=A=A=:- =f. 
The multiplication indicated in f, f2 ---fs is associative and commutative; 
we shall define presently the sense in which it is also distributive. 

In applications it is frequently necessary to distinguish between the 
product f,.fe---jfs and the absolute product f = \f,fe---fs|, the latter 


being defined by 
I (n) = fil) fon) «+ Fe (m) 


Note that both fi.fa---fs and |f, fe ---jfs| are numerical functions. 

Now let a; (¢ = 1, 2,---) be any elements of a field ® whose zero, 
unity are denoted by 0,1 as usual, and let fi(x) (i = 1, 2,---) be any 
numerical functions of x. Precisely as in the postulates for an algebra 
over a fieldt we define a, f,(z)+---+asfs(x). If 


Wn (n) = a fi(n)+ ++» +a fs (n) 


© Annale of Mathematics, vol. 27, 1926, pp. 511-536. 
+ Wedderburn, Proc. Lond. Math. Soc., vol. 6 (1908), p. 79; Dickson, Adnhews und their 
Arithmetics, Ist ed., p. 9. 
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we shall write wy = a f,+.--- +asf,, and say that w is regular or 
irregular according as w(1) + 0 or w(1) = 0. 

Adjoin to the set of all numerical functions the set of all linear functions 
of the kind w just defined, where s = 1,2,.---, the f;i(¢ = 1, 2,---) 
range over all numerical functions, and the a; (¢ = 1, 2,---) over all 
elements of ®, Then, f being any numerical function, ff; (product as 
already defined) is a numerical function, and hence @, ff,+--- + as ff 
is in the extended set. With w as above, we shall write fw = «,ff,+ --- 
--- tas ffs, Wf =afift+---+asfsf, and we have fy = wf. The 
extended set is therefore a ring over ®. 

If y(n) takes a single finite value of the type «f(n) +A8g(n)+ --- +yh(n), 
where «, 8,---,y are in ®, and f(x), g(z),---, h(x) are numerical fune- 
tions, for each integer n >0O, and if further g(0) = 0 by convention, we 
shall call g(x) or g an extended numerical function in ®, Equality is 
defined as before. The set of all extended numerical functions is the 
above ring. 

Let the a, 8 be elements of @, and the /,g numerical functions. 
The product pw of 


g=Hafit---taf, Ww=—Agmt+---+hge 


of the extended numerical functions gy, Y in @ is defined by x = gy, 
where 


x(n) = D [afi (a) + --- + as fe(D] (8: 9: (8) + «++ + Bot (OI 
(oe =: 1, 3, .--), 


the summation extending to all pairs (d, 0) of integers d, d>0O such that 
n =d0. Such multiplication is associative and commutative, as is readily 
seen from the corresponding sums expressing these laws in the present 
interpretation; it is also distributive, since evidently 


x(n) = > [efi (d) w(8) +--+ as fe (ad) w(d)]. 


The unique zero element in the ring is €(m), where (nm) = 0 for all 
integers n> 0. 

The unique unity is the numerical function ¢(1) = 1, «(m) = 0 for all 
integers n> 1, for evidently «y = y, where g is any extended numerical 
function in ®. If @ be restricted to be regular, there exists a unique 
extended numerical function gy’ in ® such that py’=e. We call g’ the 


reciprocal of », and write gy’ = «/@ or = as convenient. The product 9’ y 


w 


will be written w/g or a The set of all extended numerical functions 
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in ® is therefore closed under division as just defined, and « is its own 
reciprocal; also y/y =, where x is regular. 
Combining results we have the comprehensive theorem that the set of 
all extended numerical functions in © is an irregular field.* 
When ©® is the field of rational numbers, we shall call the foregoing 
irregular field simply the functional field for brevity. 
6. Decomposable forms in the functional field. Let 


Yj, Zjy ey Ujy Vj (j =0,1,---,#—1) 


be any numerical functions. Then it is clear that the whole of § 4 regarding 
generalized circulants remains true under this interpretation of the yj, +++, vj. 
For, in § 4 the yj, ---, vj were any elements of an abstract field; the 
functional field defined in § 5 is abstractly identical, up to irregular elements, 
with an abstract field, and hence, as no divisions other than possibly by 
rational numbers occur in § 4, the italicized statement follows. Before 
specializing this extremely general theorem in an interesting direction, we 
give a simple example. 

7. Example of §6. When 2 in §2 is an imaginary cube root of 
unity, the formulas are short enough to be written in full. A few special 
cases of them follow; the general result is not given. 

Let n = p%q’---¢ be the resolution of the integer n >1 into powers 
of distinct primes p, q,---, ¢(>1), and write 


t(n) = at+b+.---+e, s(1) = 0. 
Then, r,s being any integers >0, we have 
(27) t(rs) = t(r)+c(s). 


Separate the rational integers >0 into the classes Cj)(j = 0,1, 2), the 
class C; containing all those integers nj >0O, and only those, for which 
t (nj) =j mod3. Let f(x) be any numerical function. If in a given con- 
text f takes only arguments in C;, we indicate this by writing /;. Otherwise 
stated, fj(n) = 0 or f(m) according as n is not, or is, in Cj. 
Let f(x), g(x) be any numerical functions. Define the A; by 


ho = fog thAgrtrhan; 
hy = fon +h Go + Se G2; 
hs = fog th Nn +S Jo- 





* The existence and uniqueness of the reciprocal, and hence of division, were established 
and amply illustrated in several previous papers, of which we may cite: Téhoku Math. 
Journ., vol. 17 (1920). pp. 221-231, in which an explicit form for the reciprocal of any 
regular ® is given. 
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Then it is clear that the notation A; is consistent with the convention 
regarding suffixes, for the suffixes of the /,g on the right restrict hj to 
take only arguments in Cj, by (27). In full, for example, 


ho(n) = > Lf (no) g (nd) +f (m1) g (ms) + 9 (mi) f(md)], 


or all integers n >0, where the summation refers to all resolutions of n 
into pairs of conjugate divisors m1, m2 and mo, no, so that nm = mn = m1 Nb, 
the suffixes indicating the classes. 

Now write fi 4; J: = Six, and similarly for g, h, 6, where @= gh. Then, 
if « is an imaginary cube root of unity, we have the decompositions in 
the field defined by e@, 


Wooot Wirt Wooe — 3 Wore 
= (Wot Wit We) (Wot YW, + a? We) (Wo+ a? Y,-+ @ Wo), 


Yo WU Wr 
eis We Wo YW, ’ 
WY. Ye Wo 


where w denotes any one of f, g, h, 0; we have also the identities 


( fooo +h it foes ei 3 fois) (Jooo+ Qut 9222 — 3 Jors) 
— Rooot hiirt hese — 3 hors = Oo00+ 9111 + 9x22 — 3 Bois. 


As a special example, let x(n) = m for all integers n >0; let w(n) be 
Mobius’ function, and g (m) the totient of nm. Then » =—ypyz. Write 


do = Fo Xo+ %e+ Me > 
Ay = Mo Xt Mt Xo+ Me Xe; 
ds eae Hat Ma Mit Me Xo- 


(ooo + Mit1+ Meee — 3 por) (xooo-+ X11 t+ Xe22 — 3 Yor) 
= Povo Pit Pos2 — 3 Fors = Aooot Arti + Asse — 3 Ais. 


This example is one of the simplest of the general situation described 
next. Note that the relations 6=gh, » =x, which are arithmetical 
in character rather than algebraic, in that they are consequences of the 
unique factorization law in rational arithmetic, yield the forms 6999+ ---, 
Yooot:--, for which there are no significant equivalents in § 4. 

8. Further decompositions in the functional field. Let /, 9, h be 
any elements (extended numerical functions as in § 5, end) of the functional 
field such that fg =h. Then if @ is any constant number, write for the 
moment 


Then 
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er” f(n) = f" (n) (n = 1, 2, ---) 


so that f” is defined as an element of the functional field. Similarly for 
g', h'. Each of the relations fg =h, f” g’ = h’", implies the other. 
For, fg = h is equivalent by (27) to 


Do f (ad) £8) = o™™ h(n), 


TRL PRU ee Reg 





the > extending to all integers d, d>0O such that n — dd. But this is 1] ei 
ag g” imag h’’. A a e 


We now consider a transformation of all the elements of the functional i ba 
field, based upon the above, which will give the complete generalization : aj. 
of the example in §7. Let k be any element of the functional field, and a 4 


define k;, also an element of the field, by a 
Aj (t (n)) k(n) = kj (n) 
the A;(n)(n = 0, 1,---) being as in § 2. If now A’ be defined by 



















(28) 





(j = 0,1,---,#—1; n= 0,1,---), ‘ pet 


(29) Aj (« (n)) = Aj (n) (j = 0,1,---,o—1; n=0,1,---), 
we have, by (28), 
(30) kj= |A'k | (j = 0, 1,---,@—1), ; 








the significance of the absolute product | Ajk| being as already defined 
in § 5. It is important to observe that there is no obvious relation between 
| fg |’, the sth power of the absolute product of any two elements f, g of 
the field, and | /'|*, | g|* or /%, g’, as is seen from the definitions. 

Now let w, y, z,---, u,v be any elements of the functional field between 
which there is the relation 
(31) 






w= Ye---UD, 


the indicated multiplication on the right having necessarily the meaning ia 
ascribed to multiplication in the field as defined in § 5. Write ee 











v = (wo, W1,°**, Ww—1), naSy f= (vo, Vip °**, Vw—1); 





where the suffixes 0,1,---,@—1 have the meaning defined in (30) for 
the functions w, y, z,---, u,v respectively. Then the form 


Bo (0; w’) Bi(0;w’) ++» ~~ Bu-1(0; w’) 
Bo(1; w’) Bi (1; w’) ay Bo-(1; w’) 


| Bo(m@—1;w') Bil(o—1;w’) --- Bw-1(o—1; w’) 
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is the product in the functional field of all the similar forms obtained by 
replacing in the above w' by y/,z,---, u,v, and hence, by the theorem 
expressed in (23), is equal to the generalized circulant in (23), with By(j; *) 
therein replaced by By (j; Bly’, 2,---,u, v')). All algebraic operations 
involved in the expansions and multiplications of the determinants are, by 
§§ 5, 6, necessarily to be interpreted in the functional field. 

It is a simple exercise in the definitions to see that (31) makes this 
indeed obvious. The examples in § 7 are special cases of this when the 
equation (1) is 28—1—0. The theorem of course adds nothing to the 
comprehensive isomorphism in §§ 5, 6, but it is of independent interest. 

Instead of proving such theorems, or any others in the theory, directly, 
it is simpler to use the method of generators explained in previous papers.* 
If the given functions are factorable, the variable z in the generator is 
replaced by 2z, and the function generated by the ordinary algebraic 
product of all such transformed generators, as 2 runs through all the 
roots of (1), is considered as a new generator. By observing the elementary 
algebraic relations between several such generators, transformed and un- 
transformed, everything follows at a glance. The indicated symbolic method 
also shows, as is evident from the foregoing developments, that the relations 
obtained in the functional field are equivalent to identities of precisely 
the same kind between Dirichlet series. We chose the above method 
here in order to avoid all matrices containing an infinity of elements, as 
the whole matter is essentially one of common algebra. 





* University of Washington Publications in Science, vol. 1, No, 1 (1915), pp. 1-44; 
Trans. Amer. Math. Soc., vol. 25 (1923), pp. 135-154. 


ON CERTAIN OSCILLATION THEOREMS.* 


By H. Poritsky.+ 


In the following we prove several theorems concerning harmonic poly- 
nomials and related functions which, we believe, are new. They deal with 
the distance from a point within which these functions must change sign 
(hence, the title) and with the extremal values at a certain distance. We 
then give a more general oscillation theorem that contains some of the 
former results as a special case. 

Consider first a homogeneous harmonic polynomial p, of degree n. Let us 
confine our attention to a unit sphere S with center at the origin. We shall 


prove 
THEOREM 1. If P is any point of the unit sphere S at which the spherical 
harmonic pn does not vanish and 6 is the (spherical) distance from P, then pn 
must change sign in the region 6 < an, where &, is the smallest positive 
root of Py, (cos), Pn (x) denoting the nth Legendre polynomial of x; if the 
change of sign does not occur for @<@, then pn = const. Py (cos 6). 


Proof. Introduce spherical polar coérdinates along S consisting of the 
above 6 (the co-latitude) and a longitude ». Resolve p, into a Fourier 
series in @ 


n 
(1) Pn = > (Aj cosig + Bi sini g) Pp,; (cos 4); 
i=0 


here Py; represent the associated spherical harmonics. The first term of 


271 
this series Ao Pn,o (cos 6) == Ao Pn (cos 6) = (1/27) , Pn (6, ») dg represents 


the “average” of the values of p, over a small circle a distance @ from P. 
Ag is the value of p, at P and is, by hypothesis, different from zero. For 
definiteness, suppose it is positive. Then for a,<6< «,, where «, is the 
next positive root of P, (cos@), the average is negative. Consequently, 
Pn must take on negative: values immediately beyond 6 = ay. 

Now suppose that p, is actually positive for @<«@,. It then vanishes 
identically in » for 6 = @,, as otherwise the average for 6 = a, would 
be positive. Hence the Fourier coefficients in (1) vanish for 6 = a@,: 


Aj Pn,i (COS Gn) = Bj Pn,i(cosa@n) = 0. 





* Received September 16, 1928. 
+ National Research Fellow in Mathematics. 
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But P,i(cose@n) +0 for i>0,* hence A; = Bj = 0 for i>0. This 
completes the proof. 

If M(6) denotes the maximum of the values taken on by p, along the 
small circle a distance 6 from P, while m(6) denotes the minimum of such 
values, the above formula for the average shows that M(@) > Ao Pr (cos 6), 
m(0) < Ao Pn (cos@). The equality signs can only hold (simultaneously) 
for values of 6 that are roots of P,,;(cos@), i>0, if (1) reduces to its 
first term plus the several terms for whose index 7 the particular value 
of 6 is a root of P,,; (cos); for other values of 6 the equality signs above 
hold only if (1) reduces to its first term. 

We now consider homogeneous bi-harmonict polynomials and shall prove 
for them 

THEOREM 2. Jf P is any point on the unit sphere S with center at the 
origin, and qn is a homogeneous bi-harmonic polynomial of degree n>3 
that does not vanish at P, then qn may be positive on S in the region 
6<Bn—e, where 6 is the spherical distance from P, Bn the smallest positive 
root of Py (cos 6)—cos 6 Py_1 (cos 6), and « an arbitrary but fixed positive 
number, but qn must change sign within the region 0< Bn (hence in any 
region enclosing it). 

It is interesting to point out that, while the region about P within 
which a change of sign of p», must take place is a closed region, the 
similar region for gp is an open one. 

Proof. As is known, we may write q» in either of the forms 


(2) Qn = Putlpn-s, Gy: == Pat 1? Dn—2; 


where 7 is an arbitrary homogeneous polynomial of the first degree 0, 
r is the distance from the origin, and p;, p; are harmonict and, conse- 
quently, homogeneous polynomials of degrees indicated by their subscripts. 
Utilizing the former representation we choose / = r cos @, introduce polar 
coérdinates 0, as above, and resolve g, into a Fourier series in g along S: 





* This follows readily from 
Pn,i (x) = const. (a*® — 1)‘ d' [Py (x)]/dat 


(see Wangerin, Theorie des Potentials und der Kugelfunktionen, IT, p. 53 (2)). The roots 
of Pn,i(x), except for x = +1, are thus the same as those of d‘ P,(x)/da‘’. But Pp (x) 
is a polynomial of degree m and has m roots lying —1 and 1. Hence, P,,i(x) for i>0O 
has n —i real roots + +1 that lie between those of P.,i_: (x). In particular, the largest 
root, different from +1, of Pai (x), i>O, is less than the largest root of Pra (x). 

f That is, satisfying the equation p‘= 0. 

¢See Almansi, Sull’ integrazione dell’ Equazione differenziale 4°*— 0, Annali di Mat. 
(3), vol. 2 (1899), §§ 1-3. 
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n 
3) a= = cos 7 (py — gi) [Ci Pn,i (cos 6) + D; cos 6 Py—1,: (cos 0)]. 
{= 


The average over the circles 6 = constant is now given by the first term 
in the summation (3) 


Co Pn (cos 6) +Do cos 6 Py (cos 0) = (1/27) LP an(o, gy) dg. 


We shall prove that this average must change sign in the intervalO<@< A). 

From the known oscillation theorems of Legendre polynomials one readily 
sees that the curves y = Py(x), y = xPn-1(x) cut each other in m distinct 
points whose x-codrdinates are 


(4) x = —1, —cosBn,---, cOSBn, 1 


and whose y-coérdinates for x>0O are alternately positive and negative. 
To study the changes of sign of Co Pa(x)+DoxPn-i(z) it is sufficient to 
examine the case C)+D ) = 1, since any other case is reducible to it by 
dividing gn by Co+D,, a number not equal to zero because it is the value 
of gq, at P. With this restriction upon the coefficients, however, the 
eurve y = Cy Pn(x)+Do xPn_i(x) passes through the peints of intersection 
of y = Pr(x), y = xPn-i(x), and, consequently, for n>3, y must change 
sign between xz = cosf, and x—1. qn, therefore, must change sign in 
the region 00 < Bp. 

At both end points of the interval cos£, <2 <1 the function 
xPn—1(x)/Pp(x) is equal to 1, decreasing from 1 as x increases from the 
lower end point and decreasing to 1 as x approaches the upper end point; 
elsewhere in the interval it is different from 1. Hence values less than 
and close to unity are taken on by this function in the interval in question 
only near x= cosf,. If, therefore, we choose gn = Co Pn (cos 8) 
+ Dp cos 0 Pn (cos 6) where —C)/Dy = 1—«, «& positive and sufficiently 
small, the change of sign of gp will occur only as close to &, as desired. 

Had we used the other possible representation of bi-harmonic polynomials 
by means of harmonic ones given in (2), the average would have appeared 
in the form CP, (cos 0) +DPn-2 (cos 6) and we would have been led to 
investigate the intersections of the curves y = Pn(x), y = Pn—o(x). Their 
identity with the former intersections follows at once if the recurrence 
formula (7+1) Pr4i(x)—(2n+1) x Pa(x) +n Pr-i(x) = 0* is written in 
the form (2n—1) [Pa(a)—2Pr-i(ax)] = (n—1) [Pa(x)— Pn—-2(x)].+ The 





* Wangerin, loc. cit., p. 33, (31). 

{For n= 83 qn, being odd, must change sign in the region 6 < 7/2‘and this is the 
most that may be asserted for gs. For mn =2 qn may be everywhere of one sign: we 
need only make the numerical value of C/D small enough in CP, (cos6) +D P, (cos@). 
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expression for the average of gn along the small circles 6 = const. that 
was used above may be utilized to obtain inequalities involving (6), m(@), 
the maximum and minimum of g, along 6 = const. To fix the average a(@) 
we may assign the values 1 and a, to a(0) aud a(6,) respectively. We 
then get 
1 1 1 
Pr(v:) Pao(m) a| = 0, 
P,, (x2) Pr-2 (x2) a2 


where 6: + 6,, 2, = C0S60,, %2 = COSOz, d2 = a(6.). If the coefficients 
of a,, a in the expansion of the left hand member above are both positive, 
we may replace them by the possibly larger quantities M, — M/(@,), 
M, = M(@,) and, changing the equality sign to >, obtain a correct inequality. 
Such will be the case if P,(a1) — Pa—o(a1)<0, Py(a2) — Pre (ar) > 0, 
that is, if z,, z, lie in certain alternate intervals into which the interval 
(—1, 1) is separated by the points of the sequence (4). In other cases 
similar inequalities may be asserted about (M/,, mz), (m,, Mz), or (m,, mz). 

We now turn to homogeneous tri-harmonic polynomials of degree n, rn. 
Their average, for n >3, involves linear combinations of three functions 
and can be written in the form 


C; Py (cos 4) + Cz Pn—2 (cos 6) + Cs Pn—s (cos 6). 


More generally, let us consider three continuous functions of @ /,(@), f2(6), 
Js(@) defined in an interval 0 < 6 < 6” and their linear combinations 


(5) C; fi (8) + Ce fo (0) + Cs fs (8). 


In a Euclidean space with rectangular Cartesian coérdinates 21, x2, 23 plot 
the curve x; = f;(6), i= 1, 2,3, and denote by C(6’) the curve segment 
obtained for 0 < 6 < 6’, 6’< 6”, and by B(6’) the smallest convex region 
that contains C(6’).* We state 

THEOREM 3. A. A necessary and sufficient condition that C; exist for 
which (5) does not vanish for 0 <0 < 0 is that the origin lie outside 
of B(6’). 

B. A necessary and sufficient condition for the existence of Ci, not all 
zero, for which (5) does not change sign for 0 < 6 < 6't is that the origin 
lie outside or on the boundary of B(@’). 





*In connection with such regions see Carathéodory, Ober den Variabilitatsbereich der 
Fourierschen Konstanten von positiven harmonischen Funktionen, Rend. Cire. mat. Palermo, 
vol. 32 (1911), pp. 195ff. 

+ That is, is entirely non-negative or entirely non-positive in the interval (0, 0’). 
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Proof. All the points outside B(6’) may be characterized by the existence 
of planes through them that contain no points of C(6’) while all the points 
on the boundary of B(6’) may similarly be characterized by the existence 
of planes through them that do not separate the points of C(6’) but contain 
some of them (see Carathéodory, loc. cit., 6-8). If, therefore, the origin is 
outside of B(6’) and we pass a plane through it that contains no points 
of C(6’) and whose equation is C, a2, + C,22.+ C323 = 0, then (5) will 
never vanish for all 6 in question if C; are put equal to C;. Conversely, 
if (5) does not vanish for 0 < 6 < 6’ when C; = C;, then C; do not all 
vanish and C,ai+C222.+ C323 = 0 is the equation of a plane through 
the origin that contains none of the points of C(6’). Therefore the origin 
lies outside of B(6’). Part B is proved in a similar manner. 

Another way of characterizing B(6’) is as the locus of centers of mass 
of four or less positive masses at different points of C(6’).* The coérdinates 
of points of B(é@’) may thus be expressed in the form 


xi = m1 fi(O1) + me fi (2) + ms fi (Os) + ma fi(Os), & = 1, 2, 3, 
0<9< 6, O< m forj — 1,2,3,4, m+m+mtm = 1. 





Hence the distance from the origin to points of B(6’) takes on a minimum 
value 6d somewhere. Moreover, this minimum 6 varies continuously with 6’ and 
is obviously a monotonically decreasing function of the latter. It is there- 
fore either positive for all @ in the interval (0, 6’), or else it vanishes 
sosnowhere and then there exists a (smallest) 6 such that 6(6’) >0 
for 0< 0'<0, 6(6') = 0 for 6< 6’< 6". In the former case C; exist 
that render 6) positive for all values of @ in question; in the latter case (5) 
may be positive in any closed interval starting at 0 and of length less 
than @ but must vanish in any such interval of length equal to or greater 
than 6. 

We now suppose 6>0 and consider the interval 0< @< 6. The origin 
is a point of B(6), since 6(@)—0. We shall show that it must lie on 
the boundary of B(@). Let 6,, %,--- be an infinite sequence of positive 
increasing numbers approaching @. For each 6; there exists a plane through 
the origin that does not contain any points of C(6;). Hence there exists 
a plane through the origin that does not separate the points of C(@).+ The 





* Carathéodory, loc. cit., 9. Three at most are really sufficient in the present instance. 
+ If Cor tit Ci2%.+ Cisx,; = 0 are the equations of the former planes such that 
Cc. 1+Ci2+Cis = =i, G ahi O+G, 2f2 (0)+-Cisfs (0) >0 for 0<0 <6), there exist limiting 
coefficients C;, , C;, Ci+C3 +C; = = 1, such that for a proper sequence of increasing 
integers ¢,, i:,+++, lim C1 = = G,, ™ Ci, s= = Cp, | are aC, s=C;. Consequently, C, f; @) 


"n—>0o 
of Co fs (0) + Cafe (0) = 0 for 0 < e< < @ and heed C2x2+ C2; = 0 is the equation of 
a plane that does not separate the points of C(@). 
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origin is thus a boundary point of B(6). If, therefore, the origin be 
represented as a center of at most four positive point masses situated at 
points of (6), these points must be co-planar; otherwise, the origin would 
lie inside a tetrahedon whose vertices are on C(@), and hence would not 
be on the boundary of B(6). But the center of mass of four positive 
co-planar masses may always be represented as the center of mass of three 
or less positive masses at some of the former points. Thus the origin 
may be represented as the center of mass of at most three positive masses 
on ('(@). One of these masses must be situated precisely at the end point 
of the curve segment 6 = 6, for, if 6* is the largest of the values of 6 
that determine the positions of the masses and 6*< 6, then B(6*) would 
contain the origin and we would have a contradiction since 6 is the smallest 
value of 6 for which B (6) contains the origin. We have thus established 

THEOREM 4. Jf 0 is the smallest value of 03 for which the equations and 


inequalities 
m fi (9,) + mz fi (02) + ms fi (43) = 0, 
i=1,2,3, <0:<63, m>0, m>0, ms>0 

are satisfied, then there exist constants C;, Co, Cs for which C, f, (@) + Ce fe (9) 
+ Cs fs (0) is positive for 0<0<0—e, e>0,t but any such linear com- 
bination of f;(0) must vanish in 0<6<0+6, © >0. There also exist 
constants Ci, C2, C3, not all zero, for which C, f, (0) + Cy fe (0) + Cs fz (0) = 0 
for 0<0<6. Conversely, if any linear combination of f; (0) vanishes in 
the interval (0, 6") then there exists a least upper bound 6 < 6" to the length 
of the intervals starting at 0 in which some linear combination will be positive; 
the above equations and inequalities will possess at least one solution and the 
smallest possible value of 03 will be equal to 6.4 

Returning to homogeneous tri-harmonic polynomials and their averages 
C; P,, (cos 0) + C2 Py—2 (cos 0) + C3 Pr—s (cos @), we state 


7 Unless otherwise stated ¢ is always to be taken as any fixed number satisfying the 
proper inequality. 

}In case of three positive masses the values of C; that render (5) non-negative for 
0 <0<86 are determined except for a constant factor, being proportional to the direction 
cosines of the normal to the plane determined by these points. Since the distance from 
the points of C (@) to that plane cannot change sign, it follows that distance must vanish 
to an even order at @,, assuming fi differentiable to the same order. This must also happen 
at @,, unless 6, = 0. Hence, if the interval (0,@—e) throughout which (5) is positive 
is made to approach the interval (0, #) while a proper one of the constants (; is held fixed, 
(5) will approach a definite function that is non-negative and has in the interval (0, @) at 
least several roots of the nature above specified, in addition to vanishing at 6. 

If there are only two positive masses, the values of C; that render (5) positive may be 
specified in terms of two linear inequalities. Finally, the case of only one positive mass 
is the case where the curve ( (6) passes through the origin for 6 = 0. 
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THEOREM 5. If ry is a homogeneous tri-harmonic polynomial of degree n 
and @ is the distance along the unit sphere S from a fixed point P on it, 
then rn may be positive in the region 0 < 7n—£, €>0, but it must vanish 
in the region 6 = y+e, € > 0, where yn may be specified by means of 
equations and inequalities of the type given in Theorem 4 applied to the 
Junctions P, (cos 6), Pas (cos@), Py—s(cos@). A solution of these equations 
and inequalities will exist for n>4 with 0 = yn satisfying the inequalities 
Yn < On + Ono + Gps, ¥n< G@n+ By-2. re 

Proof. Except for the assertion of the existence of @ and the estimate 
of its value the theorem is merely an application of the preceeding theorem. 
The existence of y, = 6 for n > 4 follows from the vanishing of the integral 


1 
f Pm (x) dx for positive integer m, in virtue of which any linear com- 


bination of the functions in question must vanish in the interval (0, 7). 
To prove the inequalities we proceed as follows. 

Let r, be a new tri-harmonic polynomial whose value at all points of 
any circle 6 = const. is equal to the average of 7, over that circle. Let P, 
be any fixed point a distance «, away from P, 6, the distance from P,. 
If we average 7; over the small circles 6, — const. we obtain 


m% = 6, Pr-2 (Cos @y) P,-2 (cos 6:) + C3 Pi (cos @y) P< (cos 41). 


By averaging this average again about a point P, a distance @,-» away 
from P, we obtain const. P,-4(cos 62) where 4. is the distance from P). 
The last average changes sign for 6, @, 4, hence the preceeding average rp 
must change sign for 62 < @,—,4 and therefore, certainly for 0; < @,~»-+ @n_4. 
Repeating the reasoning we arrive at the first one of the inequalities of 
Theorem 5. Had we stopped with the second average and applied Theorem 2 
to it, we would have arrived at the second inequality. 

The methods by means of which Theorem 5 was obtained could be used 
to establish similar results for k-harmonic polynomials. The necessary 
geometry of k-dimensional convex regions is available in the paper of 
Carathéodory cited. We could thus assert the existence of a least upper 
bound to the size of a spherical zone of one cap within which a k-harmonic 
polynomial may fail to vanish if its degree is greater than 2k. Also, recurrence 
inequalities (that get, however, progressively more inaccurate) could be 
established on the size of these regions by the methods of successive 
averages. That all the upper limits to 6 are less than 2/2 we conclude 


1 1 
from the vanishing of the integrals [, Poy (x) dx, f x Ponss(x) dx for n>0. 


If the bi-harmonic polynomials were treated by these methods 4, would 
have appeared as the least value of 6’ for which the smallest convex 
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region enclosing the curve 2; = P, (cos@), x2 = Py-2(cosé), OS <0 
contains the origin. The proof given above could be interpreted to show 
that this curve, starting at x; = 1, 7. = 1, never crosses the line x, = z, 
till 6 = Bn. 

Theorems 3 and 4 and their suggested generalizations could be applied 
to drawing conclusions similar to the above about the vanishing of non- 
homogeneous harmonic polynomials. We shall state the following result: 
if a harmonic polynomial p, of degree n vanishes at the origin, then there 
is a least upper bound @, to the angular opening of a zone of one cap 
on the surface of a sphere whose center is at the origin within which P, 
may be positive; a» is independent of the radius of the spherical surface; 
it is the least upper bound to the length of an interval starting at zero 
within which C, P, (cos @)-+ --- + C, Pi(cos@) is positive for some C;. 

To give another application of the above methods consider two-dimensional 
solutions of the differential equations Vu -+ 4’ u = 0, (V?-+ 43) (V°-+ 43) = 0.* 
We may state a theorem analogous to Theorem 1 to the effect that any 
solution of the first differential equation must vanish within a circle of 
radius o/2 where @ is the first positive root of the Bessel function of order 
zero Jo(r),t unless it is equal to Jo(r4) where r is the distance from the 
center of the circle. Again, if the first positive root of Jy (4.7) lies between 
the first two positive roots of Jo(4,7), then any solution of the second 
differential equation above that does not vanish at a point P must change 
sign within a circle about P of radius o, where o is the first positive root 
of Jy (A,r) = Jo(Aer).t These statements may be proved by averaging the 
functions over concentric circles§ and applying Theorem 3 and 4. 

If one attempted to find theorems similar to the above for other than 
circular regions by an extension of the same methods, a difficulty is en- 
countered not in properly generalizing Theorems 3 and 4 but in finding 
a proper substitute for averaging. It is by means of the latter that the 


*In the plane these differential equations are analogous to the differential equations 
on the sphere with center at the origin satisfied by homogeneous harmonic and bi-harmonic 
polynomials. The place of V? is taken by the second differential operator of Lamé-Beltrami. 

+See C. Neumann, Math. Annalen, vol. 1 (1867), p. 9. 

tFor other 4,, 4s, 42<c4, the curve x, = Jo (A, r), x2 = Jo (A. r) starting at the point 
x, =1, x =1 for r = 0 bends back and cuts the line 7; = x, before the convex region B 
has covered the origin; the maximum value of r for which CJo (A,r) + DJ (A: r) = 0, 
always obtainable by the specifications of Theorem 4, need not satisfy the equation 
Joi r) = Jy (A, Yr). 

§ In connection with averaging harmonic and related functions over concentric circles 
and spheres see Chapter I of my Cornell Thesis “Topics in Potential Theory” (Cornell, 
1927); the material of this chapter is contained in an article “On Certain Integrals over 
Spheres” recently submitted for publication to The American Journal of Mathematics. 
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questions considered were reduced to consideration of a linear combination 
of a finite number of functions. Yet a very simple generalization of the 
scope of Theorem 1 to arbitrary regions may be stated in the following 
form: 

THEOREM 6. If R is a plane region and 4, is the smallest value of 4 for 
which a solution over R of V?u-+-4u = 0 exists that vanishes on the boundary 
of R but is not identically zero (we shall call 4, the smallest “characteristic 
number” for the region R), then 

(a) if 4<A, there exist solutions of V?u-+ 4u = 0 that are positive over R. 

(b) if A>, there exists no solution of V?u+A4u=0 that is positive 
over R. 

Proof. We restrict R to regions for which at most a finite number of 
linearly independent solutions of A?u-+-4u = 0 vanishing at the boundary 

may be shown to exist for each of a discrete set of “characteristic” values 


of 2, say, by the methods of integral equations. The smallest characteristic 
value of 4, 4, (as well as the other characteristic values) decreases con- 
tinuously if the region R is enlarged and varies continuously with a con- 
tinuous deformation of the boundary.* 

Suppose first that2<2,. Enlarge the region R till a new region R is 
obtained enclosing R and whose first characteristic number is equal to 4. 


Let wu be the corresponding characteristic function of the enlarged region; 
wu does not change signt in R and is, say, either zero or positive. The 
integral equation that is equivalent to the differential equation and the 
boundary condition satisfied by « has a kernel that is positive inside the 
region R, namely, the Green’s function for that region. wu must therefore 
be positive inside R and, hence, over R. Part (a) is thus proved. 

Now suppose that 4>4,. Let wu be a function satisfying p?u+ Au == 0 
and positive over R and let w, be the first characteristic function of R, 
for definiteness, positive over R. Applying Green’s Theorem to the func- 
tions wu, uw, over the region R we get 


J four Ui — m7 part | (uo 


where 0/dn denotes differentiation along the inner normal and the rest 
of the notation is obvious. Hence, 


Ou, 


(—A, $4) fun aR+ fur" as = 


° ‘Courant-Hilbert, Methoden der mathematischen Physik I, p. 331, Theorem 3 and foot- 
note, p. 340, Theorem 10. 
t Courant-Hilbert, loc. cit., p. 364. 
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The first term is positive and so is the factor w in-the second integrand. 
Hence du,/dn must be negative somewhere over the boundary of R. But 
this is impossible since it would make w, negative at some points inside R. 
This completes the proof of part (b). 

A similar theorem may be proved for solutions of certain self-adjoint 
elliptic differential equations and in the same manner. Such a differential 
equation is the one satisfied along the unit sphere S by harmonic poly- 
nomials of Theorem 1: 

(6) B’pn+n(n—1)Pn = 0; 


here B® denotes the second differential operator of Lamé-Beltrami.* Now 
on S let us choose for the region # the spherical zone @< c. For ¢ very 
small the first characteristic number for R is very large; it decreases as c 
increases, and is equal to n(m—1) when ¢ is equal @,. Hence for 
0<c< a, there will exist solutions of (6) that are positive in R, but 
such solution must vanish inside larger regions R corresponding to c> ey. 
Thus we arrive at results overlapping a substantial part of Theorem 1. 





* Courant-Hilbert, loc. cit., pp. 266, 267. 
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MULTIPLE LINES WITH FIXED COINCIDENT 
TANGENT PLANES.* 


By Tremp.e Rice Houucrort. 


1. Introduction. The number of necessary and sufficient conditions 
that an algebraic surface of given order contain a given line i-fold is 
called the postulation of the i-fold line on the surface. 

Noethert+ determined the postulation of an i-fold line on an algebraic 
surface of order n. His postulation formula applies only to an 7-fold line 
such that a plane section of the surface has at its intersection with the 
line an ordinary 7-fold point with distinct tangents. 

Various kinds of multiple points of order z occur on an algebraic plane 
curve when the singularity contains cusps or consecutive multiple points 
or both. These singularities may be considered plane sections of 7-fold 
lines of algebraic surfaces. Thus an algebraic surface may have as 
many varieties of z-fold lines as a plane algebraic curve has varieties of 
singular points of multiplicity 7. 

In general the 2 tangent planes to an algebraic surface along an 7-fold 
line are torsal, that is, they vary from point to point along the line. Any 
or all of the tangent planes may be fixed in position. This gives rise to 
many types of 7-fold lines on a surface, each with a different postulation, 
but all having the same type of i-fold point on the curve of the plane 
section. 

In Noether’s postulation formula, the 7 simple tangent planes are all 
considered torsal. In the present paper, unless otherwise specified, the 
simple tangent planes to the surface through an i-fold line will be con- 
sidered torsal and those consisting of two or more coincident tangent 
planes through the 7-fold line will be considered fixed planes. 

The purpose of this paper is to determine the posulation of the types 
of i-fold lines on an algebraic surface with coincident tangent planes when 
these tangent planes are fixed. 

For brevity, we shall use the statement, “the plane section of an i-fold 
line is an 7-fold point”, meaning thereby “the plane section of the surface 
containing an 7-fold line at the point where the plane cuts the -fold line 
is an 7-fold point”’. 
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2. Multiple lines whose plane sections contain cusps. Given 
an algebraic surface f of order » whose equation is f(x, y,z) = 0. In 
order that it contain the line x = y = 0 #-fold all the partial derivatives 
of f with respect to and y up to and including the (¢ —1)st must vanish 
for all values of z. This causes the following number of coefficients of 
JS (x, y, 2) to disappear: 


n+1+2n+ 3(n—1)+4(n —2)4+ -.. +i(n—i4+2) 
- = iG+1) Bn —2i +9). 


This number is the postulation of an 7-fold line on f. It was determined 
by Noether in the paper cited. 

In any plane z = c, the ¢ tangents to the 7-fold point at the origin Q 
on the curve f(x, y, c) = 0 are defined by the equation 


a) 6 \' 
(ee tu 5] S(z,y,o = 0. 


In the case of the ordinary 7-fold line whose postulation is given above, 
the tangents at 0 are all distinct, that is, there exist no relations among 
the ith partial derivatives of f(x, y, c). 

The necessary and sufficient condition that two of the tangent planes 
to f through the line « = y = 0 coincide with the plane y = 0 is that 


RO of 


dat at Lay 


for all values of c. Each of the partial derivatives of order 7 in which 
x = y = 0 contains n —7z-+ 1 independent coefficients of the equation 
I(x, y, 2) = 0. Therefore, in order that two of the tangent planes to f 
through the 7-fold line be fixed coincident planes, 2(n — 7+ 1) additional 
conditions on f are necessary. The surface f has a cuspidal edge to which 
the fixed plane is tangent and the plane section of the 7-fold line is an 
?-fold point containing one cusp. 

For 7 = 2, the postulation of a cuspidal line with fixed tangent plane 
on a surface of order n is 5u—1. 

Similarly, if an 7-fold line has ¢ coincident tangent planes such that all 
coincide with a fixed plane, the postulation of the line is 


~iG-+1) Bn—2i+5)+t(m—i+)). 


The plane section of the z-fold line is an i-fold point with ¢ coincident 
tangents. 
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The postulation given above of an i-fold line for which ¢ tangent planes 
coincide with the same fixed plane is the same as the postulation of an 
i-fold line for which ¢ tangent planes coincide with any number ¢, of fixed 
planes, s; tangent planes coinciding with each fixed plane, s; > 0 and 2s; = ¢. 
This holds also for ¢, = ¢ in which case each of the ¢ distinct planes is fixed. 

3. Consecutive lines on a surface. We shall now determine the 
postulation of an 2-fold line on / such that a plane section of the line 
consists of two consecutive 7-fold points. 

In order that the curve f(z, y, c) = 0 have two consecutive 7-fold points 
at the origin with the tangent y = 0, two conditions must be satisfied: 

(1) The function f and all of its partial derivatives up to and including 
the (¢ — 1)st vanish when x = y = 0. 

(2) In the 7 sets of partial derivatives each composed of i+ a partial 
derivatives of order i+a—1, 1<a<i, there shall vanish i—a+1 
of each set, that is, all those of order + with respect to x such that 
ita—1>rZ2a—1. 

The first condition determines the multiplicity 7 of the origin; the second 
condition is derived from the limiting form of the general equation of 
a curve of order n = 27 with an 7-fold point at the origin and a second 
i-fold point at (c, 0) when c= 0. 

The line « = y = 0 will be 7-fold on f(z, y, z) = O with the tangent 
plane y = O and such that the plane section of the line consists of two 
consecutive 7-fold points when the above two sets of conditions are satisfied 
by f(x, y, c) = 0 for all values of c. Since each jth partial derivative 
in which x = y = 0 contains n —j +1 independent coefficients of /, when 
a jth derivative vanishes, » —j-+1 coefficients of f are determined. 

The sum of the following series, therefore, defines the total number of 
coefficients of the surface / that must be determined in order that f have 
an ?-fold line of this kind: 


n+1+2n+3(m— 1)+4(n—2)+.--.-+i(n—i+2) 
+i(n—i+1)+(—1) (m—d)4+.---4+2(m— 274-3) 4+n—2742. 
This series contains 27 terms. If we add the first 7 terms, term by term, 


to the series formed by the last 7 terms taken in reverse order, the sum 
is readily found to be 


5 iG+1) (Qn —2i+3). 


This is, therefore, the postulation of an 7-fold line with a, fixed tangent 
plane on / such that a plane section of the line consists of two consecutive 
?-fold points. 
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Two intersecting 7-fold lines on a surface may rotate into coincidence 
about their common point (which need not remain fixed) and thus become 
two consecutive 7-fold lines of the surface. The plane determined by the 
two lines approaches a definite limiting position and becomes the tangent 
plane to the z sheets of the surface which have contact with each other 
and with this plane along the limiting position of the line. 

The postulation of two intersecting 7-fold lines on a surface / of order n is 


= i@+1) (3n —2i+5)—= iG +41) (2i41) = ; G40 @a~—9i+8. 





The postulation of two intersecting 7-fold lines is therefore equal to the 
postulation of an 7-fold line with a fixed tangent plane whose plane section 
is two consecutive 7-fold points. This fact is interpreted geometrically 
as follows: Two intersecting 7-fold lines on an algebraic surface have the 
same postulation whether they are distinct or consecutive. 

The postulation of a rational space curve of order s and multiplicity 7 
on an algebraic surface is the same as the postulation of a system of 
s lines each of multiplicity 7 containing s—1 intersections.* This system 
may be represented schematically by an open, skew polygon, that is, each 
line intersects the next line in order, but the first and last lines have no 
point in common. The s lines may all become consecutive, each rotating 
successively into coincidence with its neighbor. By extending the above 
process it results that the postulation of the system of s distinct 7-fold 
lines containing s—1 intersections is the same as the postulation of s 
consecutive 7-fold lines on the surface. This result gives rise to the theorem: 

The postulation of a rational space curve of order s and multiplicity 7 
on an algebraic surface of order m is the same as the postulation of s 
consecutive 7-fold lines on that surface. This postulation is 


= iG+1) [s(3n —2i+5) —(s—1) (2i+1)]. 


4, Consecutive lines of different orders. Assume that the surface f 
contains a system of s lines involving s—1 intersections and forming an 
open, skew polygon as described in the preceding section. Let the lines 
be of the multiplicities 7,, 2, 73,---, 7%. such that 4, > i > i; >--+ 2 ts. 

Noethery has proved that the postulation of two lines of orders 7, and 7, 
on a surface of order m (2; > tg and n > 24,+7%— 2) is 


; [7:(¢, +1) (3m —2i,+5) + te (#2 +1) (8n—2i,+5) — ig (tg +1) (34,—t+1)]. 


* Hilda Hudson, Cremona Transformations, Cambridge (1927), pp. 220-221. 
+ M. Noether, loc. cit., p. 173. 
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Since in the system of lines described above each 7)-fold line intersects 
an ij4:-fold line of equal or lower multiplicity, 7 —1,---,s—1, the 
postulation of this system of s lines of multiplicities 7;, 7 = 1, 2,---,s is 


, a... : 2 ote Lae, 
Ge &,UG+N Bn—24+5)— | D tn Gut) Bj-tatd. 
i= J= 
A further condition that the surface contain this set of lines is 


8 
> ic nt?2. 
j=1 


Now let the zs-fold line approach coincidence with the is—1-fold line, 
these with the zs—.-fold, etc. until all of the s lines have become consecutive. 
The resulting singular line is of multiplicity 7, and is such that its plane 
section consists of s consecutive 7j-fold points, 7 = 1, 2,---,s. The postu- 
lation of this singular line on f is the same as the postulation of the 
system of s distinct multiple lines given above. 

The preceding result is the space analogue of the plane theorem proved 
by Enriques* that s multiple points of given order of a plane curve have 
the same postulation whether distinct or consecutive. 

5. Special singular lines. To find the postulation of a ramphoid 
cuspidal line x = y = 0 on the surface f(x, y, z) = 0, the conditions must 
be found that the plane curve f(x, y, c) =O have a ramphoid cusp at 
the origin for all values of c. 

The curve f(x, y, c) = 0 has a ramphoid cusp at (0, 0) with the tangent 
y = 0 provided that 


ro ER SE: BOSS AS ~ SAR 








ax ay da* =: Ow BY aa 
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ie ee) rf) = PAs 
k= Gael sa oy = 0 when r=>y=0. 


Each ith derivative is of order n—z in c. In order that the six linear 
conditions be satisfied for all values of c, there must be 6 m —3 conditions 
on the surface. Since these six conditions determine a tacnode on 
S(x,y, c) = 0, the postulation of a tacnodal line with fixed tangent plane 
on a surface of order n is 6n—3. 

The cuspidal condition R is of order 2n—6 in c. Therefore in order 
that R be an identity in c, 2” —®5 coefficients of R must vanish. This 
gives rise to 2 — 5 additional independent relations among the coefficients 





* F. Enriques, Lezioni sulla teoria geometrica delle equazioni e delle funzioni algebriche, 
Bologna (1918), vol. IT, p. 338. 
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of f(x, y, 2) = 0. Then the total number of conditions on / that it con- 
tain the line 2 = y = O as a ramphoid cuspidal line with a fixed tangent 


plane is 
8 (nm —1). 


This is the postulation of a double line on a surface of order » such that 
a plane section of the line is a ramphoid cusp and such that the tangent 
plane through the line is fixed in position. 

If the curve f(x, y, c) =O has an inflection at the origin with the 
x-axis the inflectional tangent, the conditions are: 





ey | ere. ee 
Cige dn ~—Sté‘éi*! on 


When these conditions hold for all values of c, the line x —~y =O is 
determined as a line of the surface f such that the plane section of / at 
every point of the line is an inflection. As shown in section 2, when these 
three conditions are satisfied for all values of c, 3 coefficients of f are 
determined. Then the postulation of an inflectional line of a surface of 
order n is 3” when the tangent plane to the surface along the line is given. 

If f(x, y, c) = 0 has a flecnode at the origin with y = 0 as flecnodal 
tangent, in addition to the three conditions for the inflection given above, 
the first partial derivative with respect to y and the third partial derivative 
with respect to x must vanish. When the above conditions are made to 
hold for an arbitrary value of ¢ so that the line 2 = y =O becomes 
a fleenodal line of # whose flecnodal tangent plane only is fixed, the 
number of independent coefficients of fis reduced by 5n—2. This, then, 
is the postulation of a flecnodal line with a fixed flecnodal tangent plane. 

If f(x, y, c) = 0 has a biflecnode at the origin with z = 0, y = 0 the 
tangents, in addition to the conditions given above for the flecnode, the 
second and third derivatives with respect to y must vanish. When these 
conditions are satisfied for all values of c, the line « = y = 0 is a biflec- 
nodal line on f/ with both tangent planes defined. The postulation of such 
a line is Tn— 5. 

In general, if any number ¢ of the 7 tangent planes of an 7-fold line 
are fixed inflectional tangent planes to the surface along that line, the 
postulation of such an 7-fold line is 


ZiGi+1)(Bn—2i45)4+1@n—2i 41). 
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ON THE FUNDAMENTAL TRANSFORMATION 
OF SURFACES.* . 


By Ernest P. LAne. 


1. Introduction. Two surfaces are in the relation of a fundamental 
transformation, or transformation F, in case their points are in a one-to- 
one correspondence such that the lines joining corresponding points form 
a congruence whose developables intersect both surfaces in conjugate nets, 
neither surface being a focal surface of the congruence. The congruence 
is called the conjugate congruence of the transformation, because it is con- 
jugate to both nets. If the congruence is a bundle of lines, the two sur- 
faces are radially related. 

The tangent planes at corresponding points of the two surfaces intersect — 
in the lines of the harmonic congruence of the transformation, which is 
harmonic to both nets. If this congruence is a ruled plane the two sur- 
faces are called perspective. 

The researches of Eisenhart,t Jonas, and others have shown how ex- 
tensive and significant a generalization this transformation is of several 
well kown transformations of surfaces. It would seem to be of interest 
therefore to study transformations / in ordinary space by the method 
developed by Wilczynski, Green, and others, which has recently been used 
by Grove§ to extend the notation of a transformation F to nets not con- 
jugate. We employ a completely integrable system of linear homogeneous 
partial differential equations and a group of transformations that leaves our 
configuration invariant, neglecting however the tedium of computing a com- 
plete system of invariants. 

After reducing the defining system of differential equations to a canonical 
form, we calculate certain invariants of a net, and then compute the change 
in them due to the transformation F under consideration. Then it is easy 
to write down conditions on. the coefficients of the differential equations 
necessary and sufficient that the transformation shall preserve certain 
properties of a net. Introducing the axis and ray of a point with respect 
to a net, and employing a local codrdinate system, we obtain new inter- 
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* Received October 17, 1928. 

+ Eisenhart, Transformations of surfaces, Princeton, 1923, p. 34 et seq: 

t Jonas, Sitzungsber. Berl. Math. Ges., vol. 14 (1915), p. 103. 

§ Grove, Transformations of nets, Trans. Amer. Math. Soc., vol. 30 (1928), p. 483. 
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pretations for the conjugate and harmonic invariants used by Graustein* 
and Slotnick as tools for the study of a transformation F. 

By means of certain power series expansions for the codérdinates of 
a point on a surface, we introduce two quadric surfaces which it seems 
natural to associate with a fundamental transformation. And we investigate 
to some extent their relations and properties. 

Finally, transformations F' whose conjugate and harmonic congruences 
are of special types receive brief attention. 

2. The differential equations. Green,t using a somewhat different 
notation from that which we shall employ, called attention to the fact 
that in ordinary space two surfaces S,, S, with their points in one-to-one 
correspondence so that corresponding points P,, Py have the same curvi- 
linear codrdinates, and such that Py is not in the tangent plane of S, 
at P,, are a pair of integral surfaces of a system of differential equations 
of the form 

tun = Cx +Amy+Guy+Ly, 

Luv = cx +2, +ba +My, 
(1) ty = Det+Eu+Buay+Ny, 

Yu = pr + ary + B2y + ly, 


Yw = qx + yay +d2xzy +ny, 
and be calculated the integrability conditions therefore. Of these conditions 


the last four, obtained by equating the two expressions for yw that are 
consequences of the last two of equations (1), are 


Yu—% +yA—BE+q+a(6—a) = ly—na, 

By — bu-+8B—7yG+p+b(a—8) = nb —19d, 
pot BD+1q+e(a—8) = qutyC+np, 

ly +BN+(a—6)M = mtyL. 


(2) 


We wish first of all to modify system (1) so that every pair of integral 
surfaces will be in relation F. For this purpose we shall determine the 
developables of the congruence I,, of lines zy. The point 7 defined by 


q=ytke 





* Graustein, An invariant of a general transformation of surfaces, Bull. Amer. Math. 
Soc., vol. 32 (1926), p. 357. 

ft Green, Memoir on the general theory of surfaces, etc., Trans. Amer. Math. Soc., vol. 20 
(1919), § 20. 
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is on lzy. As Izy varies over a ruled surface of the family dv—Adu = 0 
in Izy, P, generates a curve whose tangent at P, is determined by P, 
and the point 9’ given by 


n' — Yut Yos + k (aut ay4) +k'x. 


Expressing 7’ as a linear combination of x, zu, xv, y and equating to zero 
the coefficients of z,, x» we obtain conditions on k, 4 necessary and suf- 
ficient that l,, may generate a developable and have P, for focal point, 


namely, 
atk+yA=0, 84+(6+h4=0. 


Eliminating k and replacing 4 by dv/du we obtain the differential equation 
of the developables of Izy, 


(3) B du? + (6d — a) dudv—y dv? = 0. 
Incidentally, eliminating 4 we obtain 


(4) 2+ (a+6)k+ad—py = 0. 


The two points 7 corresponding to the two roots of this equation are the 
focal points of Izy. 

If now 8 =y = 0, d—a +0, the developables of I,, intersect S; and Sy 
in the parametric curves thereon, the foci 7, ¢ of lzy being given by 


(5) q=y—ar, FC=y—<éz. 


We shall suppose from now on that 8 = y = 0, and in order that S, may 
not be a focal surface of Izy we shall suppose that ad +0. If d—a =O, 
the developables of Iz, are indeterminate and I, is a bundle of lines 
with its center at the fixed point y— ez, the surfaces S,, S, being radially 
related. 

The parametric curves on S, form a conjugate net Nz in case M=— 0. 
We shall suppose from now on that this condition is satisfied, and in 
order that S; may not be developable we shall suppose that LN+0. 
Under the suppositions 8 = y = M = 0, the integrability conditions (2) 


become 
a+a(a—d) = q+nae, 
Potlgt+c(a—6) = qut+np, 
ly = Nu. 
It is not difficult to calculate the system of equations corresponding 
to (1) when the roles of x and y are interchanged. We shall compute 
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all the coefficients of such a system later, but at the moment the only 
coefficient that is needed is the one corresponding to M, which vanishes 
when the parametric-curves on Sy form a conjugate net Ny. This condition, 
which we shall suppose from now on to be satisfied, is found to be 


(7) pd (ay + aa) + ga(p+ ba +1d)—ad(p,+ca+1g) = 0. 


The conditions that we have imposed insure that every pair of integral 
surfaces of system (1) will be in relation F. 

It is possible to simplify system (1) still more by means of a trans- 
formation of the form 


(8) w=iz, y= py. 


The effect of this transformation on the coefficients p,q, 1, is found to 
be given by the formulas 
ep = AMptady/d), wg = 4(q+44p/A), 


(9) l= |—pu/p, nN = N— pby/p. 

The last of (6) shows that mw can be chosen so that / = —0. We shall 
suppose from now on that this choice has been made. A condition necessary 
and sufficient that 4 can be chosen so that p= q = 0 is 


(p/a)y = (q/d)u. 


By means of (6) this condition can be shown to be equivalent to (7) if 
d—a+0, and to be a consequence of (6) if 6—a — 0. And so we 
shall suppose from now on that this choice of 4 has been made. In the 
presence of the conditions p = q = 0, «d +0, equation (7) reduces to 
c=0. We reach thus the following conclusion. Any system (1) such that 
every pair of integral surfaces is in the relation of a transformation F, 
the surfaces Sz being non-developable, can be reduced to the form 


Yuu = Cr+Armt+Guy+ Ly, 
Luv a2ut+ bay, 
tw = Det+ Eamut+ Bat Ny, 
Yu = BLu, fe = O2y (ad LN+4+0). 


(10) 


The most general transformation (8) which leaves the form of the canonical 
system (10) invariant has 4 and mw constant. The only coefficients of (10) 
not absolutely invariant under such a transformation are a, 0, L, N, for 
which we find 


(11) a=aljpy 6= dlp, L=plh, N= peNi. 
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The effect of the transformation of parameters 


(12) 






wu = U(u), v = Viv) 









on the coefficients of (10) is given by 






C = C/U", U'A=A—U"|U', G=VGU", 


13 
= L=L'U", a=a/V', «=e 







and the formulas obtainable from these by the substitution 
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> Res 
If the coefficients of the equations corresponding to (10) when the roles i ‘$8 
of x and y are interchanged are indicated by dashes, we find ; : 






A G = «Gd, L = aC, m 
(15) @=ad/e, b= be/d, a = l/e, é = 1/0, 
D= ON, E = 6Eve, B= B+4,/8, N= 6D. 







In order that S, may be non-developable we shall suppose that CD +0. 
All of the integrability conditions for system (10) are found to be 






Qutab = A+ EG, b+ab = B+ EG, 
but b+aG = G,4+bA+6L4+ BEC, j 
dy +a?+bE = E.+aB+aN+AE+D, 18% g 

CG =aC—DG, Dy = bD—CE, BY a 
ly =aL—GN, Ne = bN—EL, | ; 
a, = a(d—a), 6, = b(a—<d). 







(16) 












These equations are of course invariant under the transformation (15). 
And it follows from the first two of them that there exists a function 6 
determined, except for an additive constant, .by 







(17) 6, = b+A4, 6 = at+B. 












We shall now find the differential equations corresponding to (10) in | ee 
plane coérdinates, so that it will be possible to study by means of them hs 3. 
the two surfaces S,, Sy after the dualistic transformation that converts | Sea 
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each point of a surface into the tangent plane at the point. If the co- 
érdinates § of the tangent plane of S, at P, are defined by 


(18) — = e 8 (x, Tuy Lv) 


while the coérdinates 7 of the tangent plane of S, at P, are defined by 


(19) y= ET(Y, Yus Wo); 
where g is defined by 
(20) y = 6+log ad, 


then §, 7 are found to satisfy the system of equations 


a = a LE— (A—Ly/L) E,— aL&,/N—Ly1, 


E, = —@N%,/L—EL%,/N, 
(21) 5, = dNE§—bNE,/L—(B—N,/N)%—No, 
Vw >= —C$,/L, QV = — D&,/N. 


If the roles of &, 7 in the formulation of those equations are interchanged, 
— and are found by actual calculation, or by (15), to satisfy 


Quu = Cy = (A—C,/C) Nu— aCgy/D— a(&, 


9 Qu = — DG y,/C— CEn,/D, 
) eo = Da — bDou/C—(B—De/ D) % — 8 DE, 
E, = — Lyy/C, & = —Ny,/D. 


3. Invariants and geometric theorems. There are two types of 
problems that arise in the investigation of transformations F’. In a problem 
of the first type we consider a conjugate net having a special property, 
being perhaps isothermally conjugate, and inquire under what conditions 
the F' transformed net may have the same property. And in a problem 
of the second type we consider as a whole the configuration composed of 
two nets in relation F and the conjugate (or harmonic) congruence, and 
study properties thereof whose definition depends on the relation F. We 
shall consider each type in turn. 

In ordinary space a surface referred to a conjugate net was studied* 
by Green who used a certain system of two partial differential equations 
of the second order. For Nz one of these equations, in a notation different 
from Green’s, is the Laplace equation appearing as the second of (10). 





* Green, Projective differential geometry of one-parameter families of space curves, etc., 
Amer. Journ. Math., vol. 37 (1915), p. 215, and vol. 38 (1916), p. 287. 
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The other is found by eliminating y from the first and third of (10) and 
solving the result for zu.. It can be written in the form 


(23) Luu @ xvy + b' ay+ ' ay+ dx 
where 
(24) a = L/IN, W =A-—ad'E, c=G-—aB, d=C—daD. 


Some of the invariants of Nz are found to have in our notation the fol- 
lowing expressions: 
H = ab—aM, K = ab—b, 
WwW = 2 byt au.— Bu— (log L) uv, 
W™ = 2 ay+ by — Ay — (log N)uv, 
#= KtAW™= a+ EG — (log DL)w = N (Gut bG—GL,/ D/L, 
(25) A= H+WwW”= b+ EG — (log N)w = L(E.+aE— EN,/N)/N, 
D = L(k,—2bE+AE+ aN)/N—(G,.—2aG+ BG+ 6D), 
8 B’ 6a—2B—3L,/L+WN,/N, 
8’ = 6b—2A—3N/N4 L/L. 


By use of (15), the corresponding invariants for N,, indicated by dashes, 
are found to have the following expressions: 


H = H— (log Oey , K = K— (log D)uv; 
W™ = W+ (log 6L/C)u, W” — W+ (log a N/D)w, 
H = #4 dog L/C)w = D(GutbG—GC,/C)/C, 
K = K+ (log N/D)uw—= C(Ey+aE—ED,/D)/D, 
D = C[E.—(1+«/6)bE+AE+D]/D 
—a[G,— (14+ 6/a)aG+ BE+C]/6, 
8B’ = 8 B+ (log «* DL*/dC*N),, 
8C’ = 8C'+ (log °C N?/aD* L)y. 


(26) 


From (25) it is easy to read off conditions on the coefficients of (10) 
necessary and sufficient that Nz, may have special projective properties. 
For instance, Nz has equal point invariants in case H — K, so that 
dy = by. Similarly we may treat a net Nz if it has equal tangential 
invariants, Jf = &; if it is isothermally conjugate, so that W = W, 
this condition being equivalent to (log N/Z)u». = 0; if it is harmonic,* D = 0; 
if it is quadratic, 8’ — C’ — 0; and if it is an R net, WY = W™ = 0. 





* Wilczynski, Geometrical significance of isothermal conjugacy of a net of curves, 
Amer. Journ. Math., vol. 42 (1920), p. 211. 
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And from (26) it is then easy to read off conditions on the coefficients 
of (10) necessary and sufficient that a net Nz having one or more of these 
properties may correspond by a transformation F' to a net Ny having the 
same property or properties. We shall refrain from entering upon a detailed 
discussion of these conditions, remarking that conditions similar to some 
of them have been obtained by Slotnick who has also stated some theorems 
as consequences thereof.* 

We shall now discuss certain cross ratios used by Slotnick and Grau- 
stein, and obtain new interpretations for them, this exemplifying problems 
of the second type previously mentioned. The cross ratio R of the points 
x,y and the focal points 7, ¢ of the generator /,, of the conjugate con- 
gruence I, of the transformation F' under discussion is given by 


(27) R = (a, y, 4, o) = (@, 0, a, d) = d/a. 


This is the reciprocal of Slotnick’s invariant C which is equal to 1 for 
a radial transformation. There are other cross ratios which are equal 
to R. For instance, if local codrdinates x,,---, 2, based on the tetra- 
hedron 2x, 2u, %v, y With suitably chosen unit point are introduced, the 
equations of the ray of Px, with respect to Nz, which joins the Laplace 
transformed points o, e defined by 


(28) Go => Ly — a2, 0 — Inu — ba, 
is found to have the local equations 
(29) m= a1+ba+ax = 0. 


This line crosses the generator x, = x, = 0 of the harmonic congruence 
of the transformation F’ in the point (0,a,—b,0). Similarly, the ray 
of Py with respect to Ny has the local equations 


(30) xX, = bax,+ada,t+adxr, = 0 


and crosses the line 2, = a, = O in the point (0,ad,—ba,0). The 
cross ratio of the second and firstt focal points of the line 1, = x, = 0, 
namely the points (0, 1,0,0), (0,0, 1,0), and the two points where the 
rays of Pr and Py meet this line is equal to R. Still another way to 


* Slotnick, A contribution to the theory of fundamental transformations of surfaces, 
Trans. Amer. Math. Soc., vol. 30 (1928), p. 190. 

7 In this paper the convention is observed that the first focal point of a generator of 
a congruence is the point which generates a w-curve with the generator of the congruence 
for tangent. The first focal plane is tangent to the first focal surface at the first focal 
point. 
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define a cross ratio which turns out to be equal to R is to consider the 
first and second focal planes xz = 0, x3 = 0 of Ixy, the plane x,dv—a3du = 0 
determined by lxy and the tangent to any curve through Pz on Sz in the 
direction dv/du, and the plane 2,ddv—a2,;adu = 0 determined by Ixy 
and the corresponding curve through Py on Sy. The cross ratio of these 
planes in the order named is equal to R. 

Dual considerations lead to the discussion of another cross ratio. The 
first focal plane of the line 2, = a2, = O of the harmonic congruence, 
which is the tangent plane of the surface generated by the point z,, inter- 
sects Jzy in the point (D,0,0, N), and the second focal plane of 2, = 2, 
= 0 intersects ly, in the point (C,0,0, Z). Therefore the cross ratio S 
of the tangent planes of S, and S, and the first and second focal planes 
of the generator 7, = 2, = 0 of the harmonic congruence of the trans- 
formation F' under discussion is given by 


(31) S = (», 0, D/N, C/L) = CN/DL. 


This is Slotnick’s invariant H which is equal to 1 for a perspective trans- 
formation. Therefore Slotnick’s Theorem XI becomes that the asymptotic 
curves on S, and Sy correspond in case R= 8S. There is another way 
to define a cross ratio which is equal to S. The axis of Px with respect 
to Nx is the line of intersection of the osculating planes of C, and C, 
at P, on S;. Equations (23), (24), (10) show that the axis of P, joins P, 
to the point (C, EL/N, G, L). Therefore the local equation of the plane 
containing J», and the axis of Pz is 


(32) GNa,—ELz, = 0. 


Similarly, the equation of the plane containing Jz, and the axis of P, is 


(33) DGa,—CEx, = 0. 


Therefore the cross ratio of the second and first focal planes x, = 0 and 
Xe = 0 Of lry, the plane of lxy and the axis of Px, and the plane of lxy 
and the axis of Py is equal to 8. 

4, The associated quadric surfaces. The codrdinates of a point X 
near P, on Sy can be represented by power series of the form 


= e+ ay Aut ay Avt (Guu Au? + 22u Au Av + rw Av*)/2+--- 


in which Au, Av denote the increments of u,v that correspond to dis- 
placement from P, to the point X. When the derivatives of x of the 
second and higher orders are replaced by the expressions given for them 
by (10) and the equations obtained therefrom by differentiation, the result is 
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EL = X, + Le Lut Ly Hy+ X% Y; 


%=1+---, 
Le Aut+(AAu®+ 2aAuAv+ EAv’)/2+---, 
(34) a = Av +(GAu?+2bAuAv+BdAv*)/2+--., 
ty = (LAu*?+ NAv’)/2 
+ [(Lu+ AL) Au’+ 3a L Au®Av + 3bN Au Av?+ (Ny+ BN) Av®] /6+-+-. 


| 


In a similar way we 





These are the local parametric equations of Sr. 
obtain the local parametric equations of Sy: 


y, = (a@CAu®+6 DAv’)/24+[2a,0+ aC,4+ «@AC)Auw+ 3adCAu? Av 
+ 3baD Au Av?+ (26,D + 6Dy+6BD) Av']/6+---, 
(35) ys = e@Aut+[(a,+ A) Au?+ 2ad Audv+dEF Av']/24+--., 
ys = OAv+ [eG Au?+ 2ba AuAv+ (6,4 6B) Av*]/2+.-.-., 
ye 1+---, 


Since it is three conditions for a quadric surface to have contact of 
the first order with an analytic surface at a point of the latter, and since 
it is six conditions for a quadric to have contact of the second order, it 
is not surprising that there is a unique quadric Qx which has contact of 
the second order with S, at Pz, and contact of the first order with Sy at Py. 
On writing the equation of a general quadric, and demanding that this 
equation be satisfied by the series (34) identically in Au, Av as far as the 
terms of the second degree, and by (35) as far as the terms of the first 
degree, the equation of Q, is found to be 


| 





(36) Lx? + Naz — 22,2, = 0. 


There is also a unique quadric Qy with second order contact with Sy at P, 
and first order contact with Sy at Pr, the equation of this quadric being 
found similarly to be 


(37) 6C22 + aDz2—2adzxr, x, = 0. 


The quadrics Q,, Q, will be called the associated quadric surfaces of the 
transformation F. 

The associated quadrics Q,, Q, determine a pencil of quadrics. Two of 
the cones in this pencil are the planes 


(38) d(aL—C)a2+a(6N—D)a2 = 0, 
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which intersect in the line xy of the conjugate congruence and separate 
harmonically the focal planes x, = 0 and x; = 0 of this line. Another 
cone in the pencil has the equation 


(39) (6CN—aDL)#2+26(«L—C)a,x,= 0, 


its vertex being at the point (0, 1,6, 0), and the fourth cone has the equation 


(40) (a DL—d6CN) #2+2a(6N-- D) x, 2, = 0, 


its vertex being at the point (0, 0, 1, 0). 
The quadric Q, intersects Sy, in a curve with a triple point at P, the 
directions of the triple point tangents being given by 


(Ly — 2 AL) du’ — 3(aL + GN) du? dv 


(41) — 3(bN+ EL) dudv*+(N,—2BN) dv'=0, 


and intersects S, in a curve with a double point, the directions of the 
double point tangents being given by 


(42) a(a lL —C)du?+d(6N— D)dv®? = 0. 
The corresponding equations for Q, are 


[(a. + 2a@A)C— aC,] dw + 3(adC+y7DG4) du? dv 
(43) +3(baD+6CE) dudv?+[(6,+36B) D—<éD,] dv’ = 0, 


and 
(44) (6C — L)dw’+(eD—N)du*® = 0. 


The planes centaining the intersection of Q, and Q, intersect S, in curves 
having the directions 


(45) d(aL—C)du?+a(é6N— D) dv? = 0, 
and intersect Sy, in curves having the directions 
(46) 6a®?(a lL —C)du?+ad*(déN— D) dv? = 0. 


The curves thus defined on S, for instance, and the curves on S, corre- 
sponding to the curves thus defined on Sy, would seem to be worthy of 
more detailed study than space permits here. 

5. Special conjugate and harmonic congruences. We have al- 
ready. seen that the conjugate congruence is a bundle of lines in case 
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R = 1, a condition equivalent to = 0d. In this case we have «,, = a, = 0 
by (16) and by (11) we can make a = d= 1. Dually, the harmonic con- 
gruence is a ruled plane in case S = 1, a condition equivalent to CV = DL. 
In this case we have (C/L)y = (C/L)y = 0 by (16) and by (11) we can 
make C= L, D=WN. The surfaces Sz and Sy are projectively equivalent 
in case R = S = 1, since the differential equations of the kind used by 
Green for S, are identical with the corresponding equations for S, if, and 
only if, these conditions are satisfied. 

Besides the extremely special conjugate and harmonic congruences just 
considered, which will be excluded from our remaining considerations, other 
possibilities suggest themselves. For instance the focal surfaces of the 
conjugate congruence may reduce to curves. We find from (5) by actual 
calculation 


(47) 


| 
— 
oa 

| 
& 
., 


Yu = — 7, Qv 


Cj. = (a — d)e, fy = — Oo 2, 


where e, o are defined by (28). Imposing the condition that 7 shall satisfy 
a linear homogeneous partial differential equation of the first order, we 
find that the locus of P, is a curve (which is not a fixed point) in case 
ey, = 0. Therefore if the locus of P, is a curve at all it is a v-curve. 
Similarly, the locus of Pr is a curve im case dy = 0, so that if it is 
a curve at all it is a u-curve. 

Imposing the condition that 7 shall satisfy a linear homogeneous partial 
differential equation of the second order containing only v-derivatives we 
find that a condition necessary and sufficient that the surface S, may be 
ruled with the v-curves for generators is E = 0. Incidentally it can be 
shown that S, ts developable if, and only if, E = 0, so that (the trans- 
formation F being non-radial) S, as a ruled surface with its v-curves for 
generators in case it is developable. Similarly, S¢ is ruled for its u-curves 
Jor generators in case this surface is developable, a necessary and sufficient 
condition therefore being G — 0. Combining these results with those of 
the preceding paragraph we see that the conjugate congruence of a trans- 
Sormation F is linear in case 


(48) ky = 0, = f= @ = 0. 


The first focal surface 8’ of the harmonic congruence, which is generated 
by the point zx, reduces to a curve in case a= 0, and is then a v-curve. 
The second focal surface S”’ reduces to a curve in case 6 = 0, and is 
then a z-curve. The first focal surface S’ is ruled with its v-curves for 
generators in case (D/N)y = 0. Im fact, S’ is developable if, and only 
if, (D/N)y = 0 so that (the transformation F' being non-perspective) S’ 
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is a ruled surface with its v-curves for generators in case it is developable. 
Similarly, S’’ is ruled with its u-curves for generators in case this surface 
is developable, a necessary and sufffcient condition therefore being (C/L), = 0. 
Combining these results we see that the harmonic congruence of a trans- 
formation F is linear in case 


(49) a = b = (D/N), = (C/I. = 0. 


The v-curves on Sy are plane curves in case X = 0, a condition that 
can be seen by (25) to be implied by H — 0, and which can be shown 
by (25) and (16) to be implied by (D/N), = 0 when F is non-perspective. 
Therefore if S, is developable, the v-curves on Sz are plane curves; and 
these curves are plane if S’ is developable. Similarly, if either S- or 8S” is 
developable, the u-curves on Sx are plane curves. Dually, the w-curves on S, 
are cone curves in case H = 0, a condition that can .be seen by (25) to 
be implied by a = O and which can be shown by (25) and (16) to be 
implied by «, — 0 when F is non-radial. Therefore if either S’ or S, 
reduces to a curve, the u-curves on Sx are cone curves. Similarly, if either 
of S” or Sr reduces to a curve, the v-curves on Sx are cone curves. 

The osculating plane of C, on Sz is shown by (10) to contain Jy in 
case H = O and in this case (15) shows that the osculating plane of C, 
on Sy also contains Jy. Moreover it is geometrically obvious, besides 
being easy to demonstrate analytically that these planes coincide in this 
case, the v-curves on S, and S, being plane curves in the same plane. 
Similar remarks can be made with u and v interchanged. Therefore the 
axis of P, with respect to Nz, and the axis of Py with respect to Ny, 
coincide with /x, in case E = G = 0. A transformation F has for its 
conjugate congruence the axis congruence of one net if, and only if, its 
conjugate congruence is also the axis congruence of the other net, and then 
both nets consist of plane curves, two corresponding curves lying in the same 
plane. Dually, the harmonic congruence is the ray congruence of one net 
if, and only if, it is also the ray congruence of the other net, and then 
both nets consist of cone curves, two corresponding curves lying on cones with 
the same vertex. ‘ 

Another kind of specially restricted congruence is a W congruence. If 
(a — 0) ay, 4, + 0 so that the focal surfaces of the conjugate congruence 
do not reduce to a fixed point nor to curves, the asymptotic curves on S, 
are found to have the differential equation 


(50) a, du®+ («a — d)Edv? = 0, 
and the asymptotic curves on Se, 


(51) | (0 — a) Gdu?+ dy dv? = 0. 
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Imposing the condition that these equations be equivalent, we see that the 
conjugate congruence is a W congruence in case 


(52) ay, by + (a — 6)? EG = 0. 


Dually, if ab(CN — DL) + 0 so that the focal surfaces of the harmonic 
congruence do not reduce to a fixed plane nor to curves, the asymptotic 
curves on S’ are found to have the differential equation 


(53) (ND, — DN.) du?+ a(CN— DL) dv? = 0, 
and the asymptotic curves on 9”, 
(54) b(DL — CN) du? + (LC, — CL,) dv? = 0. 


Therefore the harmonic congruence is a W congruence in case 


(55) (ND, _— DN) (LC, ar CLu) ob ab (CN — DL) == @. 
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NOTE appeEp To PROoF, July 9, 1929: Grove has pointed out to the author the close 
connection of the results at the bottom of p. 464 and at the end of section 3 with his 
theorems at the end of section 5 on p. 493 of his paper already cited. Mr. Clifford Mendel 
has remarked that the quadric az, 7;— bex, a2, = 0 contains the lines rau, yao, ne, So 
and also go, ry, while the quadric bx, x7,— ada;2, = 0 contains the lines rx, y2u, 96, 
fo and also go, ry. 





THE FREQUENCY FUNCTION OF y/x.* 
By C. C. Crate. 


1. Introduction. The problem of obtaining the frequency distribution of 
the quotient y/z when the distributions of both x and y are known had 
until recently so far as I know been studied only by Karl Pearson.+ He 
gave general formulas for the first four moments of y/x but remarked that 
they are “practically unworkable if 2 and y are correlated as we should 
have to find the third and fourth order product moments.” He gave 
the formulas in case x and y are uncorrelated which he attributed to 
Dr. M. Greenwood, Jr. These however were rejected because Dr. Green- 
wood was unable to make them work sufficiently well in practice and 
Pearson finally adopted the method of finding the constants of the pro- 
duct xz, with z set equal to 1/y, in the case in which x and y are 
uncorrelated, obtaining very satisfactory results in the examples cited. 

In a paper on spurious correlation, S. D. Wicksell has, in regard to 
expressing the moments of 1/z in terms of those of x, made some remarks 
pertinent to the problem in hand?. In my doctor’s thesis (soon to appear 
in Metron) I have made use of a method of finding approximations to the 
semi-invariants of as = v3/v}? and a, = »4/v2 due to sampling which is 
applicable to this more simple and similar problem under restrictions similar 
to those imposed there. In this paper I propose to go into the question 
of the availability of this method in this problem with some care. Formulas 
in terms of semi-invariants equivalent to those of Pearson in terms of 
moments are readily obtained and a sufficient and “almost” necessary con- 
dition for their validity is given. It is especially noteworthy that the use 
of semi-invariants enables me to readily include the important case in which 
x and y are correlated, particularly if x and y are normally distributed. 
Two numerical illustrations of the method are given, one being a careful 
attempt to check the theory by applying it to a case in which the cor- 
relation surface for x and y is as nearly perfectly normal with rzy— .60 
as it was possible to make it by actual graduation, calculating cell 
frequencies to the nearest tenth with a total frequency of 1000. 

2. The semi-invariants of y/z. The definition of Thiele’s semi- 
invariants, L,, Lz, Is, --- for y/x is 





* Received November 12, 1928. 
+ Pearson, Karl, On the constants of index distributions, etc., Biometrika, vol. 7 (1910), 
pp. 531-541. : 
¢ Wicksell, S. D., An exact formula for spurious correlation, Metron, vol. I, No. 4 (1921), 
pp. 33-40. 
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y 
(1) ea tare | ¢y/a)e” dly/a), 


in which f(y/x) is the probability or frequency function for y/z. Now 
I write, 
= Met & = m+ ey, = Mm (1+), 
m 


and 


y = my+t &s = m+ és ms (1+), 


which define ¢, and ¢, as the deviations of x and y respectively from their 
means. Then by a well-known theorem in semi-invariants, I can rewrite 
the above, 


(2) Jatt get gy lattes t s F(e, ym wers Lh pe 


in which now F(z, y) is the probability or correlation function of x and y. 
On expanding the right member of (2) and equating the coefficients of 
like powers of ¢ in the usual manner, I obtain, 


he hy eye. 
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In these ys is obviously the 7s-th moment of F(z, y) about the means of ne 
y y a8 
x and y as origin. These formulas are, of course, equivalent to those | de 
. ° ° i 
given by Pearson, as mentioned above. But when the moments in these Mied. 






are replaced by their values in terms of the semi-invariants of F(z, y) 
I will have some results that will under suitable conditions be practically ee 
workable if x and y are correlated. ; 
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It is obvious, as Wicksell remarks in his article previously referred to, # afl 
that the series, the sums of which make up the L’s, will under the most tit 





general and theoretical conditions diverge. In particular, if the probability : See 
of the occurrence of a zero value of # together with a value of y not oa st 
zero is more than an infinitesimal the problem is not at all susceptible to ane 
mathematical treatment. It is therefore desirable to restrict the frequency r $ oi 
distribution for « in such a way that the probability of a zero value of x 4 
is an infinitesimal of a sufficiently high order that the integral in (1) will 
have meaning. The obvious thing is to require that the range of z be ae ; 













finite, or else, if the range be infinite in either direction, that the order of A, 
contact of the frequency curve for x be sufficiently high there, and that ae a 
accordingly the zero for x fall either entirely outside the admissible values ‘a e 
of x or else sufficiently far into the tails. ge 
But in practice only distributions of x occur with finite ranges of values bs 4 
for 2. If the zero for x falls outside the range of the observed values Re 





of x difficulty of the kind under consideration will not arise. I then shall 
impose the foliowing conditions on the distribution of values of z: 












l. mz = koz k>1, 4) 


2. Mz — k Or < x ~~ Ma + kGy. i ‘ Hi 







This means in practice that m, shall be large compared with o,, so large that eee 
in the actual distributions of x to be considered no zero values of x will occur. ‘Bae 
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Then if z = «— mz, and if |x| << a<ko,, I have, denoting the prob- 
ability function of x by g(x), since 0 < g(x) <1, 


My 1 * 9: FF 2a (." y 
a (a r oe r shih {odmepinegy Garni 
f x" g(a)dx|) < 7 | 2 dx et tan 


The ratio a/m, is less than unity and it is now apparent that the first 
series in the value of Z, is convergent. But since the y-subscript in the 
second series of Z, is constant, it is readily seen that the same argument 
can be applied here also and that this series under the given conditions 
is also convergent. But in any of the series that are found in the L’s 
the y-subscript is constant. The additional fact is that of increasing co- 
efficients but since the ratio of any two successive ones rapidly approaches 
unity, convergence in all these series is secured. 

Now in the inequality used just above, y(x) is not only less than unity 
but in practice it is always small for x larger than two or three times oy. 
Also in practice k will have to be at least three and had better be taken 
as five or more. These two circumstances cause convergence to be rapid 
in the actual applications of the formulas given. 

The next step is to express the L’s in terms of the semi-invariants 
of F(x, y). If 4,s is the rs-th semi-invariant of F(x, y), then Ayo = 4, = 0. 
I have carried out the reductions far enough to give all the terms up to 
and including those of the 6th order in the expressions for L,, Le, Ls, 
and LZ, under the assumption that F(z, y) is completely characterized by 
its semi-invariants of the first four orders, i. e., that 


de = 0, r+s>5. 


The necessary formulas for moments in terms of semi-invariants needed 
in this case follow. 


Fro = and | = Aso, 

Hoo = Aro, Asi, 

fu = An, 

Hao = Ag+ 320, 

M31 diy + 3 dso An, 

Mee Ase + Azo doe + 241, 

50 +++ +10A59 Azo, 

Ma e+ $ 4dgo Ay, + 6g, Aso, 

Mg, = +++ Age doe + 6dg1 Ai + 3Ags Ago, 
60 +++ +15 Ago doo + 10250 + 15 Ado, 
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Ms, == +++ + 5 Ago Ay + 10As; ho + 10 Aso dst + 15 Aig dy ’ 
Has = +++ + Ago doe + 8As1 Air + 6 Age Aeo + 440 Are + 6 dar + 3 din dos 
(4b) + 18.2ee dh, 
he ¢*. + 3 Asi doo + Dh dy + 3his Azo + Aso dos + DAs, Ais 
+ 9 Aso Ay hos + 6an. 
On permutation of subscripts ,,. is obtained from s,, ete. 
Substituting these into (3), I get, after setting Js; = Ays/m™**, and 
o = m:/m,, 
Ly = [1+ leo — loo + loot 3 Loo — 10 U0 Leo 15 L40 Loo + 10 U0-+ 15 Leo ] 
+ [— dy tley —lsr— 3 Le9 111 +4 Mol. +6 lei ley — 5 igo ls — 10131 Leo 
— 10 ls les — 15 Bo dul, 
Ly = o* [log — 2 Igo+ Blgo+ 8 Loo — 38 Uso leo-+ 73 Luo Leo +49 Fo+ 69 Lo } 
4+ 2 e0(—2,1 — 2 ler — 3 lear— 8 leeds 1 + 15 lool: 1-+ 23 bes lo — 24 Leola: 
— 49 1s; 129— 49 Iso l2:— 69 Loo lis) + [os— 2 his + 3 les +3 loo los +50 
— 4 130 log — 22 Ley Lys — 12 ye Loo + 5 Mae log + 38 Isr Lis + 30 lee Leo 
+ 20 Iso Lys+ 29 lar + 15 Leo log + 54 Loo Lin], 
Ls = w® (— leo +3 lao + 6 Lo—51 Iso leo + 138 lao loo + 94 Ugo + 116 Bo] 
+3 w*{1,;— 3 11 —6 leo L1:1 +20 loo 11 +31 Ler loo — 45 Lao L11 — 93 I1 Loo 
— 94 Iso 123 — 116 Lo01s1] + 3 @[—le: + Blas + 2120 lo2+ 41:—5 Iso los 
— 80 ley Li: — 16 he Leo +9 La loz 72 lai tir + 57 Loe Loo + 38 Iso lis 
+ 56 Ta: + 24 Lao los + 92 Leo La] + [los — 3 lis — 6 los tii + 6 los leo 
+ 30h: dirt 15 1a: log — 27 si Log — 81 Mee tir — 30 Lig Leo — 10730 Los 
| — 84 lay lig — 72 leo hi los — 44 Tir], 
Ly = [lg — 24 ls0 loo + 120 Lao leo + 84 lg0-+ 72 L20] + 4.0°[—Tsi+ 9 Isola 
+ 15 les lop — 38 Lao Lys —82 Yer leo — 84100 bes — 72 Gols1] + 600" [les 
— 2 130 los — 14 lay Lir— 8 Lig leo t+ T laolos + 62 sili: +51 lee leo t+-34lsolie 
+50 Tar + 14 Foo los + 58 Loo Lis] + 4 @ [—lsr + 8 los Peo + 15 Lis Lis 
+ 6 ley los — 21 Is1 bog — 72 los tri — 27 Las lo —9 Is0 los — 75 ler his 
— 42 Dey 41 log — 30 Tia] + [loa — 12 los Ly — 12 Lis Log + 10 Los Loo 
+ 68 lis Tyy + 42 Loe log + 36 Los ley + 48 Liz + 12 loo Loz + 60 Lis Los). 


(5) 


In case the correlation surface z= F(z, y) is normal, 4,, = 0, r+s => 3, 
and the L’s reduce to: 
Ly = @[1 + leot 3 Boo + 15 oo] + [— hi — 320 tir — 15 Bo hil, 
(6a) DL, = «’ [220 + 8 oo + 69 Do] + 2 w [— lia —§& Iso hia — 69 Iso Ay] + [Jos 
+3 lao loz +5 bir + 15 boo log + 54 loo Til, 
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Ls = o° [6 lao + 116 Lao] + 3 w® [— 6 leo ty: — 116 Lao Lys] + 3 w [2 Tao Los 
(6 b) + 4 fii+24 loo log +92 leo ii] + [— 6 los hia se 72 Lao hy los — 44 hil, 
Ly = w{72099]+-400°{—7 20501; 1 + 6@*| 14 oolog +58 Loo t1]+-40[—42 loo lis Loe 

— 30 Tis] + [12 leo lve + 60 li Ios). 


And under the further condition that x and y are uncorrelated, i. e., that 
4,, = 0, these still further reduce to: 


L, = (1 +lot 3 bot 15 Bol, 

Ly = 0° [lo +8 Leo+ 69 Lao] + [loo+ 3 leo los + 15 Loo los], 
w* [6 Lao + 116 Lao] + 3 w? [2 Leo Los + 24 Loo Los), 

I, = 72 ow bo+ 84 w?* loo lor + 12 leo Ive. 


te 


(7) 


5 
| 


It is striking that in each of the L’s the sum of the coefficients of each set 
of terms homogeneous with regard to the subscripts of the /7’s, that is, of the 
same weight, is the same from bracket to bracket, except for alternation of 
signs. For example, in Z,, in the first bracket there is 72 Zo, in the second, 
— 72 lol, in the third, 14 lo Ios + 58 leo 41, in the fourth, — 42 leo dis los 
— 30%, and in the fifth 12 ls li2+ 607i: Ie. A proof that this holds in 
general seems to be not at all immediate, but it is not required in the 
present paper. Verifying that this held good in all cases so far as I went 
helped in checking my computations and the fact that it does hold so far 
as my computations are carried is important both in the immediate sequel 
and in contributing to the rapid convergence found in the numerical 
application of the formulas for the L’s. 

In the case that F(x, y) is normal several conclusions can be drawn at 
once from the expressions (6) for the L’s. sai 

1. It is to be noted that ray = l/V leo los, whence ly = rryV loo los. 
If I denote ry simply by r and if further I set V (os/lay = 6y/¢r = v, it 
is seen readily that, 


Ly = (1+ leo +3050 + 1520] — vr [leo + Blo + 1520] == wo +a°(o — rr), 


with 





aw = ly +3&o+15hp. 


Since a® is essentially positive, Z, is an inverse linear function of r. For 
given values of m,, Gr, mg, and oy, the maximum value of L, is obtained 


for y = —1 and the minimum forr=—1. If r=O, JZ, is always greater 
numerically than w». In particular, L, =m only when 

i Mm, / Mm 

— Oy Ox : 
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If » is positive, then Z, is greater than or less than » accordingly as 


mM, 


r is less than or greater than ~ As a slight generalization, it is 


y 2 
to be noted that in case » is positive, any negative value of r insures that 


I, is greater than w. And if the ratio me /™ is at all near unit , then 
7 y 


in the case that w is positive, it will require a high positive value of r 
for L, to be less than w even in this case. 
2. Using the same notation, it is easy to obtain, 


L, = (a — rv)*?+c? v?(1 — r’) 
with 
D. = len + 8h0+ 69 loo, 
and ; 
C = Io + 3hot+ 15k = a’. 


Since b? and c® are both essentially positive, Z, can only vanish for 
ry = +1, and then only if also, 
Oe ce he 


which it is readily seen is the condition that the two series in z’s and y’s 
be identical except for a proportionality factor, or that y/x be constant, 
which conclusion was, of course, anticipated. By inspection of the ex- 
pression for Z, in (6) it is apparent that the maximum value for m,, me, 
6,, and o, given is attained for r = +1 accordingly as @ is positive or 
negative. 
3. By a similar reduction, I get, 
Ls; = (o — vr) [d?(m — vr)? + 6e? »7(1 — r*)], 
with - 
d = 6ly+116lp, 
and 
e = £.+- 196. 


The expression inside the bracket is positive or zero and, as in the case 
immediately preceding, it can assume the latter value only if y/x be con- 
stant. And the factor outside the bracket is positive, zero, or negative 
accordingly as 7 is less than, equal to, or greater than me This 


y 2 
last is also the condition that the skewness be positive, zero, or negative. 


In particular, if w be positive, the skewness will be positive for any 
negative value of r, for r = 0, and for any positive value of r up to 
Me | Mm 
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To gain an idea of the magnitude of the skewness, 


@[o— vr) 86 81 — 19) (@— 9) 


Ds 


= 1} == 
L? 





a3 


[lo — n+ Ga—ry']™ 


it is only necessary to estimate it from the expression itself. It will help 
to note. that d?/b* is rather closely approximated by 6 V /4) and that neither 
6e?/d? nor c*/b® differs greatly from unity. The quotient of the bracketed 
terms is rather a variable quantity but in ordinary cases it will be of the 
order of magnitude of unity. In the example appended in which = v = 1 
and r = .60, d?/b® = .464, and 6 VJ = .449. The quotient of the 
bracketed terms, on taking 6e"/d? and c?/b” each as unity, gives .447 and 
this times 6 V Igy gives .201 for the skewness whereas the value of L3/L2” 
obtained by using all the terms of (6) gave .210. 
4, After somewhat more algebraic manipulation, I obtain, 


[4 = 122 [6(@ — vr)? + »?(1 — r*)] [(@ — vr)? +2 (1—7*)]. 


As it is to be expected this can vanish only in the case that y/x is con- 
stant. That is, except for this trivial case, the distribution of y/z’s always 
has positive excess. Again it is apparent from the expression in (6) that 
the maximum value for Z, is attained for r = +1, accordingly as is 
negative or positive. 

To gain an idea of the order of magnitude of 


a,—3 = mt 
I estimate it, in the same manner as for Zs/Z2”, to be of the order of 
72/9. In the example referred to 72/2.) — .403 and L/L; = .130. 

In the case that x and y are uncorrelated, » = 0 and the remarks just 
made apply when r is set equal to zero throughout. But in this case it 
is more simple to look directly at the expressions (7). I read off from them 
that in the case that z = F(x, y) is normal with zero correlation, 

1. The mean of y/zx is always greater than o. 

2. L, is rather closely approximated by w*/s9+ los. 

3. The skewness, LJ/i,”, is always positive, except for » = 0 (in which 
case it is zero), and can be estimated from 6 V loo = 66,/m,. 

4. The excess L,/L3 is always positive and can be estimated from 72]. 
unless » is small, in which case the value will be between 72/.,) and 12 Jeo. 
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3. Numerical tests of results. By way of illustration, application, 
and check of the theory developed, I have carried out two numerical 
examples in all detail. The second and more elaborate of these has, I think, 
considerable interest in its own right. 

Example 1. I tried here to get as simple a check as possible on the 
numerical usefulness and validity of the method. For this purpose I em- 
ployed some data I had obtained in connection with my thesis. From 
a normal parent distribution I took 400 samples of two hundred values of 
the variate each and computed the characteristics of each sample. In this 
way I obtained distributions of 400 sample means, of 400 sample second 
moments about the mean, etc. (See my thesis for more details.) The 
distributions of ,’s and »s’s I took as my distributions of z’s and y’s, 
each y/x being the quotient of the vs by the », for the same sample. 
(For a study of the distribution of the quotients, v,/v3*, more interesting 
in themselves, also see my thesis.) Here the distributions of both x and y 
are both very close to normal and rzy is very close to zero. 

The accompanying correlation table shows the actual data used. (See 
p. 480.) For the frequency distribution of v,’s I computed the characteristics 
as follows: (7.’s and v,’s were each tabulated to the nearest .001) 
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4, = 0.0031. 











And for the marginal frequency distribution of sample v;’s, I found the 
following characteristics: 











Mz = 0.0135, 4, = 1.9076, a, = — 0.0629, ated i 
Go, = 1.3811, ds = — 0.1656, i, —3 = 0.1205, : e 
4, = 0.4383. a 











Then I computed rz, from the table itself obtaining the value, —0.0605—, 
with a probable error of .032. This appeared, then, to be as near to i. 
a normal frequency distribution of two independent variables as one could Sih ve 
hope to encounter barring artificial examples and in what follows the 
formulas (7) were used. 
Next I computed the value of y/x = 3/1. for each of the samples and ae 
tabulated the results as follows: (Values were recorded to the nearest .001.) 
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Class intervals Sula 
.05- —0.951 1 
. 95- 3 
. 85- 1 


. 15- 3 
.65- 9 
.55- 15 


»45- 21° Computation gave for the characteristics 
.35- Mye = 0.0282, 

. 25- 38 Fy jax 0.3340, 

.15- 48 do: yix 0.1115+, 

. 05- 49 As: yl —0.0013, 

.05- 52 hg ty/a 0.0006 ; 

.15- 39 3: ylax = —0.0337, 

G4: yja—3 = 0.0467. 
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.25- 33 
.35- 18 
»45- 20 
.55- 

.65- 7 


»75- 3 
.85- 0.949 3 
400 
Then setting. » = 0 in the formulas (7) and using 


d i 
loo = —S- == 0.007876 and hy = —2 = 0.1148 
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these gave the following predicted values to be compared with the above 
observed values: 


f 
me's 
- 
Bx 


é eae ae ee 
~ ~+ z — = 


Myc = 0.0, 3: y/ax 

Cyc = 0.3429, C:ge—3 = 
de:yien = 0.1176, 

As: ula = 0.0, 

As: yjx = 0.001 246, 


0.0, 
0.0901. 


eee 
6s 3S 


In each case it will be found that the difference between the predicted and 
the observed value is less than the standard deviation of the quantity 
predicted. (Of course, here the error of prediction is not a function of 
the size of the sample alone.) 
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.60, 6. = o, = 2.0, AND n = 1000. 
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Example 2. The case in which both » and rzy, are both zero is cer- 
tainly very special and naturally the second example chosen has neither 
of these features. Moreover it occured to me to attempt to test the theory 
free from the perturbing effects of sampling in F(x, y). These latter could 
be studied separately by means of considering the variation in the terms 
that compose the L’s due to sampling and hence the variation in the L’s 
themselves. Given a z = F(z, y) which is an ideally normal correlation 
surface, prediction of the constants for the distribution of y/z’s by means 
of any theoretical results will be a check on the theory by which they 
were obtained alone. 

With this in mind I constructed the accompanying normal correlation 
table. (See p. 482). In order to obtain the symmetry that should be ex- 
hibited by such a table when cell frequencies are saved to the nearest tenth 
I found it necessary to perform the graduation, using a table of areas 
under the normal curve, with class widths half as wide as shown, thus 
obtaining first a correlation table with four times as many cells, with each 
cell-frequency saved to the nearest hundredth. Then the cells were com- 
bined in fours and total frequencies were saved to the nearest tenth. Even 
then I had two cells which read 14.4 and two others in symmetric positions 
which read 14.3. But since I had previously performed the graduation 
with fifteen classes each way, I was able to tell the effect of using finer 
divisions and thus to choose 14.4 as the frequency in all four cells with 
no further calculation. 

Graduation with fifteen classes each way served very well to get a sym- 
metric table if cell-frequencies were saved to the nearest unit. But for 
this table I found that 449 = 49, = — 2.30 which is a quantity of the 
same order of magnitude as 4.9 = 3.87, making J,) a quantity that could 
not be neglected in comparison with Jp. 

Values of x and y were assigned as shown, making M, = M, = 27 
and thus w= 1. This may seem to be making this case too special also 
but this is a matter of appearance rather than reality. Inspection of the 
formulas (6) shows that if all the y’s were doubled, making » = 2, the 
decreasing powers of w in successive terms is precisely offset in effect 
by the increasing orders of y-subscripts. If were increased without 
increasing 6, proportionately, the effect would be to increase the importance 
of the first groups of terms of the L’s at the expense of the latter ones 
but the nature of the convergence in each group would not be affected 
at all. The relative contributions of groups of terms of the same weight 
would still be unchanged in any L. 

After the graduation was completed as shown, the following characteristics 
for the correlation table were obtained: 





























































484 C. C. CRAIG. 


n = 1000.4, Ma = my = 27.0. 
Ayo = dos = 4.0800, dy;= 2.4140, Ago= dos=0.0, Ayo = Aggy = — 0.3422, 
C7 = Oy = 2.0199, @3:,= a3:y= 0.0, 04:4 —3 = a4:y—3 = — 0.02056, 
rey = 0.5917. 


(Sheppard’s corrections were not used in the above computations.) These 
are, of course, the characteristics to be used for F (2, y). 

Next the 7’s to be used in calculating the predicted characteristics from 
the formulas (6) were found to be, 


loo = log = 0.0055967, 1, = 0.0033114. 
With these set in (6), I obtained for the predicted L’s: 


L, = 1.002325, Lz, =.0.004678, 
Ls = 0.0000672, I, = 0.00000284, 
with accordingly, 
Oyj = 0.06840, = ag: yr = 0.210. 
C4: yi2—3 = 0.130, H4:yle = 0.00006849 = 2,435. 


Then from the correlation table the actual distribution of y/z’s was com- 
puted. Simply each cell-frequency was assigned to the quotient y/x for 
that cell. One tabulation of the resulting y/x’s into a frequency distribution 
was as follows: (Values of y/x’s were recorded to the nearest .001.) 


Class intervals Syie 
0.777—-0.806 0.9 
0.807- 3.9 
0.837- 13.6 
0.867- 36.2 
0.897- 15.3 The characteristics of this distribution 
0.927- 74.0 were found to be 
0. 957- 187.3 My/x = 1.0034, 
0.987- 218.0 Oy/x = 0.0672, 
1.017- 187.3 Aa:ye = 0.00451 = pe:ye, 
1.047- 47.4 = As:yie = 0.0000720 = ps: yz, 
Ma:syja = 0.0000689, 
“ed Hoag Ag: ylx = 0 .00000784, 
‘. 3s7- 12.8 03: ylax = 0.238, 
1.167- 9.2 04: ja — 3 = 0.385-+. 
1.197- $.2 . 
1.227- 1.3 
1.257-1.286 0.4 
1000.4 
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(All the values in the 0.987-1.016 class are precisely 1.000 and were 
so taken in the calculation.) 

There is some agreement between predictions and observations but 
particularly for the means and fourth semi-invariants it is not as good as 
it ought to be. An inspection of the serial tabulation of y/z’s suggested 
that the values were not evenly enough distributed in each of the frequency 
classes to justify the use of classes so wide. To test this the data were 
retabulated using 0.010 as the class width. This new frequency distribution 
gave the following results: 


Myjz = 1.0022, M4: yx = 0.0000676, 
Syjce = 0.0685—-, As: ylx 0,00000157, 
he: yie = 0.00469, Og: yl 0.213, 
As:yia == 0.0000684, 4:2 —3 = 0.071. 


Matters were so much improved that I set myself the laborious task of 
computing the characteristics serially, that is, from the values of y/z 
obtained from the correlation table with no loss of detail from grouping. 
The new results were, 


My/2 = 1.0023255, M4: ylax == 0.00006738, 


Oy/ax — 0.0683, Ass yjx — 0.00000204 , 
he: yla = 0.00467, A3:ylx = 0.207, 
Is:yiz = 0.0000660, eta: yir —3 = 0.094. 


Now I think it will be admitted that the agreement is very excellent 
except in the case of L, and @,—3. The first consideration with respect 
to this discrepancy is naturally concerning the effect of the terms of higher 
order omitted. I found that Jy Js9 and J/g) are approximately —0.000000004 
and 0.00000004 respectively and I think it can be assumed without com- 
putation that the other similar sixth order terms are of the same order 
of magnitude. It looks then as if terms of the second kind might affect 
the value of Z, in the seventh decimal place. I also found the correction 
obtained by including the eighth order terms under the assumption that 
¢ = F(x, y) is perfectly normal. This adds 0.00000024 to LZ, which only 
makes things a little worse. Of course the correlation table is not a normal 
correlation table and this leads to what appears to me a more important 
consideration. I have had to use x and y as discrete variates whereas 
the theory is developed and the results are obtained for « and y continuous. 
That is, there is an inherent grouping in the table itself which cannot be 
corrected for and which introduces a systematic error in defect in the even 


ss ay 
= a _ ‘ 
ae hes Ore or Sak vo shee oN eo eee oe - 
* Soe tg ernie, 1 ae Right god seetete - hes endl 
$y *- DUE Saie Sidi he “= —— 


ines Sh ile 


Spe ne Boers 


Pinay Opa ert: a 











486 C. C. CRAIG. 


moments of the distribution of y/x’s compared with what would be found if 
the x and y were really continuous. After comparing the three different 
sets of values computed with more and less grouping in the distributions 
it seems to me quite reasonable to suppose that this is a sufficient ex- 
planation for the difference. If I had a normal z = F(z, y) with the data 
listed serially instead of in frequency-cells this supposition could be tested! 

In concluding this section it ought to be pointed out that the formulas (6) 
will still give very good results in case z = F(x, y) is not normal but 
does not depart greatly from normality. To judge of the practicability of 
this procedure it is only necessary to compute the magnitude of the terms 
in (5) which are omitted in (6). Particularly for the mean and the standard 
deviation will (6) be found to give good results in a wide class of such 
cases without the use of the more extended expressions (5). 

3. The extension of the method to y/z’, etc. Obviously the method 
employed in developing the characteristics of y/x from those of F(z, y) 
can be extended to find the characteristics also of y/x*, y/x*, y?/x, and so 
on. In my thesis, as I have previously mentioned, I had occasion to study 
the distributions of y/x** and y/az* and the method of this paper was 
developed therein. By a mere transcription of one set of results obtained 
there, I have for y/z*; setting now » = m,/m? and 1, = 1,,/m7**s, in case 
e = F(x, y) is normal, up to and including terms of the sixth order, 


Ly = (1+ 3lg0 + 15 loo + 105 Boo) + (— 20:1 — 12 leo Lys — 9002001), 

Ly = w*(4leo + 66 Loo + 960 Loo) + 2 w (— 24,1 — 42 Leo Ly, — 648 Leo Li1) 
+ (Iog+ 10 loo los + 160i; + 105 leo Ios + 372 leo Tin), 

Ls = (7205+ 2664 L20) + 3. 0* (— 40 Leo 11 — 1680 L011) + 3.0 (Bleo loo + 14741 
+ 228 Too Ios + 816 loo U1) + (—12I11 los — 408 leo Ui lox — 2320n), 

Ly = o* (2496 Eo) + 4 w® (— 1368 loo Li) + 6 w? (176 Leo Ios + 648 Too Ti) 
+ 4 @(— 288 Leo U1, log — 180711) + (48 loo lo2 + 216 Lit los). 


A study of my thesis will enable the reader to get similar results for 
other indices. 


(Norg.) Since the completion of the above paper there has appeared in Biometrika; 
vol. 204, Parts 1 and 2, July, 1928; a paper entitled, “Frequency distribution of an index 
when both the components follow the normal law”, by A. 8. Merrill. He has carried out an 
investigation along “ Pearsonian”’ lines in the case that both 2 and y are normally distributed. 





ON A THEOREM OF KUMMER’S CONCERNING 
POWER CHARACTERS OF UNITS IN 
A CYCLOTOMIC FIELD.* 


By H. 8S. VANDIVER. 


Consider the cyclotomic field k(@), where a = ¢?'” and ] is an odd prime. 
If » is an integer in this field and q is an ideal prime, then #%-! = 1 
(mod q) where N(q) is the norm of q in k(@) and (@) is prime to (q). Also 
there is one and but one integer a in the set (0, 1, 2,---,7—1) such that 

N(q)—1 
o ' = «(mod q) 
provided q is prime to (7). We write 


i 
Oy Sepia 


The present paper is concerned with these power characters for the case 
where » is a unit in k(a@). 
Kummer7y proved that, if 


En(a) = e (a) t+9r7 + 877+ ve epegh tg te —) 


where J’ = (/ — 1)/2, r is a primitive root of 7; the exponent in this relation 

is written in the notation of the Kronecker-Hilbertt symbolic powers and 
1 1 

(1 — ae”) (1 ==>] oe a?” "a —a*) 


e(a) = fa-ei—e 








l—e 
then 


, és yn — dy" log a (e") * 
(1) ind. Ey (a) (1+ a" — (a py * qt , (mod J); 





where 


a 
a is any integer not congruent to 0 or —1 modulo /, 


{.7a{)| ‘ae og itd EL) 


UY (a) = > cat ht ind. G+ | 


q is an ideal prime in k(@) whose norm is q*, g odd, g is a primitive root 
of q, h ranges over the integers 0,1, 2,---, qg'—2 excepting (g'— 1)/2, 
and g is selected so that g@—» = @(modq); whence gi’ = x (mod q). 
The symbol 


* Received November 10, 1928. 

7 Journ. fiir Math., 44 (1852), 121-130. 

} Hilbert, Die Theorie der algebraischen Zahlkérper, Ber. Deut. Math. Ver., 1894, 271. 
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<* log #,(e") 
dyin 


means that the (1 —2n)th derivative of log | #,(e’)| is taken with respect 
to v and v = 0 substituted in the result, where e is the Napierian base. 

In an article* by the writer it was noted that Kummer’s Theorem was 
subject to the restriction that q is odd as the function W%,(a) has no 
meaning for g = 2. In the latter case we may take the function, how- 
ever, as 





WH, (a@) = e+ dhtind.g*+1) 


with h ranging over the integers 1, 2,---, 2'—2, and Kummer’s argument 
will also hold with slight modification. As his work in connection with 
this theorem is all given in the language of his theory of ideals and this 
particular result is not included apparently in any of the theorems of 
succeeding writers on the power characters of units in a cyclotomic field, 
I shall give Kummer’s argument here in modern form as in later papers 
I intend to make extensive use of these results. 

In another papery I use similar methods in deriving analogous results 
concerning power characters in the cyclotomic field defined by a primitive 
pnth root of unity where n is prime to p. These theorems, however, are 
given in a form such that the special case of power characters corresponding 
to pth roots of unity is not included. Set 


? sj . A 
Wy (e”) = De (—(a+1)h+ind. (g"+-1)) 


where the summation extends over the values h = 0,1, 2,---,q@—2 
with the exception of h = (q'—1)/2 if q is odd and 0 if q is even, with e 
the Napierian base. If log 4, (e”) stands for the Napierian logarithm of %,, 
then 

dlog¥,(e") dB (e") 1 


dv dvs Wa (e*) * 
It then follows from Leibnitz’s theorem that 


(gy) SP leg hC) _ ae Mele) 7 m ah Wal) AU 


d pl—2n d prt 1 d pm d v 











ee 


where 1—2n—1 = m and 1/%,(e") = U. 
We havet 
YW, (a) Wa (a) = 7’, 


* Bull. Amer. Math. Soc., 28 (1922), 400-407. 
+ Amer. Jour. Math., 47 (1925), 140-147. 
+ Kummer, l. ¢., 111. 
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hence the expression ¥, (w) W% (u-*) — g vanishes for u = a, hence, since 
the function (w’—1)/(u—1) is irreducible in the rational field, the former 
function is divisible by the latter and, if we put uw = e’, we may write 


UW, (e’) Wale’) = ¢ + VW, 


where V = 1+ e&+e”"+..-+e¢-” and W is a rational function in & 
with rational integral coefficients. Then 


¢+VW 


w, (e~”) — yw, (e) 


= ¢+VW) 0, 
and — 
Wale’) _ pe i dU ayw) 


os e+ VW) ++ SOF +. 








We have 
dy(V) __ 
i= 0 (mod/), 
where the symbol at the left indicates that the :th derivative of V is taken 
with respect to v and v = O substituted in the result. This congruence 
applied to the last equation given yields 


tale”) _ dU 
dg  ——tiéi a” 





mod/, 


where 7 ranges as before. 
Using this in connection with (2) we have 


dy *”" log Hq (e” i 


ET) = Dats Dy—* Dm Di + i i eee 


1-2 





where Dj = dy Fa seeps Carrying out the differentiation of the D’s 
and setting 

—(a+1)h+ind.(g*+1) = Ch, —(a+1)k+ind.(g*+1) = 
we obtain the congruence 


dy "log a a —1) ,m- 
0 has (e”) | = PC * op — = of Cy +} aia— D o@ ‘C2 = 





modulo 7 where the double summation sign indicates that h and k range 
independently over the values 0, 1, , g—2 with the exception of 
h = (q'—1)/2 and k = (¢@—1)/2 if q is odd and h=0, k= 0 if q is 
even. This relation may be written 


= SO) = SIAC 
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or, what is the same thing, 


—2n v 
3 PERS = SDK (at ht ind. +1) (—(at1) @—#) 
+ ind. (g"+1) — ind. (g*+ 1))-?""". 
Consider the relation 


pss ff, Stila, mod q; 


if we except the values for which h =k, in which case it is the con- 
gruence (3), the terms in the right hand member of congruence (3) vanish. 
We may observe that corresponding to any set (h’, k’) there is a unique 
set (h, k) unless k’ = h’. Conversely, for any set (h, k) with h not equal 
to k there is a unique set (h’,k’) where both are included in the set 
1, 2,---, g@—2 and h’ not equal to k’. The right hand member of (3) then 
becomes 


D> (—(a+ 1)ind. Gg —1)+ind.(g* —1)+ a ind.(g* —g"’))((a+1)k —h’)-2 


where h’ and k’ range as stated. For simplicity write h = h’ and k= kK’, 
This sum may be written in three parts as follows: 


—(a+1) > Dd ind. (g*—1) (a+1) k — hy, 
> > ind. (g*—1) (a+1) k — hy, 
a >) > ind. (g*—g")((a+1)k —h)-—1, 


and the summation of each part we consider separately. 
The first part may be written in the form 


a’—2n—1(q-+-1) >) h-2"—1 nd .(g'—1)—(a +1) > > ind.(g'—1)((a-+1)k—h)- "4 


where now h/ and k range independently over all values from 1 to g’—2 
inclusive without exception. Carrying out the summation with respect to 
powers of k we have, since the sum of k*=0 for i= 1, 2, 3,---,1—2 
and g'—1 is congruent to 0 modulo 7, 


Pi ((a+1) k — hye = (gt— 2) pit = — pit 


so that the first part of our sum becomes 


(a+1) (1+ a1) > p!-2n— ind. (g"—1). 


In a similar way we find for the second part 


— (qi +. (q+ 1)-2"-1) za hi—2n-1 ind. (g'—1). 
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The third part requires somewhat different treatment. Introduce in it 
the terms corresponding to h = 0 and k = 0 with / not equal to k. In 
order to do this we subtract from the original expression the quantity 


a >, hi’ ind. (g*—1) + a (a+ 1)" D> e- ind. (g* — 1). 
With the values zero of h and k inserted we take the third part and 


we can write h-+k instead of h so that it becomes 


a>, > (ind. (g*—1) +k) (ak — hy", 


where / ranges over the values 1, 2, 3,---, g’—2. Keeping h fixed we 
carry out the summation by expanding and allowing / to vary and this 
gives the result that the expression is congruent to zero modulo 7. The 
third part then becomes 


—a(i+(a+1)-) >> h'-2"—1 ind. (g*—1), 
hence our entire original sum reduces to 


dy” log Ha (e" ‘ ‘ ee 
9 Nog Poe) 1 at —(a $1) SW ind. 1) 
for h = 1, 2,3,---, g@—2. 
To transform the right hand member of the above relation we note that 


Z hi'-2n-1 ind. (g"—1) = Pt os j-2n—1 ind, (git — 1) 


for 1 = 1, 2,3,---,1—1, k = 0,1, 2,---,c—1, where c= (q'—1)/l. 
But we also have 


° (gi—1) (git?'—1) (gitt— 1) oF (git e-vl—}) a f — gf", mod q, 
an 





> ind. (gt—1) = ind. (1 — ¢) = ind. (1— ae‘), mod/, 


since g° == @ (mod q). Carrying out the summation with respect to k we 
have 


> hi ind. (g*—1) = LY #1 ind. (1 — a) 


for 7 = 1, 2,3,---,7—1. Setting in this relation 77 instead of 7, multi- 
plying by 7°” and subtracting the second congruence from the original we 
have 


(72" — 1) 2 jl—2n- 1 ind. (gr— 1) = P 4 gi—2n-1 ind. (= ), 


1— ai 


expressing 7 as a power of 7 and then it is easy to see that the expression 
on the right hand side of the above congruence is twice the index of the 
unit EZ, («@) which yields the relation (1). 
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ON THE GEOMETRY OF THE WEDDLE SURFACE. 


By Watter L. Moore.* 


1. Introduction. The general Weddle surface, W, was first defined as 
the locus of the vertices of quadric cones which pass through six generic 
points A,, Ay, As, 44, A;, Ag in space.’ It appears thus as the Jacobian? 
of a Webb of quadrics having the six points as base points. These points 
are nodes on the surface. It contains the 15 lines, lx, joining the nodes 
A; Ax, the 10 lines gi, of intersection of the pairs of planes on the nodes 
A; Aj Ay and Am An Ao and the twisted cubic determined by the six points.’ 
This curve, which is contained in the quadric cones tangent to W at the 
nodes, is asymptotic to the surface. A model of W designed to show these 
elementary properties has been constructed.‘ 

An historical account of the application of hyperelliptic functions to the 
problem of uniformizing the surface,5 and of its relation to Kummer’s sur- 
face® is omitted. 

2. The specialized Weddle surface having its nodes pairs of 
a skew involution.’ Two points (x) and (y) are pairs of a skew involution, 
I, if they form with the intersections of their join with two skew lines, 
g and 7, an harmonic quadruple. If g and/ are imaginary J is said to be 
elliptic, if real, hyperbolic. Unless otherwise specified the symbol JZ will 
stand for an hyperbolic skew involution. 

If g and 7 are the joins of the points P(O,0,1,1) Q(1,1, 0,0) and 
P’'(0, 0, 1, —1) Q’(1, —1, 0, 0) respectively, I will have the form 


ese ae “ae tO 
Ox, = %, Or, = 7; OX, = Uy OL, = Ws, 


which we designate by the symbol Jis.ss. 

THEOREM 1. The Weddle surface whose nodes are pairs of a skew in- 
volution contains, besides the 25 lines lix and gijx, the two axes g and | of 
the involution and hence contains 27 lines. 

Let P be any point on 7, one of the axes of J. From P project the 
configuration of the six nodes A; and the axes g and 7 upon a generic 
plane. The six nodes A; and the axes g and / will project into six points Aj, 
the line g’ and the point L’ respectively. The three joins of A; A, which 
intersect g and 7 will project into the joins of Aj; A; which pass thru L’ 
and intersect g’ in a point G’ such that Aj, Aj, L’ and G’ form an harmonic 


* Received July 12, 1928. 
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quadruple, since a cross ratio is invariant under a projection. The points A; 
then lie on a conic and P, any point of 7, is the vertex of a quadric cone 
thru A;. The line 7 then must lie on W, likewise g, and the theorem 
follows. 

The Weddle surface of Theorem 1 is obviously invariant under Jyy.s4. 

3. An involutorial correspondence between pairs of points in 
a skew involution which are base points of an invariant net of 
quadrics. 

THEOREM 2. Each quadric of a pencil of quadrics on 8 points which are 
pairs of a skew involution is invariant under the involution. 

A space quartic C, is uniquely determined by 8 generic points in space 
and is the base curve of a pencil of quadrics thru the 8 points. If the 
8 points are pairs of J then clearly C, is invariant under J though not 
pointwise. 

Any quadric of the pencil cuts the axes, g and /, in two points each of 
which are invariant under J, hence 12 points on the quadric are transformed 
into the same set of 12 by J. Since a quadric is uniquely determined 
by 9 points the theorem follows. 

Theorem 2 enables us to find the relations existing between the four 
pairs of J which are the base points of an invariant net of quadrics. This 
relation we state as 

THEOREM 3. Three pairs of points A, As:, Az Ay, As Ag of a skew in- 
volution, of which no two pairs are collinear, determine a fourth pair, Az As, 
uniquely, in such a manner that the four pairs determine the eight base 
points of a net of quadrics invariant under the involution. If two of the 
pairs are fixed the remaining pairs are connected by an involutorial cubic 
transformation whose F points are the fixed points of the pairs. 

There is no loss of generality in choosing J to be the particular skew 
involution J2.34 and the two pairs of fixed points to be the vertices of 
the reference tetrahedron. The quadrics, on these points, which are in- 
variant under J;o.34 form a webb: 


Ax X2+ bxg x44 C(x1 X34 He 14) + d(x x4+ 22 Hs) = O. 


The condition that the points <A; (a, x2, x3, 74), Ae (x2, 71, %4, 3), 
Az (y1, Y2; Ys, Ys), As (Yo, Yt, Ys, Ys) lie on a net of these quadrics.is that 
the matrix 

(” Xo X3%y MWAXgt M2 HX, M144 +H2 *) 


Yyo Yswys Yi Yat Yr Y4 Yi Yat Yo Ys 


be of rank 1. This condition yields three independent quadratic equations 
in the y’s giving as solutions the four vertices of the reference tetrahedron, the 





agp ve 
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: , i # } and as ( ; 
ta” De Te OH X3 
from which we observe the truth of the theorem. 

The cubic involution sending the pair A; Ag into the pair A; As we 
designate by the symbol Si4.23 and that sending A; Ag into Ag A; by the 
symbol Si3.04. It is evident that the transformations Jj2.31, Si4.23 and Sjs.24 
form a group of order 4. 


Concerning the eight associated points we may state 

THEOREM 4. The eight associated points of a net of quadrics which are 
pairs of the skew involution The.s4 are vertices of two in- and circumscribed 
tetrahedra Ay As Ag As and Ao Ay As; Az. 

The proof of the theorem follows from eight identities similar to the 


ee ') 


two points A;, Ag and the points A; >) 
4 GM 2 


Di et A A i, Bb RO RE IP BS LOTR 


ats tent ae tS , ae A Se Pe AR 
pe tes a ES ~ . % 


te wine nae Rar Aa +} mn Ra gt tate 
1 Ripa MG PaaS BAe MARNE EF i eee 
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sare te tg wns 
Pg SH Reggie RFI 
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Gite ese 
OS Se ee 8 
| 21 a 2 xm | = 9 
See oo ee 


Pa ae eee 


| 7 He x2 


proving that the points A; As A; Ag are coplanar. 

Among the 28 Weddle surfaces whose nodes are points of this associated 
set, 24 are degenerate. The four non-degenerate ones whose nodes are 
Ay Ag Ag Ay A; Ag, Ay A» As Ax Ay As, Ay A» As Ag A; Ag, As Ay A; Ag A; Ag we 
will designate by J, II, UI, IV respectively. 

By direct substitution in the equations of I and II we could establish 
the theorem. 

THEOREM 5. The set of two Weddle surfaces, whose nodes are among the 
eight associated points which are pairs of a skew involution, and having the 
Sour F points of the cubic involution, determined by the associated points, 
mm common, is invariant under the group of transformations whose elements 
constists of the identity and the involutorial transformations Ihe.34, S14-28, 
and S13.04. 

By the same method used to prove Theorem 1 the following theorem 
may now be established: 

THEOREM 6. The Schur® sextic associated with the eight base points of 
a net of quadrics degenerates into six lines if the eight base points are pairs 
of a skew involution. 

The six lines are the four intersections of the pairs of planes on the 
eight points, which do not contain any of these points, and the two axes, 
; g and 7 of the involution. 





iy ae 





RR Santee 
we ~ 


wees 
iat nal 


eortog vas 
cc ee 


Di ee oe 


eS eee 


ou ages 


ei gia te. 





BO ee a oe et ae 





Pia hi a AR 
alu a hates. 
* ¢ » 











THE WEDDLE SURFACE. 495 


4. A collineation group, C,, leaving invariant eight associated 
points of a net of quadrics which are pairs of the skew in- 

volution Jyo.34. 

THEOREM 7. There exists an Abelian group, Cs, of collineations leaving 
invariant the four non-degenerate Weddle surfaces having six of the eight 
associated points A;,---, Ag as nodes and hence having the degenerate Schur 
sextic, associated with these points, as an invariant curve. 

The collineations 7'3.24.57.68, T'17-35.28.46, T1s-37-26.48, T2.84-56-78, T14.23-58-67, 
T18.27.36-45, T'16.25.38-47 may be easily determined by asking that the general 
collineation transform the points A,,---, Ag of section 3 in the manner 
indicated by the subscripts. That these form a group and are commutative 
is easily seen. The nodes of the Weddle surfaces are permuted as shown 
and a collineation transforms a Weddle surface into a Weddle surface 
hence the theorem follows. 

5. Groups of cyclic collineations of order six and their in- 
variant hexahedra.’ A collineation group may always be found which 
leaves a set of five generic points invariant. We wish to prove the follow- 
ing theorem: 

THEOREM 8. Jf five generic points B,, ---, Bs; of a general hexahedron 
are fixed, then there exists only one point Bg such that the hexahedron on 
this and the five generic points is transformed into itself cyclically in a definite 
order by a proper collineation. The collineations leaving invariant a given 
hexahedron form a cyclic group Cs. 

The collineations are determined as in section 4. If four of the points 
B, B, B; By be taken as the vertices of the reference tetrahedron and 
Bs (15 Yes Ys» Ys), Be (21, 22, 23, 24) the remaining two points, the collineation 
which transforms these in the order (B, B, Bs By B; Bg ---) is 


a 2 ; ; 
ex, = Yi Yo V3 % > 
' >. - 2 P 
ex, = Y Ys; Y, (y, &, Yo 2,)x,+4y Yo Ys 4, X49 


‘ 


= Ys Ys V1 23 — Ys 2) X+Yy Yo V5 2,24) 


ox, 
OL, = Wy YoY Vy ep Yn 2 Mg HY Yo Yo Vs 21 M- 


To put on the further condition that B, be transformed into B, leads 
to equations involving the y’s and z’s whose solutions give the points B,, 
B,, Bs, By, Bs and By(6y%, 4y2, 3y3, 2y,). The remaining solutions give 
singular transformations, hence the theorem follows. The group C, may 
be written 1, Tiosss6 T 135.2465 T 14.25.36; 7158-264 T 165482 

We may add the corrollary. 

CoROLLARY 1. The Weddle Surface whose nodes are vertices of an in- 
variant hexahedron, is invariant under the group Cz. 
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It may be readily verified that if the order of permutation of the five 
points be changed, except for the inverse, the sixth point and the corre- 
sponding transformation will be changed. There are then 60 such groups 
associated with the five given points. The products of these groups do 
not give a group leaving a hexahedron invariant. 

Among these groups are some whose generating transformations raised 
to the third power give the axial involution already discussed. One such 
is the group generated by 7'13521, which has the invariant hexahedron B,, 
Bo, Bs, Bs, Bs, and Be (— 3/1, Y2, — Ys, 2 ys). 

This hexahedron is also invariant under the collineation, 


U 


Ox, = Yio Ys X) OL, = YY V4 %) 


T14.28-5-6: ‘ ’ 
CLs = YYZ V4 Xo, OL, = YY3S VX 


Tiasea8 and T4.23.5.6 generate a group, C2, of collineations: 


i, T 135246; T 154-326; T 12.34.56; T 145.362; T 161253, T14.23.5.65 
T 12.35.46; T'15.26-3-45 T 13.24.56, T.2.36-455 T'16.25.34- 


There results the theorem: 

THEOREM 9. The Weddle Surface, whose nodes are the vertices of an hexa- 
hedron invariant under a cyclic group of collineations containing the axial 
involution, The.s4, is invariant under a group, C12, of collineations. 

If the vertices be real then J is elliptic, if J be hyperbolic then a pair 
of the vertices must be imaginary. 

6. The group of collineations leaving invariant eight associated 
points of which six are the vertices of an hexahedron invariant 
under the six-ary cyclic collineation group containing the skew 
involution J».3,. By Theorem 4 we find the eight associated points to be 
Ai, Ao, As, Ay, As(y1, Y2, Ys, Ys), Ag(— 3%, Y2, —Y¥s; 3y4), A;(3y1, Y2; Ys, 3y4), 
As (y1, — y2, Ys, — ys). Az and Ag are permuted by Tigs046 and invariant 
under 7'4.23.5.6 hence the associated set is invariant under the group, Ci. 

The group, Ci, of this section and the C, of section 4 have the trans- 
formation T\2.s4.56-73 in common. Their product is a group of order 48,"° 
The 4 non-degenerate Weddle surfaces I, IJ, IJ, IV are clearly invariant 
under the transformations of this Cis. This establishes the theorem: 

THEOREM 10. The system of eight associated points of an elliptic skew 
involution determined by three pairs of a six-ary cyclic collineation is in- 
variant under a group, Cys, of collineations. The 4 non-degenerate Weddle 
surfaces whose nodes are among the eight points form an invariant system 
under the Cys. This has the degenerate Schur sextic, associated with the 
eight points, as an invariant curve. 
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The table given below shows the Gig. One observes that each Weddle 
surface is invariant under one of the four subgroups of order 12 contained 
in the Gis. 





Collineations Collineations Permutations of W 
T1.2.8.4.5-6-7-8 T 12.34-56-78 1.I1-I1-IV 
T1.2-376.485 Ts2.386475 I ll Wl-Iv 
T'1.2.367.458 T12.357468 I lt W-I1v 
T18.27.3-4.5.6 T'17.28-84.56 I IV.-.I- ITI 
T1548.2687 T1647.2588 I Iv ll WW 
T1458.2867 T1357 .2468 I Iv mW 
T154.268-7-8 T164258-78 I-II IW Iv 
T14.23.58-67 Ts.24.57-68 I Il-I Iv 
7 '184.273.5-6 T'174288.56 I WI IV-I 
T1485 .2876 T1s86.2475 I iv Wm 
T1845 .2786 T'1746.2885 I Wl WIV 
T'15.26-3-4.7-8 T16.25.84-78 I-W IV. 
T145.286-7-8 T135246-78 I-l IV Il 
7 185.276-8-4 T175268.84 I It IV.It 
7'15.26.87-48 T16-25.38-47 I Il-W IV 
T'.2.8-4-58-67 T12.34.67.68 I -1-IV 
T1.2.37.48-5-6 T'\2.38.47-56 I lI-TI-IV 
T1.2.36-45-7-8 T'12.35.46-78 1-I I-IV 
T 1584-2673 T 1683-2574 I IT IV I 
T14.28.5.6.7-8 T13.24.56-78 I-I-1 IV 
T1954.2763 T'1758.2864 I Il Il IV 
T18.27.96.45 T17.28-35-46 I IV. I 
Ti58.267-3-4 T 168257 -84 I IV I- Il 
T148.287.5-6 T 13824756 I IV Wl-W 
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DER ZUSAMMENHANG ZWISCHEN DER 
SYMMETRISCHEN UND DER 
LINEAREN GRUPPE.* 


Von HERMANN WEYL, Z. Z. Princeton, N. J. 


Einleitung. 

Die Komponenten eines willkiirlichen Tensors F von f“* Stufe in einem 
n-dimensionalen Vektorraum bezeichne ich mit F'(7, 7,--- 7), die lineare 
Mannigfaltigkeit aller dieser Tensoren mit #. Unter dem Einflu6 einer 
willkirlichen linearen Abbildung oder Transformation des Vektorraums 


(1) B: ax -> b(i k) xx 


erfahren sie die zugehérige Transformation 
(2) By F' (i++ i) = 2 d(is ky) «++ bir ky) - Fk «++ hy). 


Durch die Korrespondenz B-> By; wird eine bestimmte Darstellung (A)/ der 
Gruppe 4 aller linearen Transformationen B definiert. Ihre Zerlegung in 
irreduzible Bestandteile hingt aufs engste zusammen mit den Darstellungen 
der endlichen symmetrischen Gruppe 2 =, der Permutationen von 
Jf Dingen, wie auf verschiedene Weise von I. Schur und dem Verfasser 
gezeigt wurde.t Da diese Beziehung in der Quantenmechanik eine groBe 
Rolle spielt, habe ich ihr insbesondere das letzte Kapitel meines Buches 
»Gruppentheorie und Quantenmechanik* (Leipzig 1928) gewidmet. Die 
Quantentheorie ist aber nicht eigentlich an der Gruppe der B; interessiert, 
sondern an einer umfassenderen, der Gruppe o der symmetrischen Trans- 
formationen. Ich nenne die lineare Transformation F>F” in R: 


(C) F' (i, --- i) = 2 clin ++ ifs ky +++kp) F(ly +++ kp) 


symmetrisch, wenn der Koeffizient c(i, --- is; k,--- ky) seinen Wert nicht 
aindert, falls man die Subindizes 1, 2,---, f einer beliebigen Permutation s 
unterwirft — oder, was auf dasselbe hinauskommt, falls beide Reihen von 
Indizes i,--- i; k,---ky simultan dieselbe Permutation s erleiden. Die 
Quantentheorie stellt durch einen Tensor F den Zustand eines physikalischen 
Gebildes dar, das aus / gleichartigen Korpuskeln, etwa / Elektronen besteht. 


* Received February 6, 1929. 
+ I. Schur, Inauguraldissertation, Berlin 1901. H. Weyl, Mathem. Zeitschr. 23 (1925), 
p. 271. I. Schur, Sitzungsber. Berl. Akad. 1927, p. 58; 1928, p. 100. 
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Ein linearer Teilraum $ von R, der invariant ist gegeniiber allen symme- 
trischen Transformationen, hat nach dem dynamischen Grundgesetz die 
Eigenschaft, daB der Zustand des physikalischen Gebildes, wenn einmal 
in $ befindlich, durch keinerlei Einwirkung daraus vertrieben werden kann. 
Die Transformation B; ist offenbar symmetrisch, ich nenne sie eine spezielle 
symmetrische Transformation. Wenn B ganz 4 durchliuft, so durchlauft 
By eine mit 4 isomorphe Untergruppe 6) von o. Ich habe nachtriaglich 
bemerkt, dafB die Gruppe o der symmetrischen Transformationen das natiir- 
liche Bindeglied zwischen den Gruppen 7 und 4 abgibt; in der Tat weist 
sie schon durch ihren Begriff auf die Permutationsgruppe 7 hin und fihrt 
auf der andern Seite durch die ,,Spezialisierung“ sogleich auf die Gruppe 4. 
Dies Mittelglied gestattet, die Theorie wesentlich direkter, elementarer 
und vollstindiger als bisher aufzubauen, so da6 an Durchsichtigkeit nichts 
mehr zu wiinschen iibrig bleibt. Ich méchte dies hier ab ovo und in rein 
mathematischer Formulierung entwickeln. 

§ 1 enthalt einige vorbereitende, iibrigens laingst geliufige Definitionen 
und Betrachtungen. § 2 gibt die bendtigten Hauptsitze iiber 7, §§ 3 und 4 
sind dem Zusammenhang zwischen a und o gewidmet, § 5 demjenigen 
zwischen o und 2. § 6 betrifft Verallgemeinerungen, in denen die symme- 
trische durch eine beliebige Permutationsgruppe ersetzt wird. Nur in 
ein paar Fu8noten nehme ich in diesem Hauptteil Bezug auf das oben 
zitierte Buch. Der Anhang §7 jedoch enthalt einen kurzen Hinweis auf 
daran anschliefende Entwicklungen, die in jenem Buch gegeben und keiner 
Abinderung bediirftig sind, nebst einer erginzenden Bemerkung iiber das- 
jenige gruppentheoretische Problem, das in der Quantentheorie durch das 
Pauli-Verbot zusammen mit der Existenz des Elektronenspins hervor- 
gerufen wird. 

§1. Symmetrieoperatoren. 

1. Ich erinnere rasch an die Bedeutung der Worte invariant, irreduzibel, 
iquivalent. Gegeben sei eine Gruppe y von linearen homogenen Trans- 
formationen im linearen Vektorraum @. Ein linearer Teilraum G’ von G 
heift invariant gegeniiber y, wenn die Vektoren von @’ durch die Trans- 
formationen von y in Vektoren von W’ iibergehen. Ein solcher invarianter 
Teilraum G’ ist irreduzibel, wenn er keine andern invarianten Teilraume 
enthalt als G’ selbst und den nur aus dem Vektor 0 bestehenden. Zwei 
invariante Teilriume ©,, G, sind aquivalent, wenn nach geeigneter Wahl 
des affinen Koordinatensystems in dem einen und andern, die beiden Trans- 
formationen S, und S;, welche die willkiirliche Transformation S der Gruppe y 
in G, und G, hervorruft, dieselbe Koeffizientenmatrix besitzen (identisch in S). 
Ohne von Koordinatensystemen zu reden, kann man diese Forderung so 
fassen: es soll sich eine eineindeutige lineare Zuordnung x, — 7, zwischen 
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den Vektoren x, von G, und z, von @, so stiften lassen, dab, wenn zi Sz, 
in G, ist, fiir die zugeordneten Vektoren x, und 2} in G, die gleiche Beziehung 
x, = Sx, gilt, unter S eine beliebige Transformation der Gruppe y ver- 
standen. Die Zuordnung 2,—> 2, heift eine ahnliche Abbildung von G, 
auf G,. — Die Begriffe invariant, irreduzibel, aquivalent sind relativ auf 
eine Gruppe y. In unserm Raum & der Tensoren /** Stufe sind sie stets 
so zu verstehen, daB als Gruppe y die Gruppe o der symmetrischen Trans- 
JSormationen zugrunde gelegt wird. 
2. Ein Tensor F' kann einer Permutation 


s: 1> 1’, 2-2’, eee, fof’ 


unterworfen werden; dadurch entsteht der Tensor s F’', dessen Komponenten 
durch die Gleichung gegeben sind, 


8 F(i,--- i) = Fliy --- ip). 


Bei solcher Festsetzung geht der Tensor s(t/’) aus F' durch die zusammen- 
gesetzte Permutation s¢ hervor, die zustande kommt, wenn erst ¢, dann s 
ausgefiihrt wird.* Sind a (s) irgendwelche den /! Permutationen s zugeordnete 
Zahlen, so kénnen wir allgemeiner den Symmetrieoperator 


a= > a(s)-8 
8 
betrachten, der aus F’ den Tensor 
aF = > a(s).sF 
8 


erzeugt. Solche Symmetrieoperatoren lassen sich addieren und mit Zahlen 
multiplizieren: sie bilden einen linearen Raum r von /f! Dimensionen. Aber 
sie lassen sich auch multiplizieren: ibt man erst den Operator a, dann b 
aus, so geht das Resultat b(aF#’) aus F durch einen einzigen Operator c 
hervor, den wir das Produkt ba nennen. Es wird geliefert durch die 
Gleichung 

(3) c(s) = Do(t)a, 


in welcher sich die Summe rechts iiber alle Paare von Permutationen /, ¢ 
erstreckt, deren Produkt ¢’ t= s ist. Die Symmetrieoperatoren bilden daher, 
was man hierzulande eine Algebra nennt; in dieser Rolle — als Elemente, 
die sich addieren und multiplizieren lassen, aber unter Abstraktion davon, 
daB sie Operatoren sind, welche auf Tensoren wirken — bezeichnen wir 
sie als Symmetriegréfen oder kurz als Griéfen. In der gleichen Weise 





* Ungliicklicherweise enthalt mein Buch hinsichtlich dieser Definition einen Lapsus (trotz 
richtiger Fassung in meinen alteren Arbeiten, namentlich Mathem. Zeitschr. 23 (1925), p. 271). 
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gehért iibrigens zu jeder endlichen abstrakten Gruppe der Ordnung h eine 
h-dimensionale Algebra, die Gruppenalgebra oder der Gruppenring. 

3. Dem Tensor F' eine Symmetriebedingung auferlegen, heiSt ihn einer 
Gleichung 
(4) G=aF= 2al)-tF = 0 


unterwerfen. Da mit G selbstverstindlich auch sG verschwindet, erfiillt 
dann F die weitere Gleichung 


2 a(t)-stF = 0. 


Fiihren wir die SymmetriegréBe F mit den tensoriellen Komponenten 
F(s) = sF ein und definieren auBerdem 4 durch 


&(s) = a(s), 


so nimmt diese Beziehung die knappe Form an: FA =O. Sie ist mit der 
Symmetriebedingung (4) gleichbedeutend. Die Liésungen x der Gleichung 


(5) x4 = 0 


bilden eine links-invariante Subalgebra; d. h. eine lineare Mannigfaltigkeit, 
welche mit x zugleich cx enthalt, welches auch der von links her heran- 
tretende Faktor c ist. Dies bleibt in Geltung, wenn statt (5) mehrere der- 
artige Gleichungen simultan postuliert werden. Das Resultat unserer vor- 
laufigen Betrachtung fixieren wir in der Definition: 

Eine linksinvariante Subalgebra p der zur Permutationsgruppe 7 gehérigen 
Gruppenalgebra r bestimmt eine Symmetrieklasse % von Tensoren: der 
Tensor F' gehért dieser Symmetrieklasse an, wenn F in p liegt. 

Es ist evident, daB $8, die Mannigfaltigkeit der Tensoren von der Sym- 
metrie p, ein gegeniiber allen symmetrischen Transformationen invarianter 
Teilraum von & ist. Die Hauptfrage hinsichtlich des Zusammenhangs von 
ma und o, welche in §§ 3 und 4 bejahend beantwortet wird, ist die, ob 
umgekehrt jeder invariante Teilraum $ aus R durch Symmetriebedingungen 
ausgeschieden werden kann. 

Eine linksinvariante Subalgebra ist ein Teilraum p, der durch alle Trans- 
formationen 

(c): x—> x’ = Cx 


in sich itibergefiihrt wird. Fiir deren Zusammensetzung gilt offenbar 
(c’ c)=(c’)(O. Ordnen wir jeder Permutation s die Transformation (s): x’ = sx 
des Gruppenraumes r zu, so entsteht die sog. reguliire Darstellung der Per- 
mutationsgruppe z vom Grade f/!. Die Transformationen (s) bilden eine 
mit  isomorphe Gruppe (7) von linearen Abbildungen im Gruppenraum r. 
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Und der Begriff linksinvariante Subalgebra kann jetzt so gefait werden: 
linearer Teilraum von r, welcher gegeniiber der Gruppe (7) invariant ist. 
Im folgenden sind die Termini invariant, irreduzibel, tiquivalent im Gruppen- 
raum v stets auf die Gruppe (a) zu beziehen. — Wir fassen erganzend 
zusammen : 

Satz1. Ein invarianter Teilraum ) von tv bestimmt einen invarianten 
Teilraum % von R: der Tensor F gehirt zu B, wenn die Grife F in p liegt. 
Ist p'<p, so auch B'<$. Ist p zerlegt in zwei linear unabhiingige invariante 
Teilriiume ~,+ Ps, so gilt fiir die zugehirigen Teilriiume von KR im gleichen 
Sinne $ = ¥it+ P. 


Der letzte Zusatz wird erst zu Beginn von § 3 volistandig bewiesen. 


§ 2. Invariante Teilraume im Gruppenraum tr, 


1. Satz2. Der invariante Teilraum p von x besitet eine erzeugende Ein- 
heit e@; das heift: @ ist eine p angehirige idempotente Grife, e@ — @, von 
der Art, daB alle Gréfen von p in der Form xe darstellbar sind. Jede 
Gripe x von p geniigt insbesondere der Gleichung xe =X. 

Beweis. Der h-dimensionale Teilraum p werde durch die Vektoren @,, ---, @, 
aufgespannt. Eine Transformation x > x’: 


x’ (s) = Zz d(s, t)x (t) 
7 


verwandelt 1. jede Gréfe x in eine in p liegende x’ und fihrt 2. jede in p 
liegende GréSe x in sich tiber, wenn sie von der folgenden Form ist: 


in 
(6) dG, 6 = > ¢i (s) & (t) 
i=1 


und die é(s) den Gleichungen geniigen 


= &i(s) és) = bx. 


Ihnen gema6 mégen die Zahlen é(s) bestimmt sein. Wenn r eine gegebene 
Permutation ist, mu mit x auch die durch z; (s) = x(rs) erklarte GréBe x, 
zu p gehdren, weil p invariant ist. Infolgedessen hat die Transformation 
d, (s, t) = d(rs, rt) dieselben beiden Eigenschaften 1. und 2. wie d(s, ¢) 
und darum auch die Summe 


(7) a ay drs, rt). 


Diese Funktion von s und ¢ andert sich aber offenbar nicht, wenn s und ¢ 
durch rs und r¢ ersetzt werden; d.h. sie ist eine Funktion e(¢—'s) von 
‘1s allein. Daf die Transformation x’ = xe besagte beide Eigenschaften 
besitzt, ist aber alles, was wir zu beweisen wiinschen. — Die Konstruktion (7) 


rr 


ay 2 YA pene * 
ete SE ee ee ae ae 
SESS SG S Sage rye 


a 5S 


se wiErEton 
as 








504 H. WEYL. 


fiihrt eine Normierung der nicht eindeutig bestimmten é;(s) in solcher Weise 
herbei, daB (6) eine Funktion von ¢—'s allein wird. 

Derselbe Gedankengang liefert den allgemeineren 

Satz 3. Sind p, p’ dquivalente invariante Teilriiume, so wird die tihnliche 
Abbildung von » auf yp’ durch eine Formel von der Gestalt x> x’ = xb 
vermittelt; b ist eine feste in p' gelegene Grife. 

Beweis. Die ahnliche Abbildung 8 mége die p aufspannenden Vektoren 
@,,---, @, iiberfiihren in e;,---,e,. Die Transformation x—x’: 


h 
z'(s) = als, tha(t) mit a(s,t) = p2 e(s) &(t) 


hat dann die beiden Eigenschaften: 1. sie fiihrt jede Gréfe x in eine in 
p’ gelegene x’ iiber; 2. fiir die in p liegenden Gréfen x fallt sie mit 8 
zusammen. Geht x durch 8 in x’ iiber, so verwandelt sie auch x, mit 
den Komponenten 2,(s) = x(rs) in x; mit den Komponenten z;(s) = 2’ (rs): 
das ist die Voraussetzung, daB % eine dhnliche Abbildung der invarianten 
Teilriume p und p’ aufeinander ist; und dies hat zur Folge, daB a(rs, rt) 
die beiden Eigenschaften 1. und 2. mit a(s, ¢) teilt und daher auch 


ars, rt) = b(t-'s). 


Die zu % inverse Abbildung von p’ auf p wird durch eine analoge 
Formel x = x’b’ vermittelt. 

2. Hilfsbetrachtung. Der invariante Teilraum p mit der erzeugenden 
Einheit @ sei in zwei unabhangige invariante Teilriume p,, p. zerlegt. 
Dies besagt, daB jede GréBe x in p sich auf eine und nur eine Weise als 
eine Summe X,+X, darstellen lift, deren Glieder in p, und pz, liegen. 
Insbesondere nehmen wir diese Zerlegung mit @ vor: @ = €@,+e,. Fiir jede 


GréBe xX aus p gilt 
xX = xe = xe,+ Xe. 


Weil p, und p, linksinvariante Subalgebren sind, liegt mit e, auch xe, 
in p,; der erste Summand xe, ist also die in p, liegende Komponente x, 
von p,, der zweite xe, die in p, liegende Komponente x,. Wenden wir 
dies insbesondere auf x — @, an, so sehen wir, daf e,e, und @, @, die bzw. 
in p, und p, liegenden Komponenten von @, sind, oder mit andern Worten: 
es ist @,@, —@,, @,@,=—0. In derselben Weise erhalt man e, e, = 0, 
0,0, = @,. 6, und @, sind also erzeugende Einheiten von p, und pz, deren 
Produkt in beiden Reihenfolgen verschwindet. 

Mit dieser Uberlegung steht in engem Zusammenhang 

Satz 4. Ist p, ein invarianter Teilraum, der in dem invarianten Teil- 
raum  enthalten ist, so kann p in ), und einen zweiten davon linear un- 
abhiingigen invarianten Teilraum pz zerlegt werden: p = ~i+ Pe. 
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Beweis. @, sei eine erzeugende Kinheit von p,. Wenn x ganz p durch- 
lauft, durchlauft x, — xe, den Teilraum p, und x, —= x—xe, einen linearen 
Teilraum p, von p. Er ist eine links-invariante Subalgebra; denn es gilt 


C-X. = cx— (Cx) e, — (CX), [¢ beliebig], 


und ¢x liegt wie x selber in p. X—X,+X, ist eine Zerlegung von x in 
zwei zu p, bzw. pe gehérige Komponenten. Um einzusehen, dah p, und p, 
voneinander unabhingig sind, hat man zu zeigen, daB die Summe von 
xX, = xe, und y, = y— ye, nur verschwinden kann, wenn X, und y, einzeln 
Null sind; x und y bedeuten hier irgend zwei Gréfen aus p. In der Tat 
folgt aus einer solchen Gleichung x,+-y, = 0 durch hintere Multiplikation 
mit @, wegen X, 6, —X,, ys @, — 0 die Gleichung x, = 0. 

Aus Satz 4 geht hervor, daf sich der invariante Teilraum p und daher 
insbesondere r selber in unabhangige irreduzible invariante Teilriume 
zerlegen laBt. 

§ 3. Invariante Teilraume im Tensorraum %. 

1. Parallel zu Satz 2 gilt 

Satz5. Eine Symmetrieklasse % von Tensoren besitzt einen erzeugenden 
idempotenten Symmetrieoperator @; in dem Sinne, daf B zusammenfillt mit 
der Gesamtheit aller Tensoren von der Forme F. Fiir jeden zu $ gehirigen 
Tensor F' gilt insbesondere @F = F. 

Beweis. % ist bestimmt durch einen invarianten Teilraum p des Gruppen- 
raums tr. Die erzeugende Einheit von » werde jetzt mit 6 bezeichnet. 
Wenn F ein beliebiger Tensor ist, gehért Fé zu p; wenn F ein Tensor 
in % ist, liegt die GréBe F in p und darum ist Fé —F. Das ist identisch 
mit den Aussagen, da$B im ersten Fall eF zu % gehért und im zweiten 
ek = F ist. Die letzte Gleichung zeigt, daBi jeder % angehdrige Tensor 
in der Form eF' dargestellt werden kann. 

Die Hilfsbetrachtung, welche Satz 4 vorausgeschickt wurde, beweist nun 
auch den letzten Teil von Satz 1 (oder das an ihm, was nicht selbst- 
verstandlich ist). Sie liefert nimlich eine Zerlegung e = e,-+ e, und damit 
eine Zerlegung jedes zu ¥% gehérigen Tensors F = e F in zwei Summanden 
e, F, e, F, die bzw. zu %, uud ¥, gehéren. 

Satz6. Aquivalente » bestimmen dquivalente B. 

Der Beweis beruht auf Satz 3. Sind die beiden invarianten Teilraume 
p, p’ von r aquivalent, so lassen sie sich ahnlich aufeinander abbilden mit 
Hilfe einer Transformation x’ — xb. Dann aber ist F’ = bF eine ahn- 
liche Abbildung F— F’ von $ auf ¥’. (Es ist zweckmiabig, zugleich die 
inverse Abbildung F' = bh’ F’ zu verwenden.) 

2. Bis hierhin waren wir ausschlieBlich mit Symmetrieklassen von Tensoren 
beschaftigt. Jetzt kommen wir zu der entscheidenden Umkehrung: 
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Satz7. Jeder invariante Teilraum B von KR ist eine Symmetrieklasse, 
wird also bestimmt durch einen invarianten Teilraum ) von t. 

Um p zu finden, hat man den kleinsten linearen Teilraum zu konstruieren, 
der alle Gréfen F umfaft, die aus Tensoren F in % entspringen, oder 
genauer alle Gréfen x, welche durch den Ausdruck 

























x(s) = SF (i, tz --- is) 


geliefert werden, wenn fiir Fein Tensor in ¥ und fiir 7, 7: --- if eine beliebige 
Indexfolge genommen wird. So kommen wir zu der folgenden Erklarung (K) 
von p: X gehdrt zu p, wenn es in der Form 


(8) x (s) = Bi clir---ip) SFG: +i) 


sich darstellen lift, wo die c beliebige Zahlen sein diirfen und F irgendein 

Tensor aus $ ist. Es ist klar, da® dies p eine lineare Mannigfaltigkeit 

ist. Wir haben zu zeigen: a) p ist ein invarianter Teilraum von r. Infolge- 

dessen bestimmt p eine Symmetrieklasse % (p) von Tensoren. Es ist weiter 

zu beweisen: b) B<P(p); c) P(p)<¥. . 
a) Behauptung: Wenn s eine feste Permutation ist, gehért mit x auch 

die durch x’ (t) = x (st) erklirte Grife x’ zu p. — Es ist allgemein 


[3 

TE De lir-+-%p) 8 FH) = Qs telir-- ip) Pla -- i); 
1} i 

aut darum 
- 


x’ (t) = x (st) = Qs teli---i) -tPG---i) 


a =2¢ (i, ---¢)- tF'(%, --- zy), | 
: wo das System ¢’ durch 

r c (iv «+ +t) — (4 +++ Zé) 

erklart ist. 

b) ist trivial: wenn F in $ liegt, gehért die durch (8) erklarte GréBe x 
zu p, welches auch die Zahlen c sein mégen; d.h. die Gréfe F mit den 
Komponenten s F liegt in p oder der Tensor F gehirt zu $ (p). 

c) Wir zeigen: Ist 6 die erzeugende Einheit von p und F ein beliebiger 
ERE Tensor, so liegt ef in $. — Da 6 zu p gehdrt, muf es aus einem gewissen 
Ree? Tensor F von $ gem einer Gleichung (8): 
ts e(s-1) = 2 (ky +++ Ky) + SE (ky +++ ky) 
entstehen; oder es ist 

(8) = Di co (hy «++ hy)» EB (ha-- hy). 
Die Komponente F” (i,---z-) von F’ = eF ist darum 


= Lew) Flr ---i7) = Bein s+ igs he Ky) E (hg) 
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mit 

Cli +++ tp; ky-+- hy) = > Flv -++ ap) Colky +++ ky). 
Es entsteht F’ also aus E durch eine symmetrische Transformation und 
gehért folglich zu $%. — Liegt F insbesondere in $(p), so ist der nach 
dem eben Bewiesenen zu $ gehérige Tensor eF gleich F. 

Zugleich ist damit erkannt: 

Satz 8. In dem invarianten Teilraum $% von KR existiert ein primitiver 
Tensor E, d.h. ein solcher, aus dem alle Tensoren von % durch geeignete 
symmetrische Transformationen entstehen. 

Daraufhin kann die Erklarung von p durch die einfachere ersetzt werden: 
Eine Gréfe ¢ gehért dann und nur dann zu p, wenn sie vermége der 
Gleichungen 


c(s) = 2 clis -++ if) SE(i, «++ if) 


aus einem Zahlsystem c(?,--- i) hervorgeht. 

Aus Satz 7 folgt 

Satz 9. Wenn der invariante Teilraum p von v irreduzibel ist, gilt das 
Gleiche fiir den durch  bestimmten invarianten Teilraum $ von KR. 

Der Beweis halt sich an die umgekehrte Formulierung: Wenn $ reduzibel 
ist, muB p reduzibel sein. Es sei also %’ ein invarianter Teilraum von ¥, 
der weder mit ganz % zusammenfallt, noch allein aus dem Tensor 0 besteht. 
Zu ihm konstruieren wir das zugehérige p’ nach dem Beweis von Satz 7. 
Ist x eine GréBe in p’, so hat es die Form (8), wo F ein Tensor in 
ist. Aber F liegt dann in $%, oder die Gréfe F und damit x liegen in p: 
p'<p. p’ bestimmt $’. Bestiinde es nur aus der Gréfe 0 oder wire 
p’ =p, so ware 2’ = 0 bzw. = &. 

In Verbindung mit Satz 4 ergibt sich aus Satz 9 die Tatsache: 

Satz 10. R laPt sich in irreduzible invariante Teilréiume zerlegen. 


§ 4. Aquivalenz in rt und &. 

1. Die Fille n > f einerseits, n< f andererseits zeigen einen bemerkens- 
werten Unterschied, den wir nicht ignorieren kénnen. Wenn die Dimensions- 
zahl n =f ist, sind die f! GréSen sF' voneinander linear unabhiangig, d. h. 
es besteht keine Gleichung a¥' = 0, welche identisch fiir alle Tensoren F 
erfiillt ist, auBer der trivialen mit dem Koeffizienten a= 0. Denn es sind 
ja bereits die Komponenten 


sF(1,2,---,/f) = Fi, 2005S) 


J! voneinander linear unabhangige Gréfen. Wenn aber n< f/f ist, besteht 
z. B. identisch in F' die Gleichung 


> 6,-8F — 0, 
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in der 6, = +1 zu setzen ist, je nachdem s eine gerade oder ungerade 
Permutation ist. Die im Beweise von Satz 7 durchgefiihrte Konstruktion 
von p hatten wir also zunachst einmal, statt auf %, auf die Gesamtheit R 
aller Tensoren F der f*" Stufe anwenden sollen. Sie liefert eine links- 
invariante Subalgebra t, in welcher die zu jedem Tensor F' gehérige GréBe F 
enthalten ist. Nur wenn n — f ist, fallt t mit ganz r zusammen. Ein 
invarianter Teilraum p von r bestimmt dasselbe 8 wie der Durchschnitt 
von p mit tr. Auf Grund dieses Sachverhalts wird man sich (fiir »</) 
auf solche p beschrinken, die in ¢ enthalten sind. In der Tat fiihrt die 
Konstruktion im Beweise von Satz7 stets auf einen $$ bestimmenden 
Teilraum p von ¢. 

Dies muBte vorausgeschickt werden, um die Umkehrung von Satz 6 zu 
formulieren, die offenbar nur richtig sein kann, wenn wir ¢ an Stelle von r 
zugrunde legen. 

Satz 11. Der invariante Teilraum yp bestimmt dasselbe $$ wie der 
Durchschnitt von p mit t. Zwei in ¢t enthaltene verschiedene oder in- 
diquivalente Teilriiwme  bestimmen zwei verschiedene bzw. iniquivalente %. 

Im Falle n= f hatte man den Fundamentalsatz 7 auf Grund des 
folgenden Gedankens beweisen kénnen, der an sich sehr nahe liegt und 
Einem in der Quantenmechanik durch die Stérungstheorie direkt unter die 
Nase gehalten wird. Man fat im gegebenen invarianten Teilraum §% die 
speziellen Tensoren G ins Auge, von denen alle Komponenten verschwinden, 
deren Indizes nicht eine Permutation der Ziffern 1, 2,---, f sind, und kenn- 
zeichnet einen solchen Tensor G durch die Gréfe g mit den Komponenten 


g (s) : ans G(1', 2’, vey f). 


Die so erhaltenen g bilden den gesuchten Teilraum p. Mit dieser Definition 
ware Satz 11 (in dem nun die Beschrankung auf ¢ fortfallt) sehr einfach 
zu beweisen. Laft man aber die Einschrankung » = / fallen, so ist erstens 
ndtig, diesen ,,stérungstheoretischen“® Gedanken durch den von uns im 
Beweise von Satz 7 verwendeten zu ersetzen, und zweitens miissen wir 
iiber ¢t soviel wissen, wie im folgenden Satz 12 niedergelegt ist. In ihm 
gebrauchen wir die Abkiirzung 


S(ab) = S(ba) = > a(s)b(s—). 


Unter der ,,Spur“ S einer Gréfe a verstehen wir namlich die Komponente a(\), 
welche der identischen Permutation s =| entspricht. a und b liegen ,,in 
Involution“, wenn die Spur des Produkts ab verschwindet. 

Satz12. tr ist eine invariante, d. i. sowohl links- wie rechts-invariante 
Subalgebra. Eine Grife € von t, welche mit allen Gréfen von t in Involution 
liegt, ist notwendig = 0. 
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Beweis. X gehdrt zu t, wenn seine Komponenten durch Gleichungen 
gegeben werden 
x (s) = Lelir---ip)-8F G+ iy), 
t 


in denen die Zahlen c und F keiner Einschrankung unterworfen sind 
(waihrend die Indizes i nur die Werte von 1 bis m durchlaufen). Die Tat- 
sache, da® rt linksinvariant ist, kann dem Teil a des Beweises von Satz 7 
entnommen werden: die durch z’ (4) = a2(st) erklarte GréBe x’ wird 
geliefert durch die Gleichungen 


a! (t) = Bre Cini) APG iy) 
( 
mit den Koeffizienten c == s-'c. Andererseits gilt fiir 2’ (t) = a (ts) offenbar 
a” (t) ioe 2 ¢ (is abe ip) -tF' (i, -- - af) 
a 
mit F’ = sF. 
i sei erzeugende Einheit von tr. Eine beliebige GréBe x werde zerlegt 


gemaiB der Gleichung 
x = xi+ (x — xi). 


Erfiillt ¢ die im Satze genannten Voraussetzungen, so ist mit ¢ auch Cx 
eine Gréfe in r und darum gilt 


ex = ox-| = 6-xi. 


Die Spur der rechten Seite, des Produkts von ¢ mit einer in rt gelegenen 
Gréfe xi, ist nach Voraussetzung = 0, darum ist auch S(¢x) = 0. c= 0 
ist nunmehr eine unmittelbare Folge der fir alle x giiltigen Identitat 
S (cx) = 0. 

2. Nach dieser Vorbereitung kénnen wir zum Beweise von Satz 11 
schreiten. Der durch die Konstruktion (K), Gleichung (8), aus dem 
invarianten Teilraum $$ von R gewonnene invariante Teilraum p von ft 
werde mit p (38) bezeichnet. Es gilt zweierlei zu zeigen: J. Bestimmt der 
in t enthaltene invariante Teilraum p den invarianten Teilraum % von R, 
so ist umgekehrt p= p($). II. Sind ,, $. zwei aquivalente invariante 
Teilraume von R, so sind die zugeordneten p, = p(,) und p. = p (#P.) 
gleichfalls aquivalent. 

I. Die Aussage p(%)<p ist trivial. Denn eine willkiirliche GréBe x von 
p($) entsteht durch Gleichung (8) aus einem Tensor F in $%. Mit F liegt 
dann offenbar auch x in p. 

@ sei erzeugende Einheit in p, F' ein willkilicher Tensor, 


F’ = 6F = De(s—)-sF; 
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mit Hilfe desselben willkiirlichen Koeffizientensystems c mégen nach For- 
mel (8) aus F und F’ die Gréfen x, x’ entspringen. FF’ ist ein Tensor 
in %, folglich gehért nach Definition x’ zu p($). x’ ist = xe. Das 
Ergebnis ist dies: liegt x in tr, so xe in p($). Da p int enthalten sein 
sollte, gilt insbesondere: wenn X in p liegt, so xe = x in p(B); oder es 
gilt p<p(¥). 

II. In $%, wahle man den primitiven Tensor #,; sein Abbild in $f, ist 
ein primitiver Tensor EZ, von %,. Die Gréfen ¢, und ¢, in den zugehdrigen 
Teilraumen ),, pp von t werden durch die Gleichungen geliefert 


(10) Ce (8) = Beli -++ df) SEalt +--+ ty) le = 1, 2], 


in der die Koeffizienten c(?,---727) unabhingig voneinander alle Werte 
durchlaufen. Die gesuchte ahnliche Abbildung von p, auf py mu8 dadurch 
bewerkstelligt werden, daB man die beiden Gréfen ¢C, und Cc, einander 
zuordnet, die in dieser Weise demselben Koeffizientensystem c(@, --- i,) 
entspringen. Die Méglichkeit dieser Zuordnung ist aber an die Bedingung 
gebunden: da$ allemal, wenn c, = 0 ist, auch Cc. verschwindet. Die 
Voraussetzung, daB eine F, in F, iiberfiihrende ahnliche Abbildung von 
%, auf B, vorliegt, besagt: Wenn eine symmetrische Transformation den 
Tensor FE, in Null iiberfiihrt, transformiert sie auch FE, in 0. Das Binde- 
glied zwischen Voraussetzung und Behauptung ist die Aussage: Wenn 
fiir irgend einen Tensor F' 


(11) ar (s)-sF = 0 
ist, gilt die entsprechende Gleichung fiir C.: 
(12) 2 ee(s")-8F an %, 
In der Tat ist auf Grund der Gleichung 
ca(s) = 2 seh +key)» Bally s++ky): 
2 ca(s)- 8F (i i) = 2 cli a eS err eS ee 
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c(i; +++ ig; Kye ky) = > Fliv-+- ip)-clky +++ ky). 
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Die linken Seiten von (11), (12) gehen daher durch dieselbe symmetrische 
Transformation aus £, bzw. E, hervor. 

Insbesondere gilt, wenn c, = 0 ist, die Gleichung (12) fiir einen beliebigen 
Tensor F. Das heift aber: unter der Voraussetzung ¢, = 0 ist S(¢. x) = 0 
fiir alle Gréfen x in tr. Auferdem liegt c, selber in t. Die Anwendung 
des letzten Teiles von Satz 12 vollendet daher den Beweis. 
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§ 5. In (4)/ enthaltene Darstellungen der linearen Gruppe. 


Die Quantentheorie ist allein an der in §§ 3 und 4 aufgedeckten Be- 
ziehung zwischen den beiden Gruppen 7 und o interessiert. In o@ ist die 
Untergruppe 9% der speziellen symmetrischen Transformationen enthalten, 
welche mit der Gruppe 4 aller linearen Transformationen B in n Variablen 
isomorph ist und darum eine bestimmte Darstellung (4)/ von 4 liefert. 
Ein linearer Teilraum % von K, der gegeniiber o invariant ist, ist auch 
gegeniiber o) invariant; und die Beziehung der Aquivalenz zwischen zwei 
solchen invarianten Teilriumen bleibt a fortiori bestehen, wenn die Gruppe ¢ 
auf die engere o) beschrinkt wird. Gilt aber von diesen beiden selbst- 
verstindlichen Satzen auch die Umkehrung? Ja; denn: 

Satz 13. Jede symmetrische Transformation lift sich durch lineare 
Kombination geeigneter spezieller symmetrischer Transformationen gewinnen. 

Dies kommt auf den Satz hinaus: ist die lineare Gleichung 


By Cli tay +++5 tpl) +++ ips I Ty) = 0 
erfiillt fiir alle z von der Gestalt 
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(i++ if; ky +++ hy) = x(t, ky) +++ xlirky), 


so ist sie erfiillt fiir alle symmetrischen x Das Paar ik kann als ein 
einziger Index 7 geschrieben werden. Dann ist diese Behauptung nichts 
anderes als die simple, hiufig benutzte Tatsache der formalen Algebra: 
verschwindet eine Form 


2 ej +++ Jp) w(jr) +++ aj) 


fiir alle Werte der » Variablen x(j), so verschwindet sie mit allen ihren 
Koeffizienten ¢ — vorausgesetzt, daB c symmetrisch von den f Indizes j 
abhangt. 

Dieses Resultat mit den in §§3 und 4 gewonnenen verbindend, erkennen wir: 

Satz14. Ist p ein invarianter Teilrawm von tv, so bilden die Tensoren 
von der durch p bestimmten Symmetrie das Substrat einer in (A)/ enthaltenen 
Darstellung A der linearen Gruppe 4. Ist p irreduzibel, so ist auch die Dar- 
stellung A irreduzibel. Aquivalenten invarianten Teilritiumen  entsprechen 
diquivalente Darstellungen 4, iniiquivalenten immer dann iniiquivalente, 
wenn wir uns, wie das natiirlich ist, auf die in t enthaltenen Teilriiume 
beschriinken. 

Die regulire Darstellung (7) von a bestand darin, dai s die Abbildung 
x’ = sx im totalen /f!-dimensionalen Gruppenraum r zugeordnet wurde. 
Im Falle n< f mége hier r durch ¢ ersetzt werden, wodurch eine Dar- 
stellung (7) von weniger als /! Dimensionen entsteht. Durch Satz 14 steht 
zugleich folgendes fest: 
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Satz 15. Jeder in (a) enthaltenen Darstellung HT von x entspricht eine 
eindeutig bestimmte, in (A)/ enthaltene Darstellung A von 4; zwischen diqui- 
valenten Darstellungen soll dabei auf beiden Seiten nicht unterschieden werden. 
Irreduziblem Hl entspricht ein irreduzibles 4. Die Beziehung wird eineindeutig, 
wenn wir (im Falle n<f) die reguliire Darstellung (1) durch (2) ersetzen. 

Satz 4 fiihrt iiber Satz 10 zu 

Satz 16. Die Darstellung (4) von 4 zerfiillt in irreduzible Bestandteile. 
Erscheint bei der Zerlegung von (nm) die irreduzible Darstellung I der Per- 
mutationsgruppe g-mal, so tritt das zugehirige A in (A)/ gleichfalls g-mal auf. 
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§ 6. Verallgemeinerung. 


Den Betrachtungen von §§ 3 und 4 kann, stati der vollen symmetrischen 
Gruppe 7, irgendeine Untergruppe, eine Permutationsgruppe = zugrunde gelegt 
werden. Natiirlich ist der Begriff der symmetrischen Transformation ihr 
anzupassen: von dem Koeffizienten c¢ (i, --- 7; k;---ky) wird nur verlangt, 
daf er ungeindert bleibt, wenn eine zur Gruppe 1 gehdrige Permutation auf 
die Subindizes 1, 2,---, f ausgeiibt wird. 

Auch ist zu bemerken, daB der zugrunde liegende Zahlbereich irgend ein 
Kérper sein kann im Sinne der abstrakten Algebra; nur darf die ,,Charak- 
teristik“ (in der Steinitzschen Terminologie) nicht eine in der Ordnung der 
Gruppe 2 aufgehende Primzahl sein. Um der Beweisfiihrung diesen Grad 
von Allgemeinheit zu sichern, habe ich hier (im Gegensatz zu der Darstellung 
in meinem Buch) den Gebrauch konjugiert-komplexer Zahlen vermieden 
und nur rationale Operationen benutzt. Die Einschrankung hinsichtlich der 
Charakteristik ist nétig, weil im Beweise von Satz 2 und 3 durch die 
Ordnung von 7 dividiert werden mu8. 

Die Untersuchung von § 5 gestattet ersichtlich keine so weitgehende Ver- 
allgemeinerung. Aber man kann eine Permutationsgruppe 7 von folgender 
Art ins Auge fassen: die Reihe der Ziffern von 1 bis f sei in mehrere 
Teilreihen zerlegt, und zu a gehéren alle und nur diejenigen Permutationen, 
welche keine Ziffern zwischen den Reihen austauschen. Es seien z. B. zwei 
Teilreihen vorhanden; die erste Reihe mége aus den ,,roten“ Ziffern von 
1 bis f, die zweite aus den ,griinen“ Ziffern von 1 bis g bestehen. Es 
liege ein ,roter“ m-dimensionaler und ein ,,grimer“ n-dimensionaler Vektor- 
raum vor; wir beschaftigen uns mit Tensoren, die sozusagen mit einem Fub 
in dem einen und mit dem andern Fuf in dem andern Raum stehen. Ist 
der Tensor von f** Stufe im roten, von g*** Stufe im grien Raum, so hangt 
seine allgemeine Komponente F'(i,--- 7s, j:-++jg) von f roten, im Bereiche 
von 1 bis m variierenden und g griinen, den Spielraum von 1 bis » durch- 
laufenden Indizes ab. Erleiden die Koordinaten x; im roten Raum die lineare 
Transformation 
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SYMMETRISCHE UND LINEARE GRUPPE. 


m 
A: y&= > ali’ i) Xi, 


i=1 


die Koordinaten y; im griinen die lineare Transformation 


n 
Bs yp = ZO) uw, 


so erleiden die Tensorkomponenten die Transformation 
F'(ih- if, fterdy) = 

2 ai i)+++ a (tpi) bjt jr)-+ +b gig) Fl: ++ ty, Ji+++Jg)- 

tJ 

Die Mannigfaltigkeit unserer Doppeltensoren ist daher das Substrat einer 

gewissen Darstellung des vom Paare A, B durchlaufenen direkten Produkts 

der linearen Transformationsgruppe im roten und griinen Raum. Die Trans- 

formationen von der Gestalt (13), welche jetzt die Rolle der ,,speziellen“ 

symmetrischen Transformationen iibernehmen sollen, sind in der Tat sym- 

metrisch mit Bezug auf die Gruppe 7 derjenigen Permutationen, welche die 

roten und griinen Ziffern je untereinander beliebig vertauschen. 


(13) 


§ 7. Schlufsbemerkungen, insbesondere tber das Spin-Problem. 


1. Unserer Hauptuntersuchung, §§ 2 bis 5, fiigen wir einige Bemerkungen 
von weniger elementarem und mehr referierendem Charakter hinzu. Der 
allgemeinen Theorie der endlichen Gruppen ist zu entnehmen, daf bei der 
Reduktion der reguliren Darstellung (7) jede irreduzible Darstellung erscheint, 
und zwar so oft, wie ihr Grad g angibt. Ist p ein invarianter Teilraum 
von t und p’ aquivalent zu p, so kann nach Satz 4 die ahnliche Abbildung 
von p auf p’ durch eine Gleichung x’ = xb vollzogen werden. Darum 
gehért, weil t rechtsinvariante Subalgebra ist, auch ganz p’ zu t. Dem- 
nach tritt jede irreduzible Darstellung, die iiberhaupt in (7) vorkommt, 
darin ebenso oft auf wie in (7): so oft, wie ihr Grad angibt. Wir kenn- 
zeichnen die einzelnen irreduziblen Darstellungen Z von a durch ihre 
Charaktere x; den Grad g und das zugehérige 4 bezeichnen wir daher deut- 
licher mit g(x) und 4(z). Die Zerlegung von (A)/ erfolgt gema6B der 
Gleichung : 

(A= Dg (x)-4(x), 


wobei sich die Summe nur iiber diejenigen irreduziblen Darstellungen x 
erstreckt, die in (77) vorkommen. 

Es sollte beachtet werden, daf o nicht eigentlich eine Gruppe, sondern 
eine Algebra ist. Nachdem wir & in irreduzible invariante Teilraume zerlegt 
haben, bestimmen wir unter ihnen einen vollen Satz inaquivalenter irredu- 
zibler Teilraume ®,, R:,---, indem wir von je g aquivalenten, welche bei 
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514 H. WEYL. 


der Zerlegung auftreten, immer einen willikiirlich aussuchen. Beziehen wir 
diese Teilriume je auf ein bestimmtes Koordinatensystem, so wird die 
symmetrische Transformation C in ihnen durch je eine Matrix C,, Cs, --- dar- 
gestellt. Die Korrespondenzen 

C-G, C-C,, «++, 


geben mehrere inaquivalente irreduzible ,,Darstellungen“ der Algebra o 
[wobei fiir eine Algebra der Begriff der Darstellung aufer der Erhaltung 
der Komposition auch die Erhaltung der linearen Beziehungen einschlieBt: 
mit C>C, ist 

aC>aeG,, C+C’-a,4+c, Ccc’-agcd (« eine Zahl)]. 


Nach einem allgemeinen Theorem von Burnside, Frobenius und Schur folgt 
daraus, daf fiir ein variables C die sémtlichen Komponenten der Matrizen 
C,, Cz,+-+ voneinander linear unabhingig sind. Aus dem gleichzeitigen 
Verschwinden der Matrizen C,, C,,--- folgt riickwarts gema® unserer Kon- 
struktion, daB das Element C der Algebra o gleich 0 ist. Das Resultat ist 
also dies, daB die Algebra o in mehrere vollstaindige Matrixalgebren zer- 
fallt. Nach .bekannten Satzen schlieft man daraus, dah jede irreduzible 
Darstellung der Algebra © mit einer der hier aufgetretenen dquivalent sein 
mug, und ferner, daB jede Darstellung der Algebra o in irreduzible zerlegt 
werden kann. 

Eine Darstellung der Gruppe 4 heife von der Ordnung f, wenn die Kom- 
ponenten der dem variablen Element B = ||b(zk)|| von 4 zugeordneten Matrix 
ganze rationale Funktionen der b(ék) vom f*™ Grade sind. Die Speziali- 
sierung von o zu 6, fiihrt darum auf rein algebraischem Wege zu den Tat- 
sachen: Jede irreduzible Darstellung f”" Ordnung der Gruppe 4 aller linearen 
Transformationen ist in (2)/ enthalten. Jede Darstellung f*" Ordnung von 4 
zerfillt in irreduzible. Dieser Gedankengang ist im wesentlichen von I. Schur 
angegeben*; man mag in diesen seinen Uberlegungen bereits implizite die 
Idee finden, die Gruppe o) der By durch die Algebra o aller symmetrischen 
Transformationen zu ersetzen. 

2. Da das Folgende nur fiir den Leser des V. Kapitels meines Buches 
tiber Gruppen und Quanten verstandlich ist, verwende ich ohne Erklarung 
gewisse dort eingefiihrte Bezeichnungen. 

Der Zusammenhang zwischen den Darstellungen 77 und 4 von a und 4 
mu sich in einer einfachen Beziehung zwischen ihren Charakteren kund- 
geben. Die elementare Rechnung liefert die Formel (49) 1. ¢., p. 230, 
welche zusammen mit der Vollstindigkeitsrelation fiir die primitiven 
Charaktere x zu (50) fiihrt. Aus dieser Gleichung ergeben sich, als der 
Ausdruck der einfachen Eigenschaften der Exponentialfunktion 


 *In der oben zitierten Arbeit Sitzungsber. Berl. Akad. 1927. 
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amin — g™.q” und (ab) = a”.b*, 


zwei in § 55 daselbst entwickelte Reziprozititstheoreme. 
Zu der Darstellung 7: s>U(s) von = erhalt man eine andere, die ad- 


jungierte iT durch die Zuordnung s—> ot (s), wenn U die kontragrediente 
Transformation zu U ist. Das Schursche Fundamentallemma besagt: 
Wenn J/, 7’ irreduzible Darstellungen sind, so tritt in 7’ die identische 


Darstellung einmal oder keinmal auf, je nachdem //’ aquivalent iT ist oder nicht. 

Die eindimensionale Darstellung der Permutationsgruppe 7, welche dem 
Element s die Zahl 6, +1 zuordnet, werde mit {1}, die zugehdérige 
Darstellung von 4, deren Substrat die schiefsymmetrischen Tensoren 
J‘* Stufe sind, mit {4}/ bezeichnet. Mit einer beliebigen Darstellung 7: 
s— U(s) von 7 ist die duale II*: sd; U (s) verkniipft. Aus dem angefiihrten 
Lemma folgt der 

Hilfssatz: Sind 7 und Z’ irreduzible Darstellungen von 7, so enthalt 
<i’ die Darstellung {1} einmal oder keinmal, je nachdem 7’ zu 7 dual 
ist oder nicht. 

3. Zufolge der Existenz des spins stellt sich, wenn man die dynamische 
Wirkung des spins vernachlassigt, das gruppentheoretische Problem folgender- 
mafen. Der zugrunde gelegte Vektorraum hat nicht m, sondern N 
= v-.n Dimensionen, und die Variablen sind durch zwei Indizes +, 7 unter- 
schieden, deren einer von 1 bis », deren anderer yon 1 bis m lauft. Im 
Raum der Tensoren /** Stufe interessieren jedoch nur diejenigen symme- 
trischen Transformationen, welche die griechischen Indizes nicht angreifen: 


(14) F' («, ty,+++, efi) — 2 clin ++ if ky+++ky)- Flak, eee, tz ky). 


Im Vektorraum, heift das, wird die Gruppe Ay aller linearen Transforma- 
tionen beschrinkt auf die Gruppe der Transformationen von der Art 


(15) a! (+i) a bik) x(k). 


Eine irreduzible Darstellung von Ay liefert durch diese Beschrankung eine 
Darstellung der Gruppe 4, aller linearen Transformationen B = || b(ik)|| 
in » Dimensionen. Sie ist in ihre irreduziblen Bestandteile zu zerlegen. 

Das Pauli-Verbot besagt, da®B in der Physik diese Aufgabe nur fiir die 
spezielle Darstellung {An}Y zu lésen ist, deren Substrat die schiefsymme- 
trischen Tensoren fT Stufe sind. 

Es stellt sich als zweckmafig heraus, in zwei Schritten vorzugehen. 
Zunachst wird die Gruppe Ay aller linearen Transformationen im N-dimensio- 
nalen Raum eingeschrankt zu der Gruppe 4,><4,, welche aus den Trans- 
formationen besteht 


er ES eae I s 


. iy’ tie’ tae . 
ai? @*- aS oh Sa eee 
- e Jes 


My “es 


pent “iia. ie MBER SE ep eae at De 
aha? Ht ete Se ag ee 
BR ce Me EF a all cine See: 


am: : 


a =. 
(RN oon ttatg 


ne ” 3 >" : oe. Moe 


“ . 
Coll 
“* 

oe 3* 

» ne mange 


“e@ 
af, ~ 
aa 


- 


es 


5 ee 


rs ~ » ! 
ie os nie 


* 
i Meaine os 


Pa 


>. « > 
‘ ; 
‘ \ : 
enema a 

. ; 

* . 
mn, TR < 5? pees _ * ~~ 

SS a ae re 








— 


‘gt ge 


eR Gr ees: 





ee 


iat: 
Rae ee —_ i — = ms” ee - - 
~— ——~ oo ; fete i 2a SE ve oa 
Dans» ciao eesti is: ei pres” age fay tN 


NG HORA 





<a% wih 


Pain A ai aA Diba 


Ra Seo 
ada elf 


PPE Se eS 


H. WEYL. 
xz’ (ei) = 2 Blox) b(ik) x(xk) 


und darauf wird fir B = || 8(¢x) || die Einheitsmatrix gesetzt. Der erste 
Schritt wird erledigt durch die Formel 


(16) {ay|S = = A, (4*) 98 Ay (4). 


Die beiden Faktoren sind Darstellungen /*" Ordnung von 4, bzw. dn, 
welche den in Evidenz gesetzten zueinander dualen irreduziblen Darstellungen 
x*, x von z entsprechen. Die Formel ergibt sich, wenn man das zweite 
der erwahnten Reziprozititsgesetze mit dem Hilfssatz verbindet. Bezeichnet 
hn(y) den Grad von 4,(x), so liefert nun der zweite Schritt das Resultat: 
die Darstellung {an}f zerfallt im Bereiche der Transformationen (15) gemab 
der Gleichung 


(17) {An} = D hy (x*)--4 (x) 
Xx 


in irreduzible Darstellungen /“* Ordnung von 4=4%,. Die Modifikation, 
welche die Existenz des spins unter Vernachlassigung seiner dynamischen 
Einwirkung und das Pauli-Verbot zur Folge haben, besteht also einfach 
darin, daB die Multiplizitiit, mit der das zu % gehirige Termsystem auftritt, 
von g(x) in hy (x*) sich verwandelt.. Insbesondere kommen jene Termklassen 
ganz zum Fortfall, fiir welche h,(z*) = 0 ist.t+ Die dynamische Ein- 
wirkung des spins list diese Multipletts in so viele Komponenten auf, als ihre 
Vielfachheit h, (x*) angibt; und ruft auBerdem schwache Interkombinationen 
zwischen den verschiedenen Termklassen hervor. — Die Dimensionszahl y 
des Spinraums ist tibrigens = 2. 

Ich wiinschte auf diese Dinge zuriickzukommen, weil in meinem Buch 
der zweite Schritt, die Ersetzung der Matrix B durch 1 nicht explizite 
erwahnt wurde und infolgedessen die Beschreibung auf p. 259 nicht einwand- 
frei ist. Fir diese Entwicklungen ist iibrigens die Ersetzung von o durch 
die beschranktere Gruppe o) unwesentlich. Dem physikalischen Problem 
angemessener ware es, bei o zu bleiben und darum statt von der Zerlegung 
der Darstellung (17) zu sprechen von der Zerlegung der Mannigfaltigkeit 
{Rw} der schiefsymmetrischen Tensoren f** Stufe im N-dimensionalen Raum 
in Teilraume, welche invariant sind gegeniiber der Gruppe der symmetrischen 
Transformationen von der Art (14). 





{ Bezeichnen wir unser obiges ft, das ja von der Dimensionszahl n abhingt (und fir 
n= f mit ganz t zusammenfillt) der Deutlichkeit halber mit t und daher (7) mit ()", 
so sind das diejenigen Darstellungen y*, welche in (7)” nicht vorkommen. 
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ON THE SIGNATURE OF A QUADRATIC FORM. fe 

* ti i 

By E. T. Browne. ie q 

1. Introduction. A real quadratic form in m variables 2,,---, xn 3 ‘ ee 

1, +)” ne i‘ 

(1) ij Xj 2; (ay = aj) tye] 
i,j & eae oe: 

ieee 

of rank y can always be reduced by a real non-singular linear trans- aft 
formation to an expression of the type 5 





i=1 


(2) > C, #4. | 
eg 





Although the (real) transformation by which (1) is reduced to the form (2) 
is not unique, it is well known that the number N of negative coefficients eh 
in (2) is the same whatever be the particular transformation employed. aq 






A similar remark holds for the number P of positive coefficients in (2). 
Thus, P and JN, and therefore their difference s = P—WN, called the 






signature of the quadratic form, are arithmetic invariants under real non- “7.8 
singular linear transformations. Since P+-N = r, manifestly s is determined a. ae 
when N and r are known. 1a 

; 


Frobenius has shownt that if (1) is of rank r the variables can always 




















be so numbered that no consecutive two of the numbers in the sequence . J 
Oia Aas aii, ’ ir 4 

(3) Ay = 1, A,=41, A: = po Tee Ay=| +> + + > ree ee 
Agi Az 

Aris +++; Orr ‘ a+ 

are zero and A,+0. (1) is then said to be regular, and its matrix } at 
regularly arranged. Gundelfinger has shown{ that in this case the number NV hae a 
of negative coefficients in (2) is equal to the number of variations of sign ied. | 
in the sequence (3), where a vanishing term may be given a sign at pleasure. Pate 
In the paper of Frobenius it was shown that for certain particular types “a 4 
of forms, for example, recurring forms in which ajj = aj+4j—2 even if A, = 0 it 
and an arbitrary number of consecutive A’s in the sequence (3) vanish, ae | 






by replacing the vanishing A, by a certain new determinant A;, the number 
of negative coefficients in (2) can always be determined from the new 














* Received September 16, 1928. 
+ Frobenius, Uber das Triigheitsgesetz der quadratischen Formen, Crelle, vol. 114 (1895), the 
p. 193. 
t Cundelfinger, Zur Theorie der quadratischen Formen, Crelle, vol. 91 (1881), p. 225. 
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518 E. T. BROWNE. 


sequence. Moreover, it was shown by Frobenius (and more recently by 
Franklin)* that if (1) is a general real quadratic form of rank r in which 
A,+0, N can always be determined when in the sequence (3) not more 
than two consecutive A’s vanish. The interesting demonstration by 
Franklin was based on certain properties of the secular equation. In this 
paper we shall show that Gundelfinger’s rule and the scheme of rearrangement, 
mentioned previously as used by Frobenius, furnish a very simple method 
of arriving at these facts. 

2. Quadratic forms which are not regular. In the quadratic 
form (1) of rank r let us suppose that A,+0. Let us suppose also that 


: Adc $¥®  O<e; 1065 4—s—1), 
(4) be ae Ga Se. 


Since Ar+0 while A-4: = 0 there exists a real set (x,,---, x) such that 


Tt 
(5) Ger = mw 2 G= 1,-+-,e+1). 
J= 


If from the elements of the (¢-+1)th column of Ar+2 we subtract the sum 
of the products of the elements of the first c columns by 2, ---, xr every 
element in this column is reduced to zero except the last one which is 


Tt 
k = Ar+2,r41 “ae Ar+2,j Lj- 
j= 
Performing the same operation on the (¢ + 1)th row and expanding, we have 
(6) f Aris = —}? Ar. 


If, therefore, ¢ = 1 in (4) so that A-i2 + 0, Arse is evidently of opposite 
sign to A;, a fact which is well known. If, however, «>1 so that 
Arie = 0, (5) holds for i = r+ 2. 

Now holding the first « columns fixed in Arzic4; let us transfer the 
(c+ @)th column over the 2a —1 columns immediately preceding it and put 
it in the (¢+1)th place. Proceeding similarly with the rows, we obtain 
a new sequence of A’s which we shall denote by 


(3) Ao, A,, seis Ar, Arti, spe Arte, Ar+6+41; ers A,. 


On making use of the conditions (5) for 7 = 1,---,7-+2, and expanding 
A>, we have 
Att: = —Ka Ar, 





* Franklin, A theorem of Frobenius on quadratic forms, Bull. Amer. Math. Soc., vol. 33 
(1927), pp. 447-452. 
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Tt 
ke = Ar+a,r+1 = 2 Met0,j 2}. 
J= 


Now A}. cannot be zero for every choice of @ (3 < @ < o+1) for in 
that case we would have 


tT 
Ar+a,t+1 = 2 tet ej (a = 3,---,o0+1) 
J= 


which in connection with (5) would give Arioi: — 0. Hence, for some 
choice of a (3< @<oa+1) AS}, + 0 and is of opposite sign to Ar. By 
a similar argument it follows that if in the subsequence 


(a) (@) 
Ar, Ar41, Aeey Arie; Ar+o+1 


two or more consecutive terms vanish, without affecting those terms which 
do not vanish, the last o—1 rows and columns of A;zio41 can be so 
arranged that in the new subsequence 


(7) Ar, Atti, +++, Arte, Artott 
no two consecutive A’s vanish. 

Assuming that the number of variations of sign in the remainder of the 
sequence (3) can be determined we proceed to the determination of the 
number v of variations in the subsequence (7). Since A,r and AS), have 
opposite signs, » evidently satisfies the inequalities 


(8) lsvesyg, 


v being even or odd according as Ar and Arico: have the same sign or 
opposite signs. 

In the preceding discussion we assumed that A, +0 for t>0O. This 
restriction may easily be removed. For if Ay = A, =--- = Ag = 0, 


we consider the quadratic form 
n 


Lsos, 
(9) a+ DS aij xi xj, 
tJ 
the sequence (3) corresponding to which is 

Ai1, +++, Mr 
(3’) Ag = 1, Ay = 1, As = yy, +++, Arti 

Gris ***, Orr 
The canonical forms of (9) and (1) have exactly the same number of 
negative coefficients. Moreover, the number of variations of sign in the 
sequence (3’) is exactly equal to the number of variations in the sequence (3), 
and in the former A; + 0 with r>0. 
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We may draw the following immediate conclusions: 

If o= 2, vy = 2 or 1 according as Ar and Ar+s have the same sign or 
opposite signs. 

If o=—83 so that 1<»<3, if A; and Ar44 have the same sign, » is 
even and hence is equal to 2; but if Ar and Ar44 have opposite signs, 
v is odd and we cannot distinguish between the cases y = 1 and vy = 3. 
Indeed, in this latter case the signature of (1) cannot be determined from 
the sequence (3) alone. Cf. the classical example of Frobenius as quoted 
by Franklin.* 

If o=— 4 so that 1< o<4, if Ar and A;;5 have the same sign, v is 
even and we cannot distinguish between the cases y = 2 and vy = 4; while 
if A; and Ary; have opposite signs, v is odd and we cannot distinguish 
between the cases y= 1 and »y = 3. 

That all of these cases actually arise is clear from a single example. 
Thus, consider the form 


2ax, x, + 2b a2 + 2bx,x,+ aar+ 2bz3 
the sequence of A’s corresponding to which is 
1, 0, 0, 0, 0, —3a* bd’. 
However, on renumbering the variables 


y= Ys, %2 = Nm, Le = Y2, My = Ys, Le = Ys 
the form becomes 
2by?+2by, y, tayzt+ 2byr+2ay, y;, 


the sequence of A’s corresponding to which is 
1, 2b, 2ab, 3ab*, 0, —3a*Dd?. 


The form is now regular and y can be determined by Gundelfinger’s rule. 
In fact, if a>0O so that Ay and A, have opposite signs, vy = 1 or 3 ac- 
cording as b>0 or b<0; while if a<0 so that Ao and A; have the same 
sign, vy = 2 or 4 according as b>0O or D<0. 

For o>4 it is apparent that the number of cases which may arise is 
even greater. 

We may therefore state the following theorem. 

THEOREM 1. Jf for a real quadratic form (1) of rank r we set up the 
sequence (3) in which A, +0, then the number of negative coefficients in 
the canonical form (2) is equal to the number of variations of sign in the 
sequence (3), where 





* Franklin, loc. cit., pp. 451-452. 
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(i) if Ar Ar+e + O while Ari1 = 0, the subsequence Ar, 0, Ar+2 gives rise 
to one variation; 

(ii) if Ar Ar+s + 0 while Ary1 = Ariz = 0, we assign to the subsequence 
Ar, 0, 0, Ar+s two variations or one variation according as Ar and Ar+s3 have 
the same sign or opposite signs; 

(iii) if Ar Arta $0 while Aris = Arie = Aris = 0, we assign to the 
subsequence Ar, 0,0,0, Aris two variations if A; and Arz+4 have the same 
sign, while if Ar and Ar+4 have opposite signs the number of variations is 
undetermined. 

(iv) For o > 4, if Ar Ar+oti1 $0 while Ar+i = O (4 = 1, ---, O) the 
number of variations in the subsequence cannot be determined by the signs 
of the A’s alone. 

3. Recurring forms. The scheme of rearrangement which was employed 
in the preceding section on the general quadratic form will now be applied 
to a recurring form, i. e., a form (1) in which 


iy = Ai+j-2- 
We first prove the following theorem. 
THEOREM 2. Jf for a real recurring form (1) we have Ar + 0 (« >0) 
while Ar+i = 0 (i = 1,---, 0), there exist ¢+1 real sets X® = (x, ..., x ,) 
(k = 1,---,¢+1) such that 


t1 

ae k) (k= 1,---,¢+1) 
(10) r+ Kaiti Pa (0 = 0,.--,r-+o—h), 

and satisfying the conditions 
1 ei 
(k == ] eee 0) 
a lk . ’ 

(11) pei mae p> Wet 245 7) ee tc = 1, -+-,¢+1). 


In order to prove this theorem we shall need first to establish two lemmas. 
LemMA 1. Jf for a recurring form (1) there exists a single set 


X' = (x, +++, 2r-1) satisfying 
t-—l1 


(10) arti = Zi x} (i = 0,---, s+o—1), 
j= 


there exist 6 additional sets X™ satisfying the conditions (10) of the theorem. 
In (10,) we have on replacing i by i+1, 
t—1 
Ar+k+i = p> 5 544 OH 


t—2 


7 p> Or MPa, re, @=0,---,c+o—k—]). 


In the first term on the right replace 7 by j,—1 and in the second term 
replace dr4; by its value from (10,). We then have 
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tT-1 t—1 
3. ile (k) (k dl 
(10x41) Art+k+i = 2 G4; a + a, 2, q+; *; 
t1 
= 20,0"? (i= 0,---,c+o0—k—1), 
J= 


where 
(12) 0 oD yeh, AO = oP teh, G=1,---,e—1). 


Since for k = 1, (10%) becomes (10,), we have shown that (10,) implies 
(10,); this in turn implies (103); and in general (10;) implies (10,41). for 
k < t++o—1 and therefore for k < o. Hence the lemma is proved. 

LemMA 2. The sets X™ of Lemma 1 satisfy the conditions (11) of the 
theorem. 

For, on replacing in the right hand member of (11) Xt” by its value 
from (12) and using (10,) with z replaced by r-+i—2 (¢=—1,---, 0+1) 
the equality follows at once. 

In view of these two lemmas in order to prove the theorem completely 
we have merely to show the existence of a single set X’ satisfying (10,). 
That such a set exists for o — 1 follows directly from (5) after making 
obvious changes in notation. To proceed by induction we assume that 
the theorem is true for o and prove that it is true for o+1. 

From the elements of the (¢-+)th column of Ar4o4: subtract the sum 
of the products of the elements of the first ¢ columns by 2,..-, 2, 
(k =1,---,o¢+1). Proceeding similarly with the rows it follows from (10) 
that Ario4: is reduced to the form 
A,, 0 
cB 





where B is a symmetric determinant of order o+1. Indeed, B is recurring, 
for if b«% denote the element in its ith row and kth column evidently 


t1 
ie a (k = 1,---,o+1) 
(13) bg, = Oye = Oger po ~ ge Oe 5 445 2h” ‘0 == 1,..-,0+1), 


which in view of (11) equals bj-1,x41. We may therefore write 
bix = Dditn-2 G+k = 2,.--,20+2). 
Moreover, from (10x) with z replaced by r-+i—1, 
t—1 
Aertith—2 p> Mp4 4 145 t= O @+k<so+1) 


so that 
(14) ba = 0 G@+k<o-+1). 
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Hence, on expanding Arto+1i we have 
(15) Aryops = (—1)*OTP (bg)**! Ar, 


where 
tT—1 


U 
be = der+6— > At+o+j Xj. 
J=0 


If, therefore, Ar+o41 = 0, bs = 0 so that (10,) holds for i= 1+-+o and 
the induction is complete. 

CoroLuary 1. If Ar Apioii tO (c>0) while Ar4i—O0 (i —1,---, 0) 
then if o is odd, Ar and Ar+io11 have the same sign or opposite signs 
according as « is of the form 4n—1 or 4n-+1. 

We may now state a corollary to Theorem 1. 

CoROLLARY 2. Jf in the sequence (3) for a real recurring form of rank r, 
A,+0 and three consecutive terms vanish, the subsequence of five terms con- 
taining these vanishing terms should be considered as presenting exactly two 
variations of sign. 

Now let us suppose that A, Arie41+0 while Ary; —0 (= 1,.---, 0). 
In Ario+i let us place the (c-+-1)th row and column last. From the 
-elements of the last column of the new determinant subtract the sum of 
the products of the elements of the first + columns by 2», ---, xt-1. 
Proceeding similarly with the last row, we have in view of (10) 


ArioH = —(dori6 —-, Ar+o+i xi) Des o-1 


where D-;+ 5-1 is the principal minor determinant of order t+ o—1 standing 
in the upper left hand corner of the rearranged determinant Ar+¢41. 
Evidently Dric-1+90 and is of opposite sign to Ar+o41. 

In Dric—1 place the (¢+1)th row and column last. Using the multi- 
pliers x, ---, 2-1 and proceeding in a manner similar to that just indicated, 
we have 

Der+o-1 — —(anie—2, Ar+o—1+i ai’) Dric-s: 
This process may be continued using the multipliers 2, .-., 2, (k = 3,---) 
until we arrive at one or the other of the conclusions according as o is 
even or odd. 

Either Dris = —c® Dri: (c$+0); or Dre = —d®A;, (d$+0). In order 
to estimate the number of variations of sign due to the vanishing of 
the o consecutive A’s, we may employ the subsequence consisting of the 
o-+ 2 quantities 
(16) Ar, Dri, Dr+2; +++, Dr+o—t, Dr+0; Arto}. 


Denoting by « the sign of Ario41 and recalling Corollary 1, it is clear 
that according as o is of the form 4s—1, 4s, 4s+1 or 4s+2 the signs 
of the numbers in (16) are as follows: 


pe, yee hE, ce | 
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: 4s—l1, e|( )—e( )e| ---to s terms--- |( )—e( )e]; 
4s, +ee|( )—e( )e| --- to s terms--- |( )—e( )e]; 
4s+1, —e()e|()—e( )e| --- to s terms--- |( )—e( )e]; 
4s+2, +e—e( )e|()—e( )e| ---to s terms--- |( )—«( Je}. 


The number of variations of sign in each of these subsequences is easily 
estimated and we may summarize the results in the form of a theorem. 

THEOREM 3. If for a real recurring form (1) we set up the sequence (3) 
in which Ar Ar+o+1 + 0 while Ar4i = 0 (4 = 1, ---, 0), then to the sub- 
sequence 
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Ar, 0, 0, ---, 0, Ar+o+1 


we assign exactly (0+ 1)/2 variations of sign if o is odd. If o is even of 
the form 4s (4s-+-2) we assign o/2 or o/2+-1 (6/2+-1 or o/2) variations 
according as Ar and Ario+1 are of the same sign or of opposite signs. 

Although Theorem 3 was proved on the assumption that A; + 0 for r>0 
the results are still true for s = 0 as is clear from the discussion in § 2. 
However, this might have been proved directly. For, let Ar = Ap = 1. 
Then A, = 0, A, = 0,---, Ac =O imply in turn that a = 0, 
a, = 0,---, do1 = 0, and we have 


(15’) Agi, = (— 1st gett 


o+ 
which is (15) with c = 0 and X” —0. If now we consider each set 
X® as zero and proceed with Agi: in the same manner as we proceeded 
with A;4¢+41 the result is precisely the same as that previously arrived at. 
Indeed this is exactly the scheme employed by Frobenius in this special 
case. 

4, Recurring forms for which A,=—0. In the preceding section 
it was shown that if (1) is a real recurring form of rank r for which A, + 0 
the signature of the form was completely determined by the sequence of 
A’s alone even when an arbitrary number of consecutive A’s vanish. The 
rule here given for determining the signature is easily identified with that 
given by Frobenius. 

We now consider the case in which A, — 0. Then A-+0(t<r) while 
Aj = O0(@=—t+1,.---, n). Writing --+o+1 — m» we may adopt the 
notation of the preceding section. Manifestly the signature of the original 
form is the same as the signature of the form whose matrix is (12), and 
hence is the sum of the signatures of the two forms whose matrices are 
A, and B. If o denote the rank of B, evidently e<o-+-1 (since A, = 0). 
In view of the fact that in the recurring matrix B bj = 0 fori+j <o+1, 
B is of rank exactly o if bg = 0 while bgi11 +0. Similarly, Bis of rank 


ats Spgs 2M 
iS te ee ’ : — z 
Ka RAI GBR yas fer Rtg ct et 
Lk apes Ve Res Bi , 
PT pti 


whe F i: ig 
one - - . . rere pennants va ss 
ong RE haps Sag he ARS ea A gs Aa ts sS Vege RNa! th * FR ail 
* : =~ —. 5 ra na gM erareie nes 
eee ere eet - * onan 


EFI aM 5 26 an ee ee ee a oe 


fae * 
ORIN ot RE = 


TO, SSE gye ey 


* 7 
vlan SS ais 
v 
arn #. 


ea 
Svea SG a AEE 





ie 


Si ae 


wee snl i BE Se Ey 


odin 


~ 


see REE ey EN ERR RANI AIEEE OI RN AARON ETB et NN ee 
. 


cotntemt oi at tub tad 





ON THE SIGNATURE OF A QUADRATIC FORM. 525 


o—1 if be = ber; = 0 while bei2 +0, and in general, B is of rank 
@=o4+1—p if be = dori = +++ = bo-rtp = O while bei, +0. In this 
case manifestly the principal minor determinant By, of order @ standing in 
the lower right hand corner of B is different from zero, and therefore in 
view of the manner in which B was built up, it is clear that the deter- 
minant of order r = «+e formed by bordering A; with the last @ rows 
and columns of A is different from zero. Following Frobenius we shall 
call this determinant A;. 

In B let us, while maintaining their positions relative to one another, 
transfer the last @ rows and colums over the » rows and columns preceding 
them thus bringing the determinant By, into the upper left hand corner 
of B. The number N of negative coefficients in the form B is then easily 
determined by the rule given in Theorem 3 for a recurring form of rank e 
in which B, = B, = --- = By 1=0 while Bp +0. Since N, which was 
determined from the sequence 


1,0,0,---tog@—1 terms---, 0,0, Bo, 


might have been determined just as well from the sequence 


A,, 0,0,---to@—1 terms---,0,0, Ar By = Ay, 


we may formulate the rule as follows. 

If for a real recurring form of rank r we set up the sequence (3) in 
which A; + 0 («< 1) while A; = 0 (¢> 1) and if we adjoin to this sequence 
r—t—1 zeros and in addition a determinant A; formed by bordering 
A; with the last ry — tr rows and columns of the matrix of the form 


(17) Ao, Ar, +++, Ar, 0, 0, ---tor—s—1 terms---, 0, A’ 


then the number NV of negative coefficients in the canonical form of (1) 
is given by the number of variations of sign in the sequence (17) where 
the number of variations corresponding to o consecutive zeros in the 
sequence is determined by Theorem 3. 
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ON QUASI-ANALYTIC FUNCTIONS.* 


By W. J. TrsiTzinsky. 


1. Introduction. Quasi-analytic functions are indefinitely differentiable 
functions which are determined uniquely at every point of the domain of 
definition when the value of the function and of its successive derivatives 
of all orders are known at a point of this domain. A different and equi- 
valent way of defining such functions would be by the statement that they 
possess the property that when the values of the function are known at 
all points of an interval of the real axis (in the case of functions of a real 
variable) or at all points of an are of a curve no matter how small (in 
the case of functions of a complex variable), the function is known at all 
points of its domain of existence. At the same time these functions are 
non-analytic,+ that is their formal Taylor’s series diverge. Thus, the class C 
of quasi-analytic functions is an extension of the class of analytic functions 
and possesses a very essential property in common with the latter class. 

For the real variable the first result is due to Denjoy,t which, in the form 
slightly amplified by Carleman,§ can be given as follows: 

Let A,;, Az,--+- be a sequence of positive constants. Let Ca denote the 
Junctions f(x) (defined in the interval (a, b)) for which 


IS (a), << h™ Am 


h being a finite constant independent of m and x, and m = 1,2,---, 
ax<az=<b. Then every function of class Ca is completely determined by 
the knowledge of f(x) and of all its derivatives at a single point of (a, b), 
provided that ; 

A = 


V An 





diverges. 

Thus, for quasi-analyticity it is sufficient that the function be non-analytic 
and that at the same time it should belong to a class of functions C4. 
By a Denjot kth class of quasi-analytic functions we consider those of the 
class C4, where Am = (m-logm-logsm--- logy m)”™ with k > 1.|| 





* Received November 24, 1928. 

+ By excluding analytic functions from the class of quasi-analytic functions we exclude 
what would be trivial from the point of view of this paper. 

{ Comptes Kendus, t. 173 (1921), p. 1329. 

§ See Les fonctions quasi-analytique, by T. Carleman, Paris, 1926. This treatise will 
be referred to in the sequel as (C.). 

|| logm = log, m, loglogm = log, m, logloglogm = log;m, ete. 
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On account of convenience of classification we shall consider for the 
most part quasi-analytic functions belonging to some Denjoy class. A Denjoy 
kth class will be denoted by C4,. 

Borel’s monogenic functions,* whose discovery antedates that of quasi- 
analytic functions of a real variable implied in Denjoys theorem (some- 
times called Denjoy-Carleman’s theorem), are quasi-analytic in a complex 
domain C from which a certain point set of measure zero has been ex- 
cluded. It will be shown in this paper that Borel’s functions can be made 
to belong to the first Denjoy class of quasi-analytic functions by a certain 
specification of the domain of existence of the function. Further, series 
of the form 


> en! (ax — an) 


which are quasi-analytic when the c, satisfy certain conditions specified 
by Borel and Carleman and which form a particular case of Borel’s 
monogenic functions, are considered; conditions are found under which 
such series belong to the Denjoy kth class; these conditions admit less 
restrictive specifications of the c, than those of Borel and Carleman. An 
important problem is that of representation of quasi-analytic functions 
when the value of the function and of its successive derivatives are given 
at a point. A representation of this kind, which was given by Carleman,t 
will be extended. Necessary and sufficient conditions will be given in 
order that a sequence of polynomials should converge to a quasi-analytic 
function. Finally, a new representation of a class of functions will be 
given. 

2. Borel’s monogenic functions. In developing his theory of 
monogenic non-analytic functions of a complex variable,{ Borel defines 
domains C as follows. Let A, be an enumerable set of points everywhere 
dense in a portion of the plane. Let 7, be such that 


Co 
(1) ru>0, 2 rn 
n=1 
converges, and 
oo . 
(2) D n<— (n = 1, 2,-.--). 
i=n+1 4 


About every A, a circle S,” of radius 7%”, which is determined in a definite 


manner and is such that 





* Lecons sur les fonctions monogéenes uniformes d’une variable complex, by E. Borel, 
Paris, 1917. This monograph will be referred to in the sequel as (B). 

tT See (C.), p. 72. 
; See (B.) 
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Tn r 


(3) ger << oe 


can be drawn so that non of these circles intersect each other, for a fixed 
positive integer h, and for n= 1,2,---. When from a closed region R 
of the plane containing all of the points A,, the interiors of the circles 

“ (n = 1, 2,---) have been excluded, the remaining point set is denoted 
by C”. Its frontier consists of all those circumferences S¥” which are 
exterior to each other and of the frontier of R; C™ is perfect, and consists 
of the points of its frontier and the limiting points of the frontier; these 
latter points are said to be interior to C™. C™ is interior* to C“+» 
(hk =1,2,---). The point set C consists of points P, each one of which 
belongs to C™ for all h>h,, where h, depends on P. C is not perfect 
since the A, are limiting points of C, but do not belong to C; it consists 
of the region R from which a point set of measure zero and of the power 
of the continuum has been excluded. This latter point set contains the 
points A, (n= 1,2,---) and is determined, as can be seen from the 
preceding, by a set of numbers satisfying conditions (1), (2). A domain C 
belongs to the class (C) of “domains of Cauchy” if r, satisfy (1), (2) and 


(4) - lim a = 0, 
no logs — 
Tn 


If C and C are given and C belongs to the class (C), then “reduced 
domains” 7?) and I are determined by means of the numbers @, in the 
same way as C”) and C were determined by means of rn; the @p are 
such that 

1 1 
(5) > < log, 
Cn 


ANT 
Yn 


(6) lim n* en, = 0 (for n = 1,2,---, and for any @). 
u—->o 


I’ is_contained in C” and I in C, and C contains points not belonging 
to I. 

A function f(z) is monogenic in a domain C if 

1. It is continuous in C. 

2. It possesses at every point M of C a unique and continuous derivative 
with respect to z = x+iy.t 

*T.e., every point of C™ belongs to C“+"); in the sequel a set R, will be said to be 
interior to another set R, when every point of R, is a point of R,. 

t M belongs to C), Let M’ be any other point of C™. Then, if the limit f ts (M) 


when MM' = z—z'-—>0, exists for all p, it is independent of p and is the derivative 
at M. Continuity in C means continuity in every C™ interior to C. 








’ 
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For monogenic functions the following representation, which amounts to 
a generalization of Cauchy’s theorem, is given 

1 z) dz 1 z) dz 
(7) fe) = =, | He _yit | fae 


Qni JK ¢—2 n 206i Js?) 2—2- 





K denotes a simple curve all of whose points belong to C’, x is interior 
to K and is a point of “a reduced domain” J“, The summation refers 
to the circumferences S\” which limit C. 

Using this representation, Borel shows that monogenuity in a domain C 
implies indefinite differentiability. Expanding each one of the terms of (7) 
in a series of Mittag-Leffler polynomials, aleng a line, whose points belong 
to a certain domain 7”’” which is interior to 7”, Borel shows that mono- 
genic functions representable by means of (7) possess the property of quasi- 
analyticity. 

We propose now to find expressions dominating the absolute values of 
the successive derivatives f (x) defined by (7). Since it is known that 
(7) can be differentiated term by term any number of times, we have 


i ttl cme f@dze wl S(e) dz 
(8) —s" (x) = re ere = oni Ju @— ay 
Let 








1 (z) dz 
oni Jan Cae — 900m): 
The length of the paths of integration will be denoted by 2a7rn, and M 
denotes the maximum of |/(z)| in C™. Without any sensible error* |z—z| 
can be replaced by |A,— 2]. This is due to the fact that with A,, as 
a center there are two circles, one of radius 7”, the other of radius @?’, 
and r® is very small compared with ge”. On the smaller circle we have z, 
and x is exterior to the larger circle. Since ef” is not greater than 
|A,—2x!, it follows that 
Mr?) 
Pn (m) _ (ePyntt ‘ 


But @,/2?*!< o?) <9 /2?, so that 1/e&” <2?*'/e,, From this using (5) 
we have 


, a 1 
(9) g,,(m) = Mr, 2r+DIm+0-7 . Jog, 2 (—) in on 1 8s), 


n 


Since each term in the second member of (7) is an analytic function 
of x, neglecting the first term we have without loss of generality 


* See (B.), p. 142. 
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m) in) m+1 
(10) an <2 Pn (m)<d-.Qtdm, Ps r, log, ? 


As a consequence of (4) 
1 


~ (n) 





e Pin) 


So that 
m+1 


(11) Bry logs? (2) < See. enn — S lem noon) 


For a fixed m the last member of (11) converges, and thus the following 
theorem can be stated. 

THEOREM I, Borel’s monogenic functions defined in a domain C are such 
that for all x in a reduced domain I”, the successive derivatives satisfy 
the inequalities 


m+1 
(12) | f(a) | <d-m™.Qtdm, > log, * (—) d-m™. 2°P+D™. wW(m) 
n n 
(m = 1, 2,-- ‘) 
where dis independent of m and finite for every finite p. The rn define C, 
and IP is defined by @'? satisfying (5), (6). 


- Restricting r, so that r, approaches zero monotonically the condition (4) 
is found to be satisfied by 


(13) 


ePin)-n 
& 


1 
Tn 


where y(n) approaches © monotonically. When 7, is given by (13), con- 
ditions (1) are also satisfied. 
We substitute (13) in (2) and multiply both sides by 1/rnii, thus obtaining 


1 1 DY aia sie tate 2 


(14) 1 + glee Qn+2)- we +n) +-- ee 





The left member is bounded and the second increases without limit. Hence 
(2) is satisfied. Thus we have proved the 

THEOREM 2. The numbers rn given by (13), where y(n) approaches © 
monotonically with n, are suitable for the determination of domains C, of 
the class (C), for which monogenic functions can be defined. When rn is 
restricted to approach zero monotonically, the necessary and sufficient con- 
dition that (1), (2), (4) be satisfied is that rn be given by (13). 
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When the r, are known to approach zero monotonically, inequalities (12) 
of Theorem 1 can be simplified. We have 


fmt) 


ng(n)—e"*”, 


0) ym= Se”,- an@= 


For every m there exists a value of m = mm» such that v,(m)< 0 for all 
N>Mm. Since vpz(m) approaches — oo rapidly and monotonically when n 





oO 
increases on from the value n = mm-+1, and since every termin >) ¢*” 
n=n,,+1 
is less than unity, it follows that 
2) 
Ps e™ <—h, (h, independent of m). 
n=n,,+1 
On the other hand 
n=N,, m+1 gin.) 
e ea™ < Nm e 2 m m P 
n=1 
so that 
MF Ply) , 
(16) W(m)<h-nm-e ? (h independent of m). 


Now it can be shown that v,(m)< 0 for n = log.m, if logy (logs m)/log m 
is bounded for all m. Assuming that this inequality holds we have: 











mit - log, m-@ (logs m) <<" *""" 
log tt + logs m+ log ¢ (logs m) < e'°%™4%™ | 
m+1 logs m logy (logs m) | 1og,mpdog,m) 
log es ir mti log ™ 11 ‘anal , 
2 











logs oS n <logsm-g (logs m), 
where 7 is bounded. 
logs th a < logs m- (log, m), 
2 m-+1 
logs 
2 
m+1 " 
(17) logs +e, < log, m+ log (logs m). 





(17) holds; then, since all of the steps by which it was derived are 
reversible, it follows that for n = log.m 





* e, denotes here and in the following a bounded function of m approaching zero when 
m approaches oo. 
87 
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(a fortiori (18) holds for n => logs m). Thus, we can take mm = [logs m] 
(the nearest integer to log.m less than logem). The inequality (16) then 
becomes 


=r - log, m - 7p (log, m) 


w(m)<h-log,m-e * : 
We restate now Theorem 1 for a more special class of domains C. 
THEOREM 3. Borel’s monogenic functions defined in a domain C are such 
that for all x in a reduced domain I the successive derivatives satisfy the 


inequalities 
m+1 


(19) | f™ (a) |< d-m™.2(P+0™. logsm-e ? 


log, m - p (log, m) 
(m = 1, 2,---) 


where d is independent of m and finite for every finite p; the rn, which 
define C, are restricted to approach zero monotonically and are such that 
when expressed in the form rn = e* fins" y(n) will be <&*® (k independent 
of n);* I is defined by oe” satisfying (5), (6). 

Inequalities (19) are satisfied in particular, when ~ is on any line interior 
to I’ (all the points of the line belong to I”); these inequalities do not 
insure that the Denjoy inequalities hold (see introduction). (The latter 
inequalities are known to be sufficient for quasi-analyticity of an indefinitely 
differentiable function on the segment of the real axis). We inquire now 
whether the domain of definition of Borel’s monogenic functions can be 
so specified that on every line interior to its reduced domain I, the 
Denjoy inequalities hold, so that the function will belong to one of the 
Denjoy classes of quasi-analytic functions on every line interior to I”. 
At the same time quasi-analyticity of a class of monogenic functions would 
be proved without the use of Mittag-Leffler’s expansion (which is Borel’s 
method). 

In defining oe, let us replace (6) by its more particular case (without 
loss of generality we take r,< 1) 


1 1 
20 =<] (<). 
( ) @, <a Tn 
In order that condition (5) 

lim n*e, = 0 (any fixed «) 


n> oe 
should still hold we find that, if 


+ D (n) 
ee 


Tr = ; 





* Consequence of the condition logg (logem)/logm <k. 
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it is sufficient that y(n) should approach oc monotonically and faster than 
any power of n. Thus, we assume the r, are such that 


(21) ', = = iin y(n) > n® (n= 1,2,---, for any @), 

and the @, are defined by 

(22) a < logs (--}, lim n° en = (any fixed «). 
Tn 


Repeating the reasoning by which (9) was derived we now have 


+1 
Pn (m) < Mr» eres 7 log, ’ (--) (n -_ - 2, sce ‘), 


so that inequality (12) of Theorem 1 becomes 





m+1 
| f™ (a) |<d- mm. Qe+Dm Sy «log, 2 (4), ze 
n 


23 ae, St > ee 
( ) | fm (cp) |< demm. gertom, Sg?» 2 _ 2 (n) 
n=1 
= d-m™. optim, w (m), 
where d is independent of m, and m = 1, 2,---. 
In w(m) = > vn(m), where 
‘ ng (n) bso 
Un(m) = e*  -[ng(n)] ? , 


it is observed that for every m there exists a value of nm = mm such that 

vn (m)<1 for all n>mm. Since the v,(m) approach zero rapidly and 

monotonically when m increases from the value m = nm-+1; and since 
v2] 


every term in Pa vn (m) is less than unity it can be seen that 


n=n,,+1 
Co 
Pa Un (m) < hy (h, independent of m). 
n=n,,+1 
Also we have 
n=n m+1 


"vn (m)<m- [rm gy (mm)] 2, 


I 
MA 


n 


so that 


m+1 


(24) W(m)<h- 2m [rm 9 (nm)] 2 (hk independent of m). 


For simplicity we take y(n) = e (g > 1).* The inequality v»(m)<1 
can be written in the form , 


tA we” . _— ee a 
e" = ec, ef = G++; & = logn = n, e*, = log,n. 
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m+1 
ee P(n) 
[ng(n)] 2? <& , 


rr. 


[log n + logy (n)] < e 


(°F) ory [i+ gets Jem 
m-+1 


+ logs y(n) + 4 << e9™, 


(7) 


(25) log ("5 


where 7 is bounded and may approach zero. Substituting y(n) = ef in (25) 
we have 


(26) log +} : 


—~+6,te<e" 7 
We seek to satisfy (26) with n = log,m. Substituting, we have 


(27) log — + - + logs—g+2m +9 < gioe,m-log,_,m_ 


Suppose s—g+2 => 1, then logs—i2m/log mo is bounded or it 


approaches zero. Thus from the inequality 


log“ — m + 1 | & logs—g+e m + | < el0e.m-log,_,m 





log rt 


it follows that 


mt) 


logs —3— + m1 <logsm - logs—g m (y, bounded), 


and further 


1 
(28) logs _- + + &, < logs41 m + logs—gi1m. 


This latter inequality is satisfied when 


(29) s=2+9 
By virtue of (29) the inequality 
s—gt+2 2! 

is also satisfied. 

Thus we can take as an admissible value of mm mm = [logs m] (nearest 
integer to logs m less than logsm, and s = g+ 2). 

If in (27) we suppose s— g+2<1, then in place of (28) we can derive 
from (27) by a sequence of reversible operations the following inequality 


logs—gi4m + & <logs41 m+ logs—gi1 m 
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which gives s < g—2. Since we are interested in the smallest value 
of logs m we take s = g—2. However, the better value for our pur- 
poses, is s = g+2. 
From (24) it follows that i 

m 


w(m) < hlogg+2m-[loggi2 mlog,m] 2 <h(log,m- logy; m)™ 







where h is independent of m and g = 1. Inequalities (23) become 





(30) | f™ (x) | <d- (2°. m logs m - logg+2m)™ < (Jy - m+ log m)™ 






where m = 1, 2, 3,---, and h is independent of m, but dependent on p. 







Thus the following theorem has been proved oe 4 
THEOREM 4. Borel’s monogenic functions belong to the 1-st Denjoy class tl: 
of quasi-analytic functions (C4) (and therefore to all classes of rank higher 2a 
than one) along every line interior to a reduced domain I?) of the domain C, si 
provided that C is defined by +i 
Ye 






n(n) ‘cae ee 
th = ee (gy (n) = eo g = 1), we mt 





and I is defined by @,, such that 1/e2?< log, (1/r,) (n = 1, 2,---) and 


lim ne, = 0 (@ any fixed number). et 
nu 7>o ot, OR 


Thus we make no restrictions on the A,, but specify merely the nature 
of the point set of measure zero. This latter point set contains the 
points A, and it is excluded from the domain of definition. In the “Cauchy” 








domains specified in this way, Borel’s monogenic functions belong to the ed 
Denjoy classes of quasi-analytic functions. For a class of monogenic 
functions this is a new proof of quasi-analyticity. a 






3. On the series of the form }>'c,/(z—a,). Some of the properties 
of series of the form 


(1) >= 2 


L— An ” 


















are mentioned by Carleman,* for instance: 

“ Functions given by (1), when quasi-analytic, constitute a particular case t'4) 
of Borel’s monogenic functions.” aot 
’ 






“Ff the tn$0, the set of points of divergence of (1) has the power of 
the continuum in every domain where the adn are everywhere dense.” 

A condition was given by Carlemant (less restrictive than the one given 
by Borel) | 
(2) |en| <e-m'*, («> 0) a 





















* See (C.), pp. 97-99. 
+ Comptes Rendus, t. 174, 27 février 1922. 
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which secures quasi-analyticity of (1) (when the a, are everywhere dense 
in a portion of the plane). Another condition given by Carleman is 
logs a 
(3) = 
log ‘/- 

converges. 

We procede to prove the following theorem 

THEOREM 5. Let the adn = Xn+tiyn be an enumerable set of points, 
yn+0; let the x» be everywhere dense in the interval (a, b), and let | yn| 
approach zero monotonically so that 


1 
(4) lyn| = sy 


where y(n) approaches infinity monotonically, and 
(5) y(n) < hlogn-logen --- logyn 
(k a fixed integer and h a constant independent of n). The cn are such that 


oo 


(6) 2 | en| g"*1(n) 
Q= 
converges. With these conditions on cn and an, 


Cn 

(7) ie 2 — 
represents, on the interval of the real axis (a<x<b), a quasi-analytic 
Junction belonging to a Denjoy class of quasi-analytic functions of rank 
not higher than the k-th. The condition on cn given by (6) is less restrictive 
than Carleman’s condition (2). 

Indefinite differentiability term by term of (7) follows from the uniform 
convergence (a < x < b) of the series 


(8) corr ©) = pa ren (m = 1, 2, 7 :) 








ge aRC RM 








ED cas 
bes 


which will be incidentally seen to be the case when we procede to derive 
expressions independent of x which dominate | F™ (x)|. 
(9) 


and from (8) we have 
(10) | F™ (a) |< m! > |cn| 
n 


Se eS ae re 


SL LOOSENING NPT EE 
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(2 — a»)! —= 1 Yn 
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Using (4), (10) gives 






















ms a 
(11) | F™ (x)|<m!- Di |en| m+ (n). (m = 1,2,-++). 4 
n=1 + 
Letting ot 
aa | 
it is observed that, by (6), >> dy, converges and d,<g (g independent of a be 
n=1 fy 
m and m). Substituting (12) in (11) ce 
-) rey 
| F™ (a)|<m! 2 dn vn(m) (m = 1,2, ---) eg | 
n=1 wy 3 
where EF i 
Un(m) = g™—"(n). ae 
Further, 4. 
" 
m! mn Un (m) — m! [Zn (m) 4+ Rp (m)] 5 
pr -¢* 
where 
In (m) — ps dn Un (m), Rn (m) = B 4 dn Un (m). | 
n=1 n=m+1 ‘a 
By considering the form of R,(m) ; 
Am+1 dm+2 1 “4 i 
R. ae oo oC ———— -( .. ‘al a 
n (m) cine tl * Peat g(m+1) ( m+i + +2 + ) 4 
and in virtue of the fact that »(m-+ 1) approaches infinity with m and that af 
(dmit+admi2+ ---) is bounded (and approaches zero when m—> ©), it » 
follows that y 
Ry(m) <l (l independent of m and n) : 
We have then, since 4 
rn=m > 
Ln (m) = 2 dn vn(m) <g-mg™(m), 4 
a= 
the inequality ie 
8 "oS Be 
| F™ (2)| <m! [gmg™(m) +0) < gm” 2 -g™(m)* | 
(m = 1, 2,---, g a constant independent of m). ree 
By (5) it follows that f 
aot 4 
(13) |F@™(2)|<gim "y, y™ (m) < (g2-m-logm- logs m --- logy m)™ 4 













where gz: is any number >g,. This proves that under the suppositions of | 
Theorem 5, F(x) is quasi-analytic of a Denjoy class, of rank not exceeding 8 
the k-th. 






: 3 w+ 
*For m sufficiently large m!< (27e)* m re 
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We procede to demonstrate that condition (6) of Theorem 5 is less 
restrictive than the condition (2) of Carleman. In fact, let 


(14) | cn| < en logn — yn, 


From this inequality, together with (5), it follows that 


i 2) 2) v2) 
=, len| p™*1 (n) < 2, hn -(logn -log.n --- logy n)*t+1. e—™ loan — 2 Un, 
n= n= = 
and further 


1 1 
2 ar ae re 
lim 1 = lim h (log n nope logy n) 
. 147. 1+ = 
=limh ”.(lognlogen---logyn) ”/n = 0. 
ann 

Thus (6) is satisfied whenever (14) or (2) holds. But (14) is a condition 
on the |c,| less restrictive than (2). Hence, generally speaking, (6) is less 


restrictive than (2). 
To show that (6) is satisfied by ce, which do not satisfy Carleman’s 
condition (3), let 


(15) | cn| == e7 nlogn = (n — 1, 2, pr .) 


which by the preceding satisfy (6). On substituting (15) in (3) it is found 
that 











logs 





1 
Cn logn + loge n 1 logs” 
ae g g: = >|-+ Be | 


n m nlogn n nlogn 


Cn 








log 


which diverges. Thus (3) does not hold, while (6) does. 

This completes the proof of the theorem. 

Less restrictive conditions on the cp, than those of Carleman, should be 
expected, since in Theorem 5 there are additional specifications on ap, 
which are not assumed in Carleman’s conditions (2), (3) for quasi-analyticity. 

The theorem can be generalised by replacing (5) by 

hoe — (necessarily tim 2" = a] 
g(m) <h ~ necessarily im | — ora) 
where the A,, = «™ define a class C, of quasi-analytic functions; (13) 


then becomes 
8 3 


|FPm (x)| <M Pas | g™ (m) "2 nt m2 (h G&m)™ < R ~k™. Au (k > h). 
The generalised theorem can be stated as follows 


THEOREM 6, Let F(x) be defined as in Theorem 5, except that the con- 
dition (5) will now be replaced by 
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Om 
— Rapin. 4 
g(m) mh 





where the A,, = a™ define a class C, of quasi-analytic functions. Then 
F(x) is quasi-analytic on the interval (a, b) and is of the class C4. 






4. An extension of Carleman’s method of representation. Carle- Pod | 
man* has given a representation of quasi-analytic functions of class Ca, ae Hl 
i.e., such that * : 
(1) Lf™ (2)|< Rk" An (n = 1, 2,---), 2 






when the values of the functions and of its successive derivatives are 
known at a point (say 2 = 0). He lets 







(2) f@ 0) = 

An assumption is made that the c, are such that there exists a quasi- x 

analytic function so that (2) holds. at 
Letting oS 

(3) A, = ar 






- 
Po; _ 
i a te 





it is possible to find numbers 4, such that 





~ 






lim —* = Sil, 

n—> oo Bn , y 4 

a4 

and such that the numbers B, = 4, define a class of quasi-analytic 4 
functions Cz. : | 
The integral } 
(4) If) =D ay hew f LWP: ay 
m0 (Br a . be 





is a minimum for an expression of the form 












(5) Sr(x) = = Cm* ®n, m (x) . f 
where 5 4 

S@™ (0) = cm-m! (m=0,1,---, (n—1)). eg 
Further, Carleman shows that og 
(6) lim fa(x) = f(x) (0<#<a) a 





rn 





where f(x) is a quasi-analytic function of class C4 (provided that > c, x” 
nr 


does not converge, so that f(x) is not analytic) and such that 






S™ (0) = Cm-m! (m= 0,1, 2,--- 












* See (C.), 





pp. 65-73. 

















ne Seveenee ey eee emer ae r 





— 
es 


Mey psn " 


Sr ae 
han oan 
Rea fas 


FE ea ee 


oem 


aT earS! 


ak hielo agentes spate te 
oF eS LTT OR Pe 


- 














540 | W. J. TRJITZINSEY. 


Letting 
(7) F(t) = f(a-t) (O0<a<a) 
it follows that 
(8) F@ (0) = 2”.~cm-m! (m = 0, 1,---). 


Since F(t), as function of ¢, is quasi-analytic developement (6) can be 
applied so that 


n—1 
(9) F(t) = f(a-t) = lim D> on m(t)-cm-a™ 
ran m=0 
Letting ¢ = 1, (9) becomes 


n—1 


(10) I (x) == lim Oo @», m(1) °Cm xv™ 


rue m=0 


which converges uniformly in the interval (0, a), so that Carleman’s 
theorem* can be stated as follows: 

Given a sequence of constants Ay, Ay, As,--+, An, «++ defining a class C4 
of quasi-analytic functions, there exist numbers n,m depending only on An 
such that, if there exists a quasi-analytic function f(x) for which 


S@™ (0) = Cn-m!, 
such a function admits the representation 
n—1 
f(x) = lim  D onm-cm-2™. 
ra7>o m=—0 
The constants p,m are given by 
anm = n, m(1) 
where n, m(x) are the functions involved in the series (5) which minimises (4). 


We shall now extend this result by taking for granted all the results 
before (7). This latter assumption will be replaced by the following 


(11) F(t) = fly, d] (0<x<a) 
where 
(12) g(x, t) = x-t+t(t—1) p(a).t 


Let p(x) in (12) be so restricted that F(#), as function of ¢, is quasi- 
analytic. Then (6) can be applied to the developement of F(¢) as a function 
of ¢. The numbers F'”(0) have to be computed. Let 


(13) F™ (0) = ca(a)-n!. 


* See (C.), p. 72. 
t+ In place of p(x) we can take a suitable function p(x,t). This however would com- 
plicate the extension. 
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Using (11) and the properties of g(x, #), as given by (12), the following 
expression for /'™(¢) suggests itself: 


(14) F™ (2) =Zu, rn(n—1)---(n—r+1).f™™ (g(a, b)- [-28 4 -p’(£), 


where un,, = (n—r)!/r!\(n—2r)!, n(n—1)--- (m—r+1) —1 for r=0, 
and r, = n/2 for n even, and r, = (n—1)/2 for n odd. 

The above expression is inferred from computing Fm) for a few 
successive values of n (nm — 1, 2,---). 

We prove (14) by induction. Differentiating (14), it follows that 


T=Taq1 n+1—2r 
(15) FM) = Done f-” (ge, 0) [POP ™. prey 


where 
Un, r = Un,r- n(n —1)---(n—7r+1)4+ Un, r—1-n-(n—1)-+-(n—r+2)-2-(n—2r+2). 


The induction would be complete, if the relation 


(16) Un,r = Undir:(n+1)-n-+- (n—-r+ 2) 
could be proved. 

Assuming that (16) holds, and substituting the expressions for up,, 
from (14) in the both members of (16), we are led to consider 


at + 2(n—2r+ 2) | =a (n+1)! 
r!(n—2r)! © (r—1)! r—2r42)!4 0 ri (n—2r4+1)!° 














This identity is easily verified. Thus (14) holds for all n — 1, 2,.---. 
Letting ¢ = 0 in (14) and noting that 











(n(x) = F™(O)/n!, tar = (n—7)!/r!(n—2r)!, g(x, 0) = 0, 
Sot, = x+(2t—1) p(x) = x—p(z) for t = 0, 
we have a! 
ate) = Fe ae 
(17) ja 
_ yr _(n—r)!. (ce —p(a))"-*". pr (x) 


v=o r!-(m ae 


where r, = n/2 if m is even, and r, = (n—1)/2 if n is odd. 
When F(t) is developed by means of (6), ¢ replaces x in @n,m(x) and 
the ca(x) replace the c,, so that 


(18) Ft) = fly, 0] = tim Y em(c)- m0 


~ 
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We now let ¢=1. Then since 


F(l) = fly@, I] = f@), 
it follows that 


(19) $= te Shei) (nn mall 


rn—>o m=0 


Thus when p(x) is suitably restricted, (19) converges in the interval (0, a). 

Thus the following theorem has been proved. 

THEOREM 7. Given a set of constants Ay, Ay,---, An,+-+ defining a class C4 
of quasi-analytic functions, there exist numbers @n,m depending on the An 
(and independent of cn, p(x)) such that, if there exists a quasi-analytic 
Junction f(x) of class Ca, for which 


J™ (0) ices Cm+ m! (m= 0,1, 2,--+), 


such a function admits the representation 


n—1 


f(z) = im =. ®n, m+ Cm(2), 


Cm(x) = z Se ny (x — p(x)" *" - p” (x) 





(rm = m/2 for m even and = (m—1)/2 for m odd, p(x) a suitable analytic 
Function). 

The numbers n,m are identical with the corresponding numbers defined 
in Carleman’s* theorem quoted before. 

Theorem 7 reduces to Carleman’s theorem for p(x) = 0. 

In the proof of Carleman’s theorem uniformity of convergence of the 
second member of (19) can be established. In the more general case, 
considered above, we leave uniformity of convergence unproved. 

If it is desirable to obtain a representation of f(x), it cannot be 
asserted that 


n—1 
f(a) = lim Do, ,, 68 (x) 
n>om=0 ’ 


is a valid representation. It is possible to procede otherwise. Since 
Ji (x) = f(x) is a quasi-analytic function of class C4 and is such that 


fi”) = fF" 0) = cms m! = cm+i(m +i)! 
it follows that Theorem 7 can be applied giving the following theorem 


THEOREM 8. The successive derivatives of a quasi-analytic function f(x), 
represented by means of Theorem 7, can be given by 





* See (C.), p. 72. 
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n—1 
f° (e) = Tim & nm emi(a) (i = 1,2, ++»), 






= SHAD taeets Ge (ayn. gf (a) 


= r!-(m—2r)! 








p(0) = 0, by noting that ¢oi(0) = i! c¢ and Cm, (0) = 0 (m>0, 
-+) it is easily verified that (20) gives 











f°(0) = ila. 


We have, in fact, 





e' Sa San, PATA 





fO(O) = lim on,o i! ci. 
n> eo 





But 


iedk Veteess ws ase 


lim @n,m — 1,7 
n—>o 





BB ag I 





so that (21) follows. 
Suppose p(c) = 0(0<c< a), then 


‘ St -aaas 
Cms{e) = int) . mts cm 





















n—1 


f®(c) = lim - ues (m + 2)! Cm+i .cm 


n—> co m=0 m! 
which for 7 = 0 becomes 









n—1 


S(c) = lim 2, @n,m*Cm>c™. 


n—>om=—0 











This the following corollary results 
CoROLLARY 1. At any point x =c(O<c<a) for which p(c) = 0, the 
representations of a quasi-analytic function f(x) given by Theorems 7, 8, 
reduce to that of Carleman. 

Any representation of indefinitely differentiable functions f(x), a< «<b, 
for which initial values c,-n! (values of the function and of its successive 
derivatives) at a point of (a, b) are given, is a representation of a quasi- 
analytic function (which does not reduce to the case of an analytic function 
at least at « = 0), provided that the c,.are such that > c,2” diverges 


n 
for all values of x. In addition the representation should be so specified 
that | f™(x)|<k" An, An defining a class C4 of quasi-analytic functions. 
Representations of indefinitely differentiable functions with an assigned 
set of initial values have been given by de la Vallée Poussint and by 





















° Cm,0 (x) = €m (2) , (m —r)! ° Car = Cm—r+i+ (mM — r+i)! 
t See (C.), p. 73. 
} The Rice Institute Pamphlet, vol. 12 (1925), No. 2, pp. 164-172. 
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myself.* So far no one succeeded in specifying representations of this kind 
in the aforesaid way. This would be a natural procedure. 

5, Sequences of polynomials. Suppose that »! c»—= f% (n = 0, 1, ++) 
are the values at x = 0 of a quasi-analytic function f(z) of class Ca, and 
of its successive derivatives. Let the wn»; be the set of constants defined 
by Carleman’s theorem (see preceding section of this paper) which cor- 
responds to the class C4. It is known that the sequence of polynomials 
[fn (x)], where 
(1) Sn (x) = @n.0 Cot Oni Cy XL +++. + @nn—1 Cn—1 er, 


converges to the function f(x) mentioned above. 
If any other sequence of polynomials [f,(x)], where 


(2) , (x) — ©n,0 Cot @n,1 (x + see -f On,n—1 (n—-1 oi 


should converge to f(x) for, say |x|<1, it is necessary and sufficient 
that the set of polynomials y» (x), where 


yn (x) = fu(x) —Ffn (a) 
= (@n,0 — wn,o) Cot+(@n,1— on,1) Cy x + ss + (@n n—1 — n,n—1) Cn-1 rs, 
should converge to zero for |x|<1. 
We recall one of the more specialized theorems of Kojima’s:7 
“The necessary and sufficient conditions that the sequence (yn) defined by 


(3) 


Yn = Ani %+ Ane eet +++ + ann an 


is convergent to zero, whenever the sequence (xn) converges to zero are that 


(4) lim dni = 0 G= 1, 2, +++), 
no 

and 

(5) lam|+-+>+{dnn}<M (n=1,2,---).” (Toeplitz’s theorem.) 


If in (3) we let x be such that |2|<1 and 2”! = zy then it is seen 
that the condition that the sequence (z,) converges to zero is satisfied. 
Letting 


(6) (@ni—1— @n,i—1) G—-1 = ni; 


it follows that the theorem just quoted is applicable. Condition (4) is equi- 
valent to the condition that wn; be such that 





* Functions with assigned initial Values, Amer. Journ. Math., 51 (1929), pp. 189-204. 

t+ On Generalized Toeplitz’s Theorems ...... , Tohoku Math. Journ., 12 (1917), pp. 291-326. 
Also see p. 123, Smail’s “History and Synopsis of the Theory of Summable Infinite Pro- 
cesses”. University of Oregon Publications, vol. 2 (1925), No. 8. 
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Ani+i = (@ni— oni) CG = gi(n) 


(7) 
where lim gi(n) = 0 (¢ = 0, 1, 2,-- 
no 











-), ie. 


gi (n) 
ar pe 





Oni = Oni — 









Conditions (5) can then be expressed in the form 


| go(n)|+ | gi(m)|+---+|9%,|<M (n=—1,2,--.). 


We have thus the following theorem 

THEOREM 9. Let n! cn = f{})) (n = 0, 1, 2, --+) be the values at x = 0 of 
a quasi-analytic function f(x) of class Ca, and of its successive derivatives. 
Let the wn; be the set of constants associated with the class Ca by means of 
Carleman’s theorem.” 


In order that the sequence of polynomials [f(x)] defined by 
(8) Fn (@) = Ono C+ nr C+ 2+ +++ + @n,n—1+ Cn -1- 2" 


be convergent to f(x) for all real x such that |x|<1, it is necessary and 
sufficient that @n,i be of the form 


















(9) on,i = tn, — 2) lim gi(n) = 0, i = 0,1, 2, a 
and 
(10) |go(m)| + \gi(m)|+ +++ +\gn—1(m)|< Mt (mn = 1, 2,---). 













6. A representation of a class of functions. De la Vallée Poussint 

has shown that a Fourier’s series represents a quasi-analytic or analytic 

function, when the coefficients of the series satisfy certain inequalities. 
We propose to give a different representation embodied in the following 

theorem. 

THEOREM 10. Consider functions of the form, 


n F(a) = ¥ afm | 


(> |\dn| convergent, m,>1 and stidiialiaial approaches © with n), where 
J (x) is an indefinitely differentiable function such that 


(2) IF@)|, IF @l<g 


* See section (4) of this paper. 
+ Throughout this section M is independent of n. 
{ Comptes Rendus (5 mars 1923), also see The Rice Institute Pamphlet, vol. 12 (1925), 
Nr. 2, pp. 154-7. Necessary and sufficient conditions are given by Carleman, see (C.), p. 95. 
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(for all real x, n = 1, 2,---,g independent of x and n). These functions 
are such that for all points of the real axis the successive derivatives satisfy 
the inequalities 
(3) | F (a)| < (hm)! 
(h>1 and independent of x and i). 

In particular, when the A, (A, =m”) define a class C, of quasi-analytic 
Sunctions, (1) represents a quasi-analytic or analytic function at every point 
of the real axis. 


On account of the conditions (1), (2), the series (1) is indefinitely 
differentiable term by term 


|F(a)| = | 2d, mi f (m, 2)|<g D|d,|mi = g{L,+ RB) 
(all real 2, i= 1, 2,---), 
J, and R; are given by 


n=i 
L;, = = |d,,|mi-™ <g,+i-mi (gs independent of 2), 





__ |dits| , {ditel 1 
~ eL - m5 + oe les Uc (g, independent of 2). 
Thus 

| F (x)| << glg,imi + g,] <h, imi <(hm,) (h>1). 
This proves the theorem. 


LEHIGH UNIVERSITY, 
BETHLEHEM, PENNSYLVANIA. 








A CERTAIN POINT-TO-LINE TRANSFORMATION 
IN SPACE OF FOUR DIMENSIONS.* 


By B. C. Wona. 












1. Let three three-dimensional quadric varieties Q, Q’, Q” be given in 
4-space. To any point P we make correspond the line p of intersection 
of the three polar hyperplanes with respect to Q, Q’, Q”. Corresponding 
to the * points in S, we have a system A of oo lines in &,. It is the 
purpose of this paper to describe some of the features of this trans- 
formation, which we designate by the symbol 7’. It will be found that 
in A are o* systems each consisting of «* lines which are trisecants of 
a certain surface F® and are the transforms of the points of an §;. Such 
a system, designated by =, will be projected on to an 8, into a complex 
of lines of order 8. We shall find that the o* Fs have in common 
a curve J**, which is the locus of the singular points of the transformation 
and that the locus of the singular planes is a hypersurface of order 15. 
The congruence IF of lines which lie in an 8, and are the transforms 
of the points of the corresponding F* will be found to be of order 3, 
class 6, rank 5. We shall also discuss the ruled hypersurfaces and surfaces, 
especially those of the third order, whose lines belong to A. 

2. We note that any S; through P meets the line p in a point P’. 
P and P’ are corresponding points of the well-known involutorial cubic 
transformation in S,; whose fundamental quadric surfaces are the inter- 
sections of 8, with Q, Q’, Q”. 

3. It is not difficult to infer that, by the transformation 7, the points 
of any line 7 in S, go into the lines of a two-dimensional locus F* of 
order 3 whose intersection with an S; is a twisted cubic curve. If / is 
a line of A, i.e., a line which is the image of a point Z, then F* is a cone 
with vertex at Z. The points of a plane transform into the rulings of 
a cubic hypersurface Vs whose intersection with a general S; is a general 
cubic surface. Corresponding to the points of an S; are 0° lines in S, 
forming a system =. Of these 0° lines 00’ lie in S, itself forming a ruled 
octic surface F*. The generators of F* are the trisecants of a sextic 
curve C*® which is the Jacobian curve of the three quadrics of intersection 
of S,; with Q, Q, Q”. From this we infer that all the o* lines of = are 
the trisecants of a two-dimensional manifold F* of order 6. F* is the locus 
of points whose images are the © *lines of the system A that lie in 93. 
Let I denote the congruence of these 2* lines. 
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4, The properties of F*® are known.* As its points are in a one-to-one 
correspondence with the points of a plane o with 10 base-points P; 
{i = 0,1,---, 9], the fundamental curves being quartic curves, there is 
a one-to-one correspondence between the lines of F and the points of o. 
Let 7” denote the former correspondence and 7'7” the latter. 

5. The locus of the singular points of the transformation 7’ which have 
for images planes, the singular planes of 7’, instead of lines is a curve J" 
of order 10 which is the Jacobian curve of Q, Q’, Q”. All the «4 Fs de- 
termined by the o* 3-spaces of S, have this curve in common. Its points 
are in one-to-one correspondence with the points of a plane quintic c> which 
may be made to lie in the plane o, passing through the 10 basepoints P;. 

6. The transform of a unisecant of J’® is composed of a singular plane 
and a quadric surface and that of a bisecant is composed of two singular 
planes and a third plane which is that of a pencil of lines corresponding 
to the points of the bisecants. 

7. Every singular plane is such that every line in it is a line of A and 
that every point in it transforms into a line incident with J’°. Hence the 
Vs corresponding to such a plane is a cubic hypercone with its vertex on J”. 

8. The locus of the singular planes is a hypersurface of order 15. To 
show this, it is necessary to consider the transformation 7” or the trans- 
formation T'7'’. By 7’ every fundamental quartic curve in o yields a 3-space 
sextic curve C® whose points by 7’ go into the rulings of an octic surface 
F*, Letting m be the order of the transformation 7'7'’, n that of the 
variety into which each of the 10 points P; in o transforms, mw that of 
a curve c“in o to be transformed, and N that of the surface FY cor- 
responding to c“, we have the relation 


ym—n P 2 a; = N, 
where «@; is the number of times c¥ passes through P;. In the case just 
mentioned, » — 4, > a;— 10, N= 8, and we have, therefore, 
4m—10n = 8. 


To determine , consider the lines p; on F*® which are the images by 7” 
of the points P; in o. Each of these lines p; meets S; in a point on J”, 
and hence its transform by 7' is a cubic surface made up of a quadric 
surface lying entirely in S, and a singular plane meeting 8; in a line on 





* Veronese, Behandlung der projektischen Verhiiltnisse der Riuwme von verschiedenen 
Dimensionen durch das Prinzip des Projizierens und Schneidens, Math. Ann., vol. 19, 
pp. 159-234, paragraph 58. Also B.C. Wong, On the correspondence between space sextic 
curves and plane quartics in four-space, Bull. Amer. Math. Soc., vol. 32, pp. 156-158 and 
On certain two-dimensional varieties of order r(r —1)/2 in r-space and certain curves 
traced on them, Annals of Math. (2), vol. 27, pp. 330-336. 
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the quadric surface. Therefore, n = 2 and m=7. Hence the order of 
TT’ is 7, i. e., every line in o yields a ruled surface of order 7 whose 
generators are lines of the congruence J in S; and each of the points P; 
yields a quadric surface. The formula connecting » and N now becomes 


Tp—2 > 4;,= N. 


Putting » = 5, > a; = 10, we have N = 15, i. e., the transform by 7'7” 
of the quintic cis an F in §,. But the generators of F' are the inter- 
sections of S; with the singular planes which form the hypersurface we 
are considering. Hence the hypersurface is of order 15. 

9. Let a given S; meet J*° in the 10 points A;[i —0,1,---, 9]. The 
corresponding singular planes a; are the 10 planes meeting the F'* whose 
trisecants are the transforms of the points of S; in the 10 cubic curves 73. 
The points of the 45 lines A; A, except A; and Ax go into the lines of the 
45 pencils of lines whose planes a meet F* in the conics #2,. Each 7? 
transforms by 7’ into a cubic cone having its vertex at A; and passing 
through the 9 remaining points, and each x}, transforms into a ruled cubic 
surface having the line A; Ax for double line. 

10. The conics x2, are the transforms by 7’ of the lines P; P, in o and 
the cubics 7? are those of the cubics c} each through 9 of the base-points 
and not through the ith. From the second formula in Paragraph 8 we 
see that the transforms by 7'7" of the lines P; P, and those of the cubics 
c8 are cubic surfaces in S;. Each of the lines P; P;, meets the quintic c* in 
three points besides P; and P; and each of the cubics c} meets c° in six points 
in addition to the base-points. Hence the planes of x}, meet J’ each in 
three points and those of y? each in six points. We infer, therefore, that 
each singular plane is incident with J*° six times and each point of J*° is 
on six singular planes. Hence the hypersurface, J}°, of the singular planes 
contains J'°sextuply and it also has on it a double twodimensional manifold 
F® of order 85 which is the locus of the intersections of the planes of the 
hypersurface or the locus of points whose transforms are the bisecants of J*°. 
Every singular plane meetsJ; in a line and a curve of order 13 which has six 
quintuple points onJ*° and is of genus 6, the same as that of the quintic c*in o. 

11. Now we determine the number of lines of the system A that lie in 
any given plane. For convenience, take the plane, 7, through Ao, A;, As, 
three of the 10 points A; in 8;. It meets the cubic cone with vertex at 
Ao in the lines A; Ag, Ag Ap and a third line po; the cone with vertex at 
A, in Ay A;, Az A; and p,; and the cone with vertex at A, in Ay Ay, A; Ag, 
and ps. It also meets the cubic surfaces with Ay A,, A; Ag, Ag Ao as 
double lines in these double lines and three others each belonging to one 
of the three surfaces. The three lines are evidently identical with po, p,, ps. 
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Hence, the six lines Ap A,, A; Ay, As Ao, Po, Pi, Ps are the only lines of A 
lying in 7. We infer, therefore, that a plane in general position contains 
six lines of A. 

12. There are, however, planes in each of which more than six lines of 
A lie, and they are of three systems, J, B,C. The first of these, J, con- 
sisting of all the singular planes in each of which every line is a line of 
A has already been considered. The second system, B, consists of oo* planes. 
Each of the o* F®s determined by the oo* 3-spaces of S, meets 45 of 
these planes in conics, and each plane contains a pencil of lines of A 
whose vertex is, in general, not on J**. Eeach line of this pencil is the 
transform of a point on a bisecant of J’®. If the bisecant is in a singular 
plane a, the vertex of the pencil is at a point A of J'® to which a corre- 
sponds. But as a meets J*° in 6 points and therefore contains 15 bisecants, 
A is on 15 planes each with a pencil of lines of A at this point. The planes 
of this sort constitute an oo '-system which is contained in the © *-system B. 

13. The third system, C, also an oo'-system, is obtained in the following 
manner. The six points of J'° in any plane of J determine five by five 
six conics. The transform of each of these conics consists of six planes 
of which five belong to J and the sixth contains a pencil of lines of A 
at a point of J*°, the lines being the images of the points of the conic. 
Every point of J*° is on six such planes. 

14. The cubic hypercone with vertex at a point of J’® corresponding 
to a singular plane is such that it contains 27 planes ‘of which 6 belong 
to J, 6 to C, and 15 to B. Any &; not through the vertex meets the 
hypercone in a general cubic surface with 27 lines. 

15. As a general plane contains six lines of A and meets J;° ina curve 
of order 15 with 85 nodes, the corresponding V3 has six conical points 
which are the vertices of two-dimensional cubic cones entirely contained 
in it and has © of its rulings incident with J‘ forming a two-dimensional 
locus of order 45. Eighty-five generators of this locus and hence of V3 are 
bisecants of J’*. Any general S,-section of V3 is a general cubic surface 
whose 27 lines can be readily identified. 

16. From what has hitherto been said we find that a general point P 
of S, is the vertex of a cone F* of lines of A. If P is on J;’, F” de- 
generates into a plane pencil and a quadric cone; if P is on the double 
manifold F* of J**, F* is composed of three pencils two of which lie in 
singular planes. The points of J’® are vertices of three-dimensional cones. 

17. Consider now the system = of the o* trisecants of F* corresponding 
to the points of a given S;. It contains o* cubic hypersurfaces corre- 
sponding to the o* planes of &, and o* two-dimensional cubic varieties 
corresponding to the oo‘ lines in §,. Among the latter o* are cones with 
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vertices on F*. As there are 10 bundles of lines at A; in S, each con- 
taining a cubic cone of lines of 4, there are in = 10 © *-families of quadrics, 
each containing and o'-family of cones having their vertices on a plane 
cubic of F*® and forming a hypersurface of order 9. In = are also found 
45 pencils of lines. 

18. The projection >’ of = from a general point in S, on to an & is 
a complex of lines. This complex is evidently of order 8. The complex 
curve in any plane of S, is of class 8, order 20, deficiency 3, and has 
132 nodes, 36 cusps, 6 triple tangents, and no inflexions. Every complex 
cone is of order 8 and has 7 nodal elements. The locus of the vertices 
_ of these cones that degenerate is a sextic surface, the projection of F', 
with a double septimic curve. Each of these degenerate cones is com- 
posed of a cubic and a quintic cone. The cones with vertices on the 
double septimic curve are each composed of two cubics and a quadric. 
Other properties of the complex can be inferred without difficulty. 

19. It remains to add a few words concerning the congruence I of 
lines in S; which are the transforms of the points of F*. It is of order 3, 
class 6 and rank 5. Its focal surface is of order 14 and class 20. The 
surfaces of the congruence can be obtained by means of the transformation 7'7” 
from the curves of the plane o. By assigning proper values to m and 2a; 
in the formula 
N = Im—22 a; 





we obtain surfaces of I. of any desired order. The case N = 1 does not 
exist, for there are no singular planes in S; which is assumed to be general. 
The case N = 2 is exceptional but we know that there exist 10 quadric 
surfaces coming from the 10 base-points P; ino. For N=3 we have 
m=1, 2a;—2 giving rise to the 45 cubic surfaces having the lines 
A; Ax for double lines and m = 3, 2a; = 9 giving rise to the 10 cubic 
cones at A;. And so on. 

20. It is of interest to notice the o*-family of octic surfaces resulting 
from putting m—4, 2a;—10. The fundamental quartic curves in o 
yield by 7’ «* 3-space sextic curves. Let C*’ be one of these sextics. 
It transforms by 7' into a trisecant surface of another sextic C® which is 
the intersection of S; and the F'* corresponding to the 8, containing ce. 
The special or degenerate cases are numerous and can be obtained readily, 
Note that this family is not the only family of octic surfaces in I, for 
there are three others given by m=2, 2a;=—3; m=6, 2a; = 17; 
m=8, 2a;—24. The surfaces of these families are, however, no 
trisecant surfaces of sextic curves. 


Tur UNIVERSITY OF CALIFORNIA. 
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ON THE FIRST CASE OF FERMAT’S LAST THEOREM.®* 


By H. S. VANDIVER. 


If 
(1) xP + yP + 2 = 0 


is satisfied in rational integers x, y and z are prime to the odd prime p then 


Byifit) =0, for = 0 (modp), 
(1a) 


and 


= 3,5,---,p—2, —t = aly, y/2, x/lz, ze/x, y/z, ely, 


p-—1 
Silt) ale ki tk, 
—1 


which are known as the Kummer criteria. The six values of ¢ given are 
incongruent modulo p unless t#?—¢-+1 = 0 (modp) in which case only 
two are incongruent and ¢ = —1, in which case only three are incon- 
gruent. Pollaczekt proved that #?—¢+1 = 0 (modp) is inconsistent 
with (2) leaving the important special case ¢ = —1 to be disposed of. 

1. In the present paper I obtain a result (Theorem 1) concerning this case 
and some other criteria concerning (1) without the assumption ¢ = —1. 

Assume that «= y (modp). Let a =e, Assume that the second 
factor of the class number of the field k(«) is prime to p, then 


(1b) (w+ ak y) (a+ a-*y) = mop 


where 7 is a real unit and w, is an integer in k(@). If m is odd then 





(x+y) 2 ee ey |. ; 


is divisible by «— y (Frobenius).¢ 
We will employ Furtwingler’s law of reciprocity 


w\|{@\- 6, w| 
(2) shel =o 





* Received December 11, 1928. 

+ Wiener Bericht, Abt. IIa., 126 (1917), 45-49. 

} Berlin. Sitzungsberichte, 1910, p. 829, relation (11) and p. 843, relation (1). 
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where » and 6 are two integers in k(a) with () and (6) prime to each 
other and to p= (1— a). Let (6) = (aa_1)9 where a is any prime ideal 
in the field k(@) and prime to » and p, and a-_; is the ideal obtained 
from a by the substitution (2/2), Assume that aa_, belongs to the 
exponent g. Since the second factor of the class number of the field k(«) 
is prime to p then g is not divisible by p. Set 





(2a). © = at (2+ aty) 


where a is chosen so that » is semi-primary, so that a= —k/2. Hence 


{Sh 
Hence (2) gives 
° Is} = {8 


By definition we also have 


where 


P= — 4 (9 A! 414) 
Pp 
(4) p—2 
+ 2 (—11 #6) 1?-*(e), 
and ‘ . 
__ | @loge 
(0) = [FPE*] 
and if 
6 = Ay + a, @ + aye? + +--+ Ap2 aP-?, 

then 


6(e") = aot aye’+ age” +--+ apo P-™, 


Since, as already noted we have (x+y)”"-/"() is divisible by x—y if n 
is odd then this expression is divisible by p if x=y (modp). We also 
have 7,(@) = 0 (mod p) for m odd. We also have 





he: oe 
N@)—1 _ _«#t+y _ x?+y?—(r+y) 
p p p(x@+y) 


since it is known that if y is divisible by p it is also divisible by p*® and 
also x? = x (mod p*) and we find 
N(@)—1 


= 0 (mod p). 
Ps (mod p) 
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Hence P=0O (mod p). Hence 


waa" 


and we infer that ww?" is the p-th power of an integer ink(a). Hence 
we may write 
(3a) (z+ ay) (w@t+a*y)? > = ay? 





where 7 is an integer in the field k(@). Multiplying together this equation 
and (1a) we have 
(x + ak y)® (2+ aK y)P = &,.(0’)? 


where ¢ is an integer and «& is a unit in k(@). This gives easily 


(4) rtaty = & df. 
We also have from (1) 
(4a) aty = df. 


In (4) put k = 1 and —1 in turn and subtract. We have 
(a ee a")y —=— & OP ~~ G4 6”. 


Using the original equation together with this equation for k —1 and 
subtracting we have 
(a*—a)y = 6, 0f —e, df. 





Division of the last two equations gives a relation which may be put in 
the form 
(5) (c* — a") &, 6? — (a* — a) e_1 6? = (a— a) & df. 


Setting —k for k in this relation we obtain 

(6) (a* — a) e, 0? — (a *— a) e_1 67; = (a— av?) e462. 
In equation (4) we have by taking the residues modulo (1— «)? 
(7) ey = aklaty y, = oki? ny 


where 4 is a real unit in the field k(@). 

2. Consider g = 1+ cp, c<p, andq prime. Then an ideal divisor of (q) 
does not remain unaltered by substitution (@/a—'). Hence by a result due 
to Pollaczek* if q is a prime ideal divisor of g (where q_, is obtained from q 





* Math. Zeitschr., 21 (1924), Theorem VI. 
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by the substitution (a/a-1) is such that (qq-:)9 is a principal ideal with g 
prime to p. Hence the reasoning by which (3a) was obtained gives using 
(2a) and noting that x+y is prime to g, by Furtwangler’s theorem,* 


{exer! i 3 naa D 
Vg q 7 
without the assumption that the second factor of the class number of k (a) 
is prime to py. From this we have immediately 


(xa+ay) = a(r+atyy (mod q), 
whence 
e+taycat+..-+ ay = ea+cat tat ty+...+y (mod q). 


This holds also if we set a = 1 and also holds if @ is replaced by any 
of its powers. Take a = a@°, a, a’,..., a?—1, in turn, multiply the second 
congruence by #?—¢+* and in general the i-th congruence by «—)(—e+® 
and add the results, we obtain, if k = (c+2)/2, since xyz +0 (mod g), 


geek yok (7?— y*?) = 0, x =+y (mod q). 


The congruence x = —y (mod q) is impossible by Furtwiangler’s theorem, 
and x = y (mod q) gives from (1) 
2y°+2=0 (mod q) 


or 
2° = 1 (modq). 


The above results together with those obtained in another paper by the 
writert may be combined into the following: 

THEOREM 1. If (1) is satisfied in integers prime to each other and to the 
odd prime p and x = y (mod p) then we have 

1. The congruence 2?-1== 1 (mod p*) holds. 

2. x = y (mod p*). 

3. There exists no prime q in the set g=1-+cp, c= 2,4,---,p—1, 


such that 2° 1 (mod q). 


3. We now proceed also to an extension of Theorem IV in a previous 
paper of the writer’s.{ Using the relation (2) without the assumption that 
x = y (mod p) but the other symbols being defined as previously where 
P + 0 (mod p), but, if z+ a*y = , takes the form 


* Wiener Bericht, Abt. Ila, 121 (1912), p. 589-592. 
+ Trans. Amer. Math. Soc., 15 (1914), p. 203. 
} Proc. Nat. Acad. Sci., vol. 12 (1926), p. 109. 
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ed pee log (x + e” p| i+ log (6 is 
3 dy?-* Eine dv a 
= Ft) +91e+ey) (mod p), s=1, 2,.-.,P=S 


And 


where y is an integer in k(@). Multiply both sides of this congruence by 
k*—! and let k range over the integers 1, 2, ---, » — 2, and add the resulting 
congruences; we obtain 

d?—* log (x + &” y) | Bg ih ae . 
[ 7] ppt oe 2. ae gk Slate y) (mod p) 





for t<(p—1)/2. 
4. Consider the relation (1b). Replace this as usual by an identity in 

e” and put k= 1 so that we have 

(8) (v+ ay) (w+ ary) = ne’) wP(e")+ X 


oP —} 
e—1’ 





where X is a polynomial in e’. To proceed further we express x in 
a particular form. Set 

&, ==~eP(p—-) 
where P is the symbolic power 


(1 — s) (r? — 8) (r* — 8) -- - (y2#-® — 8) (y*#+2 — 5)... (yp? 8— 8) 


with s denoting the substitution (@/a—'). We may show that the set of 
units 
€1, €2, at €u—1 


where « = (p —1)/2 forms a system of independent real units in the field 
k(a@). Hence we may write 


P — a 
(9) Q = 61 62+ ee 


where the N’s are rational fractions and assume* that the denominators 
of the N’s are prime to p also in the above expressions we have 


a (1— a’) (1— @”) 
ee 











*This includes the assumption that the second factor of the class number of k(«) is 
prime to p, which may be shown as in Hilbert, Bericht. Deut. Math. Verein., 1894, p. 435. 








FERMAT’S LAST THEOREM. 557 










where r is a primitive root of p. Using this form of 7 in (8) we obtain 
since 






a eS ee a ee 











og So Bi 
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fees ew vans Bt) yw Be (2m 
[ sca _= wn, (25— (— 1741S (1). 





Hence if B, is determined modulo p we may use the Kummer criteria (1 a) 





tennant natin Rb cnetininih tne Sa Cette Ht anne rw titnne 





d?—*4 log (a + e” D| big 
Ba [ Jp? a 0 (mod p) 
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for a = 1,2,---, #—1. We may apply this to the last relation by 
multiplying both members by the second factor in the congruence with 
nm =a and obtain 


[ tog e+e v)] [= log a+ ey) 












dum dyp—m 





nm =1,2,3,---,#—1. But in the Kummer criteria just mentioned we 
might have used the set (x, z) in lieu of (v7, y) and similarly for the four 
other combinations obtained from x, y, z. Hence we will obtain another 
derivation without the use of Furtwingler’s law of reciprocity, but under 
the assumption that the denominators of the N’s in (9) are prime to p, 
of the following criteria for the first case of Fermat’s last theorem.* 


Ap—ad)fAd—) = 0, In(t) font) = 0 (mod p), 


where n = 2, 3,---,p—2, and 















p—1 
fr) = Dt; 
= 
sent ial es. Sees ee ee ee 
7 y’ x’ z’ a2’ z’ y° 






5. Suppose p is congruent to 1 modulus 3 and consider the cyclotomic 
subfield generated by «+ a°+ a", where 







s* = 1 (modp), 





s+1 (mod p). Assume that the class number of this field is prime to p 
then consider the first case of Fermat’s last theorem and we shall have 


* Vandiver, Proc. Nat. Acad. Sci., 11 (1925), p. 291. 
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558 H. S. VANDIVER. 
(c+ ay) (w+ ay) (a@+o%y) = qa?, 


where 7 is a unit in k(«), and @ is an integer in k(@). We may write 


y = ate, 
where « is a real unit in k(a@). 
Replacing the above relation by an identity in e’, taking logarithms of 
both members and differentiating 3 times with the substitution v = 0 we 


obtain 
a (a+ e” y) 
dv’ 





|= 0 (modp). 


Replacing the set (2, y) by (x, 2), etc., we find that this is impossible. 
Hence Fermat’s relation does not hold in case 1 if 


p = 1 (mod3) 


and the class number of the field defined by «+ a*°+ a® is prime to p. 
It is easy to verify that analogous results will hold in case p = 1 (mod5) 
and also p = 1 (mod7). 











AN ALGORITHM FOR TRANSFORMING KUMMER 
CRITERIA IN CONNECTION WITH FERMAT’S 
LAST THEOREM.* 


By H. S. VAnpDIvER. 


If 
(1) xP +y?+2 = 0 
is satisfied in integers prime to the odd prime p it is known that 


where —t = 2/y, y/x, x/z, 2/x, y/z, 2e/y modulo p, 


—1 
Sa\) = Sie (a>1, n = 1, 2,---, (p—83)/2), 


t=1 

and B, = 1/6, B, = 1/30, etc., are the numbers of Bernoulli. The con- 
gruences involving the B’s are known as the Kummer criteria for the 
solution of (1). 

In the present paper we shall apply the theory of power characters in 
the field k(@) where a = e*/P to (1) and obtain results which are essentially 
transformations of the formulae (2). This method yields various combinations 
of (2) which I have not yet been able to derive by direct methods and some 
of these will be considered here. Using the assumption mentioned con- 
cerning (1) we havet, 


vp 
b—1 Ue] —2kyg (k) 
(3) II [][ @tatny? = a@ THY w®? 
v=1 r=1 


where k is an integer greater than 1 and less than p, » is an integer in 
the field 2(a@), g(k) = (k®-*— 1)/p, and [1:1] is the least positive solution 
of rx = 1(modp). Take p-th power characters in (3) with respect to 
x+afy in the field 2(@8), we have if w= (p—1)/2, 8=e", n is 


a prime $1 (mod p), —2kygq (k) 


ay pk—)) {= ft a x+y 
4 —__2 = \——— 
(4) Pras I] x+aBy In exea n 
which holds provided x-+ @fy is prime to 1—ea in the field 2(a@8). Now 
j a Pei N(w+apy)—1 
eh si lies 


sadeonoiaiasiia p 
latapy 


* Received December 11, 1928. 
tf Annals of Math. 21 (1919), p. 78. 
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560 H. S. VANDIVER. 
where WN denotes the norm in the field 2(a£), also 


_ @+y”") @t+y) 
NOt EBD) = Gat) ty)” 
But 2”? + y” =2"+y" (mod p*) and 2?+y? = x+y (modp’*) so that 
N(a+ ay) =1 (mod p*) and 





a 
(5) isrenyl,= 1. 
We also have 
RR ing ee y 
tev cael, =|peeyl 
xat+ay ‘n 
Let 
tats 
"olan = P, Do-+- De 


where the p’s are prime ideals in the field 2(«), and since all these ideals 
are of first degree in 2(a) 
x” + a® y® 
xr+ay 
the q’s in the field 2(@f). Let the norm of pa be ga, then in field 2(a) 
we have 


= 1 qe +++ Us~m—n 


Qq—1 


gt = [4] (mod pa). 


Now if, in the field 2(a@f) we have pa = q@ q@ .-- q@, then 


Gq—1 


y? = | (mod q) 
n 


r 














so that 
tel= te 
GW Jn \pal’ 
and : , 
y y | 
pei 
hence 
itm fast] 
xa+apby\n a + a 
at+ay 
and 





Later} = taeteal fatal 
r+ ay 
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and by Eisenstein’s law of reciprocity, since (S| = 1, 
{2} a tr! ee {=} a 
Lamy" a y ly 











Similarly I = 1. Hence, since n—1=0 (modp), 





















ln-+ay 
}. 9 a 
(6) ror hep 1. 
By means of (4), (5) and (6), we can write 
1— Zai-O:r| Wh 
© IT | ztaky Sy 
By means of x+y = v? we also have 
I—af\ _ 
(8) ferent Be 
In (3) substitute «” for @, we find as before 
1— Zain: ie 
(9) IT} maar = t= 1, 
Now set, if isyant = aI, 
Dy = I(i— «@g)+ IT(i— a@®Z)4+--. + I(i— a? £), 






Di= I(i—as)+ 21(1—atA)+-.-+ (p—1) 1(1— ar), 





Dr-* = I(L— a) + 2? (1— a*f) + --- +(p—1*7 1(1— af), 
Adding, we get from (8) 

(10) Dot+D,+-+-+Dp-2= 0 (mod p). 

Similarly we obtain 


(11) Dyo+b?-* D, +b? D,+--.+bDp» = —I(i—a?f) mod p, 












for b+0. We shall now show that (11) may also be used if } = 0. 
For in this case it reduces to 


I(1— 8?) —I(1— 8) = —I(1— A) (mod p), 


pl 
—1 : 1g if (x-+ ay) 
and this holds since if we have sa (x + aty) = —z?, then retake’ Se 1, 
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and this gives 
(11a) 
Apply (11) to (9) we have 
a I — qi-mitr] B) 
(12) = w(k—1) Do +> (1—m[1:7)? D+ --- +2 (1—m[1:r)) Dp» 
O (mod p). : ? 


{i 7 
poe oe 


Expand the right hand member according to powers of m, we have 
m?-*[1:r]?-* D,-+ (p— 2) Dm? [1:7]? + Dm? [1:7]? 
r , 


+ terms of lower degree than p—3 = 0 (mod p). Multiply through by m 
and let m range over the integers 1, 2,---, p—1 and add the resulting 
congruences, we have 

> [1:r}?D, = 0 (mod p). 


r 
But we have 


2 [re nee set (mod p). 


Hence we have, if k+1, >[1:r]”-?+0 (mod p) and therefore 
(13) D, = 0 (mod p). 


We also can derive more complicated criteria by considering other powers 
of m. For example, from (12), by collecting coefficients of m, we get 
(14) D[1:r](2D,+3D,+---+(p—1)Dp-2 = 0 (mod p). 
We can select k so that [1:r] = 0 (mod p), and this may be written after 
division by > [1:r], 

r 


—$F 
3 





(15) (p—2)D,— PPPS) p, + PO) Dyt---+Dp-a=0 (mod p). 


Similarly from (12) by considering coefficients of m?, we have 


Dur(S as e5 \at--+P)D-J = 0 (mod p). 


But here we have > [1:r]* = 0 (mod p). In (12), coefficients of m*, m*‘, etc., 
give in general 


Diem (P 7) a4 P73) Dt---+Dp-o0) =0 (mod p). 
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But we have 


= er0r en 


boa+1 = 0, boa = (—1)*- Ba, 


Sup = Oo Pee 


and if we let k be a primitive root of p, then k**!'—10 (mod >p), and 
therefore 


inss((” 2 D, + ° iy Gt «: +Dp-mis) = 0 (modp). 


Another expression for D, is given by the writer,* and employing a scheme 
similar to the one explained in the present paper for deducing (35) from 
(34) we have the D’s expressed in terms of x and y and the above con- 
gruence yields another proof of the criteriont 


Itotgte +5 


for the solution of (1) in integers not zero and prime to the odd prime p. 
2. To proceed further we examine the power character 


1— A 
ee 
p 


where p is an ideal in the field 2(6), 6 is a primitive mth root of unity, 
& is a primitive nth root of unity, @ is a primitive pth root of unity, 
and p being odd primes and n$1 (modp). Also pn = m. Consider 


xr+6y = Pi Po »++ Ds 


where each p is a prime ideal in 2(6). We have 


w, (0) = D o-m+atvinag'+y — TT] p, (6) 


where since all the p’s are of the first degree then the rational prime 9; 
is the norm of pi, A ranges over the integers 0, 1,---, g,—1 excepting 
(q:—1)/2. We also have jt = 1(modm), ¢ ranging over all the integers 
less than and prime to m, satisfying 


(15a) lal} +|bl|>m 
where |r! represents the least positive residue of w, modulo m. 
Set 
qu — 1+ ru m. 


* Amer. Journ. Math., 47 (1925), p. 147, relation (12). 
ft Annals of Math. (2), 26 (1924), p. 88-94. 
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Also, g is a primitive root of p, and ind(g’+1) is defined as the integer r 

in the set 1,2, q,—1 which satisfies the relation g*+1 = g” (modq). 
We shall assume that 

(16) a+b+0 (mod n), 


b = nt, t prime to p. In addition we shall assume that g and @ are 


connected by the relation 
f= 6 (mod p,). 


In a similar way we set up the functions %,(6), ¥,(@),---, #%,(0) and 
multiplying the functions together we have 


[] %@ = «[[ @+6y), 
8 J 


where « is a unit in 2(@). Following Kronecker this unit must be + @¢ 
where c is an integer. We may then write the identity 


(17) [4 @e" = em []@+ eb y+ 
8 Jj 


where V = (e&? —1)/(& —1). Since (a —1)/(x—1) is irreducible in the 
field 2(8), W is a polynomial in e” with coefficients in 2(8). This may 








be written 
[ [ 4" 6") 
oe : =] aa V W, 
erme] | (e+e Bi yy 
j 
where 
. 
W, , 


rd OCs 
j 


Taking logarithms and differentiating as to V we have 








dlog #,(Be”) _ a dlog(a+ev Bly) — d(VW,) 
(17a) 2nd = 2nc 2nd “Ss =iTLVW," 


Now assume that («+ /y) is prime to the ideal (p), then 
[Tl@+er# a] #0 mod). 
j = 


v 





Also 
7 = av) = 
[Vo = & _.= 0 (mod p) 
and 
pia = 0 (mod p). 
dv vast 
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Let 8 take on all the primitive roots of <* = 1 as values, we have 


(18) af 2 d log we e’) -~yp[Seetery 
= (n—1)c (modp). 








=0 


Now examine 





d log 4 ( “| 
dv v=0 


for any one of the ¥’s. By definition, this becomes, for i arbitrary 


(19) ——_ }'(— bh + (a +d) ind (g* + 1)) BM tat dinag’+y , 


wv Hr 
Now set g'+1= 4g" (mod p), whence 
ind (g*-+ 1) = h’ (mod p), 
ind (g* —1) = h(mod p), 
h’ ranging over the values 1,2,---,p—2. 4 (A) then becomes 
p> Brvind og —D+(a+oh’ | 
Since 6 = 0 (mod) and a+b +0 (modn), we have 
gr-1 


(8) = Sea} 


so (19) becomes, if we write / for 1’ 
~ D3 b ind (g* — 1) + (a+b) h) BOT”, 
This may be written 
b > ind (g* — 1) Both — D(a + db) h Baron, 
Set (a+ 6)h =k, then the second part is 


and 


—2 
ake = 0 (mod p), 


since this is the expression for 
d (— 1 


dv\ e&-1 
with e = £8. Hence the sum reduces to 


b > ind (g*—1) Am. 
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Let & range over the primitive roots of 7*= 1, then 
n—1 } 
b> > ind (g*—1) Bia 
t=1 


pyv—l 


= —b Dd ind (g*—1)+bn > ind(g™—1) (mod p). 


k=1 


(20) 


To reduce this consider the product 


(g —1) (g*—1)---(y*—1). 
We have for z arbitrary 
= (¢—g)(e—9")---(e—g") (mod p). 


Let z= 1, we have 
—(q—1) = G—1) (¢—1)---(g~*—1) _ (mod p), 


ind (1) = 0 = > ind (g'—1) (mod p). 


Similarly 
err — | 
z—1 
and for z= 1 


sath = —pv = (¢—1) (9 —1)---(g*"-—1) (mod p). 


= ( — 9") (e— 9") ++ (2 — g"'”"-») (mod p), 


Hence 
pv—l 


ind (—1)+ ind(q — 1) — ind n = = ind (g*"—1) (mod p) 


pyv—1 


—indn = = ind (g™—1) (mod p). 
ho 
Hence (20) becomes 


n—1 
(21) bd Lind (g"—1) pi == —bn indn (mod p). 
i=1 p 


We shall now obtain another relation involving c. Multiply (17a) by #"! 
and let & range over all its values we have 


» g-4 | 2 log (A e”) [ dlog(a+ e¥ pi y) 
(22) pap> is | dv L 2B [ p ae D| 
= —c (mod p). 


> s-| d log a e”) oS 





Examine 
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For 7 arbitrary this is 


1 
we pa (— bh-+(a+b) ind (g'+ 1)) B-1—th+ (a+b) ind g"+1) 


and since 4 (4) = —1, writing k for (a+6)h and g*+1 = 4g" (mod p), 
the above transforms, if we write A for h’, into 


— 2 (— b ind (g*—1) + (a+ 0) h) Baton, 
If we put k for (a+ b)h, this may be written 
b>) ae ind (g'—1) +2 ka 
and we have > a = 0 (mod p). Using this and putting a = 1 (mod), 
the original expression becomes 
Safe ye] = 1S Saver» ina g—1) 
= n> ind (g4—1) = bn > ind (g#—1), 


where H ranges over the integers < q—1 of the form 1 (modn). We have 














2’—1 = (¢—1) €—g”) --- (e—g*"™). 







Put z =~ / and multiply both sides by g/”. We have 





1— g” = (gi —1) (g™*i—1).-- (g?-9™V—1) (modp). 
2 ind (g#—1) = D ind (1 —g”), 


where » ranges over the integers <m of the form 1 (modm). And since 
g” = «B (mod p) we also have 


2 ind (g4—1) =2 ind (1— (@£)’). 


The integers r are congruent, mod p, to 0,1,---,p—1, in some order * 
so that 


Hence 







—1 
> ind (1 —(@8)’) = +s ind (1 — «’'8) = ind(1— 8”), 





so that the original sum takes the form nb ind (1—£?), or 


n—1 


(23) b p> 2, Bin ind (g*—1) = bnind(1— ?). 
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If we use the extended notation 
ind (@, P,,) for o = Seen (mod Py) 


where g, is a primitive root of gq, = 1+», m, py being one of the prime 
ideal divisors of «+ 6y, we may write (21) and (23) in the form 


n—1 


bm & ind (g,—1) 8%" = bmind(n, p,) (mod p) 
>> 2 A ind (gi — 1) Ai = bnind(1—A?, p,) (mod p). 
From (18) and (19) we then obtain using (x-+ 0y) = py Peo --- Ps 
(24) >>| Ws (8 “| 
= bn D ind (n, pu) (mod p), 


u=1 
= bnind(n,x+6y) (mod p). 





v=0 


and we shall write 

BRIBE: Similarly 

ig (25) >> e- js log W. (4 “| 

li he is dv v=0 

) = bnind(1— A?, x+ Oy) (mod p). 





We shall also write 





att - 
ba Now by definition 
q-1 
oP = tet (modp). 
go 
If we write @ ? = at, and w” = g"i™4@ (modp), then 
[ t »imae 
_ om =g™ (mod p), 
an 
Lae 2-3 
He w P == @gnindm (modp), 


whence nind » = ¢ (modp); so that 
nind(n,x+6y) = I(n,x+ 6y), 
nind (1— A?,x+ 6y) = I(1— #?,x+6@y), 
and (24) and (25) become 
(27) > >r[See*| = bI(n, x+y), 
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8) Da [SO — s10—P, 2+ oy. 


v=0 


From (18), (22), (27), and (28) we get by addition, noting that (m —1) 
was assumed prime to p, 


pin, e+ Oy) + dL — B, z+ Oy) 


1 Epes Bu -»)| 
pai 


; dlog (a +e” BY y) 
+2 Pe| os : (mod p). 





n—l 








(29) = 


v=0 








, SNe ae Se , 
We now proceed to the investigation of Ppt Oy la’ The ideal («+ 6y) 


we shall assume for the present is prime to (p). This ideal is prime to (n) 
since n $1 (modp). 


ietiea.~ Gren 
rep. terayt— tape 
lat oy lataysn z+ ay), 


By the method whose explanation follows (5) of this article we have 





lereavls= fara) ~ lanrergl leteyl 
rt+ay 


where the symbol {°} represents a power character in 2(«). By Eisen- 


stein’s law of reciprocity, we have 
—ny" 
(A ee i ck 
a®tary} In { n f 


since x" = 2, y"=y (mod), the right hand member becomes 








—ny" —ny" , ny 








ai fatary| fatter oF; 
so that 
naryca'—y"") 
f n Pie Be a oo, (a+-y) (a"+y") 
lataBy!l \x+tay ln j 































eo 
% 
ed 
i 
bam ae. 
eee 4 
Pe > 
beet. S 
LF 4 4 
eae 
aes 
ick 
4 
| 
‘ 
7” 
co 
i 
Les 


i RL 
aa" tae 


Pree 











i 


ences henna ee ect: PL LOO COLL LIES CLE IE LT Bai 
_ saan cove F Ss ’ eR ieee: 
os anes 
oe nie 
— ee? sa 
Sx r . MT ME 


sp po meres aa 
tee Spot SSCP 
eee aa eee 
* a 


eo 


ee” 





ae ee 


<rren 


See PERS OTe 


See SE EIOEES : 
BREE ye Te AY 
“ere Si PA: > 





; ei ( ) ( y) 
I(n, 2+ Oy — n—l I(n,x+ea 


nm3—1 sy(a*!— yy") 

‘ ‘ mod p). 
Te wee ty) mone) 

Substituting this in (29) we have 











b 31 xy(@—y") 
— yup DIM, e+ ay) +n- p “(aty) (a+ y") 
+ bI(1— BP, 2+ by) 











(31) rm 
1 py fdloge+e% siy) 
[dl wd BU 
+2 ze | gle t¢ Y| (mod p). 


In general substitute —£ = t, (31) becomes after using, from (11a), 


I(n,x+ay) = 11 —£?,x+ 6y) = 0 (mod p) 
and if b=n,a=1 








n® —(i—?r”)t 
cme —a—1!™ G—pa—n) 
a Rae aia 
—~ 1», F_#t_ yy itt 
= 4a 2) 2a 2 Bi —_— 
If we now consider 
(31b) xm+yr+zZ7™ = 0 


with m = np and X, Y, and Z rational integers prime to each other and 
to m, then 


(32) X+0°Y = «i, s=0,1,---,m—1, 


where ¢ is a unit and 7 an ideal in &(@). Using (30) and (32) ‘we may 
deduce a simple criterion for the solution of (31b) under the conditions 
mentioned. By employing n-th powers in place of p-th powers in (30) we 
obtain a similar criterion with nm and p transposed. The relation (31a) 
was derived under the assumption that (x+y) is. prime to (p). This 
ideal will be prime to (p) unless x*+ yy" = 0 (mod p). Hence if we 
multiply (31a) by 1— ¢, the relation holds for all primes for m such that 
n £1 (mod p), that is 
n® 1—?"! 
Pe aa Be 


i - n—1 n—1 n—1 n—1 
‘eda J > > Bits+1) gs _— po b> > j Berne fs, 
J 


n—l i=1s=1 





(32a) 


i=1 s=1 
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Let A, be the sum 





1 1 1 
ao we at 





where /, /#2,-+-+, @e are the integers of the form k(modm) which satisfy 
w+|nu|>pn. We then have 











n—1 n—1 n—1 n—1 n—1 
Pee a Te liad 





Carrying through the summation with respect to 7, the sum reduces to 





n—1 n—1 n—1 ( ) 1 


— DAD tinD> At” : 
k=1 s=0 v=1 
where (-}) is the least positive solution of vm = 1 (modn). Put 


g— yltet ese 











where 7 ranges over all the integers less than pn of the form ¢ (modn). 
The coefficient of 2° is zero or 1 according as 1+ |nl|Spn. Multiplying 
out this reduces to 


pns = QP +B) \nl| be — 2 \(n + 1) 0m, 
We note that (m-+1)/| runs through all the values 7, modulo pn. So if 
















we set 
(n+1)l| = H, (n+1)l = H+ pn’, 
then 
ee pnv 
to n+1 + n+1’ 
and 
H \ps 
ff itieetampnininend 2 
jp = (5) (mod p*), 
= (n+ 1)P?-)—-Ps HPs (mod p*). 
Hence 





2 \(n+ 1)2\s = 2 (n+ 1)P(p—D—ps F7P8+1 (mod p*) 









H ranging over all the integers less than and prime to pn of the form 
é (modn). We have also if in 2. || Ie we put / = d+p/ then 





\nl| = |n(d+pf)| = |nd| = nd 





and 






ps = ds (modp*). 
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Now d ranges over all the integers 1, 2,---,p»—1, so that we have 


p—l 
2, |ni| res = n ms dPs+1 (mod p’), 
=i 
so we can then write 
p-l 
pnS = (1—(n+1)Pe-»-15) >) Hestit.n > dst (mod p?). 


ad=1 
To reduce the expression > H?*+' consider the symbolic relation 
(2+1+6b)"—(e#+b) = na" (n>0) 


where (b-++ 1)” = Dn, bs = BW, n>1. 
Put = for x and k — n, we have 


(eral E ofa 
(x+q+qbk¥—(a@+qb = kqak 
whence 


(e+ pn-+ nb)rst? — (e+ (p —1)n+ nb)rst? 

= n(ps+2)(e+(p—1)n)rs), 
(«+ (p —1) n+ nb)ret? — (e+ (p — 2)n + nb)rst? 

= n(ps+ 2) (e+ (p—2)n)rs+}, 


or 


(e-+n-+ nb)pst? — (e+ nb)Pst? = n(ps+ 2) ers, 
Addition gives | 
(e+pn-+nb)st?—(e+nb)r wr: 
n(ps+ 2) = gin. 





Put s = p—2; then 
(e+ pn+nb)pst? = (e+ nb + pn)e-+1 
= (e+ nby2-O44 np ((p— 1) +1) (e+ nde" 
< n* p*((p — yy (p — 1)? (e + nb)?(7—2) 





dass 


Now on the right hand side all terms after the third can be expressed 
as fractions whose numerators are divisible by p* and denominators prime 
to p, by the von Staudt-Clausen theorem. Also 


(e+ nb)PP-)— (6?-2-+ (p— 2) e? *nb+-.. +(nb)?)? 
— e(P—2)p (p ot 2) g(P—8) p (n b)P+ oe oe (n bh)? (p—2) +pM, 
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where M is.a polynomial in 6. If any term in M involves b*‘”-» then on 
substitution of bs:p—y the fraction pb has a denominator prime to p. Hence 
(e-+nb)?‘?— can be expressed as a fraction whose denominator is prime 
to p. We can then write 


(e+pn+nbjo-H— (e+ nde _ , 
(38) n(p—1*+1) =.ae" 
= p(e+nby7-™" (mod p’). 





We now have 


(nb+e)\e-) = nv-0" (0+ [4 eg (mod p), 


where [=] is the least solution of em = e(mod p). But 


(+s) vw 
(p —1)* ; 
= (p11 + p-1)°—1 +..6-4 (= - * ie a (mod p), 
[s]-1 
(+ [5] wer Bt om 
so that (33) gives a 





or 


[f]-1 
> yen = = »(r—0” Poy yp +P = a (mod p*). 


From a previous relation we have since 


1 
»> qe — Poop 12 (mod p’), 





d=1 
[<]-1 
pnS = (1—(n+1)?) he nr 4» = NY npb, 1: (mod p*), 
[E gt 
= phy» (n'9-9" — nP-* (n + 1)?-+ 2) — np 2+ — (mod p), 
or 
tee SES a _ ntrlors. Se > -. (mod p). 
s=1 


Similarly if S, — > v—! where » ranges over all the integers prime to pn 
and less than pn and satisfying »+ |n»|>|(n-+1)»| we find similarly 


































Se es ne 
oe RS Oe 


~yritoery Saar ee eo roe 
ae ad > ae ae t a 
ag : 


Mi RK 


= 
hip ar gts 


Loe a cm AEM oe 


See 


, 
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§, = wn+1)P+ ne" — nt ne-"(n + 1)? 
pn 
_ (n*'—1)q(n+1)+nq(n) 


n 





(mod p), 





(mod p); 


n(n +1)? + ne — n?— n'P-" (n +1)? 
pn(l— n) 
n(n +1)? + ne" — n?— n(n + 1)? 
pn 
n{P—-D"+1 (m 4+ 1)P— nH 2 
on 
— n®(n(P—»* — 1) 


= segs re (mod p). 














Also 
nP-Y = 1+(p—1)pq(n) (mod p*), 
or 


nip-D° — 
spe — == —q(n) (modp). 





The relation (32a) can then be written 


niq(n) 1—?t 
n-—1 1—? 





mt] 


apace (f+ -o—ne} es + i +e) ai 


n—1 (2)-1 


on: Do Ay t 
v=1 


These congruences for n = 2 and 3 yield new derivations of the criteria 
27-1 = 3?-1 = 1 (mod p*) for the solution of (1) in case I. 

Frobenius* obtained (33a) for any m directly from (2) after many trans- 
formations. For comparison use the reduced form of A». 

3. In (3) take power characters in the field 2(@8) with respect to 
(x+y). This gives 








—kygqk) 
J Be eae eee arty 
Ve+ByS ~ latpy! 
and since 
> [1:r] = —ky(k) (mod p), 


* Berlin. Sitzungsberichte, 1914, p. 675-6. 
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we have 


ee 
Toe 5 Ome a \ey 
xtpy!  la+sby! 


and we obtain easily 








{A 3e BEE FR a 
atby! Ve+py!S 
We also have by other considerations* 
SS 1, aft log H (Be) 
—s _° r as 
(34) Pe dy? 
= —I (a, x+Ay)+I(aB—1,2+ Ay) (mod p), 


where «+ fy = qi qe--- qe, the q’s being prime ideals in 2(6). The 
% function which occurs here is defined as before with reference to q 
with the corresponding norms q’. Hence 


k 
[[ @+4" y) = @ I] w,(0). 
y=1 


l 
and if p*— 1 = 0 (modn), then 


k 
[Let arn yy = oT] aco. 
r=1 
This gives 
Il (a + gua ye 
1 





i = 1+VW, 
ev Il py, ( B e”) pl 
7Y=1 


where V = (e’?—1)/(—1), and W is a rational function of & with 
coefficients in 2(8). Setting v — 0, we obtain 


Il (a + git:il ye pee 


l 





> = W(0). 





-> a log (w+ By) 
dyP?-} 
et, d?— log wi, (eB) , ab (VW) 


= aver TWO) mdr), 


= 0 





* Amer. Journ. Math., 1. ¢., p. 147. 
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or 
p-1 v 
i >| o—Neg CO) = WO) (modp), 
and : 
n—1 —s 7p—1 v [][ @+a02 yy —1 
(35) > ¥ i we A) Sgt (modp). 


sl y= dv?- 8 Ta 


To reduce the right hand member of this relation we note that if we set 
t = —y/x that this member reduces, since gP-1 =] (modp*), to the 
negative of 


Se (1— ge 141 
s=1 


Pp 
if we write @ for 8 and hl = 1 (modp). We have, since t? = ¢ (modp’), 


(1— @* )? = 1—e t+ pF(@ #) (modp), 
S(r) = r+2P? py? ... + (p —1)?-? 7, 





(mod p), 


where 


Hence 
(1— ot" = (1— e” t)” (modp’), 


= 1— 9” t+pf(e" t) (modp’), 
and ultimately 


(1— ht)" = 1—te"+ pf” t) (modp), 
or 


(1— gt)? 1 — =1+p Le fer (mod p*). 
Hence 
—s 1— o* ¢)r*—1 4-1 
> IT o™" t) + =TZe fie 


8 p 
Now changing @ into e”, we have, modulo p, 


te] 








y -» ter" Bk er f(te™) 
- a5 gre = 2 - pages. 
Frobenius* gave the formula . 
2" F(n H’) +2" F(n H’+1)+---+2F(nH’+n— 1) 
x(1 


= 2U—*) rum, 





* Berlin. Sitzungsberichte, 1910, p. 847. 
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where (H’)" = H"(xz™), F is a polynomial in H’, and H is defined as in 
Frobenius, 1. c., p. 826. 
Put o-1a for x, f= (H’)?~ and multiply by e-*, we have 


o*a" (n H’)P-* + eo iin (n H'+ 1)e-? + eee +o*x(nH'’+n oe 1)?-2 
1— 2° 


ee only 8 
Ea 1--@'z 


H?~* ox (mod p). 


Letting @ range over all the distinct roots of z* = 1, we have 
, &Ry-2 (ez) 
(l—@*a)?* 


ix (1 — 2") e~*1 x(1 — o * 2) Rp-»( 2) 
—-—»> pitta p—2 





na®—* (n H'+ke-? = — D1 — aye 
e 





where # is defined as in Frobenius, 1. c., p. 826, but since (Frobenius, 
l.c., p. 843) 


(1—e7* 2) Rp-2 (9°* x) = fen (mod p), 
then 
a”) o* f(g x) 
i—¢@?” 





na (nH! +h? = SU (mod p). 
e 


Which may be applied to (36) if x is an integer ¢. 
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CERTAIN EXPANSIONS INVOLVING DOUBLY 
INFINITE SERIES. * 


By Morcan Warp. 


1. Introduction. The present paper extends the results of a previous 
articlet on the same subject. If 


P(z, y) = Pry’, Q(z, y) = iz Qrs x” yf’ 


are power series in x and y, I showed in R how to express the coef- 
ficients of P/Q, exp Q, log Q as simple determinants in the coefficients 
P,s, Qrs and here I shall apply these results to the expansion of 


[P; (x, y))"" : [P: (x, y))"" ray [Pr (x, yy)" 
where m,, mzg,-+-, me are any real numbers. 

The analogous expansion problem for singly infinite series has been 
solved by Mangeott; David§ and Segar|| had previously dealt with the 
simple case of a single power series raised to an arbitrary power. 

2. Notation. In this paper, if P, Q, Pi, etc. are power series in x, y 
the corresponding coefficients are denoted by Ps, Qrs, Pi,rs, ete. The 
Einstein summation convention Js used, so that for instance, we shall 


write Q = Qi x y instead of a Qi x‘ y/. The terms of a series Q will 
always be taken to be arranged in the usual numerical order; viz. 


(1) Qoo + Qo x + Qor ¥ + Qeo x” + Qi rY + Qos y” : 
When the series is arranged in this manner, the term Qj; occurs in 


the G(¢+y)(+7+1)+UG+4+1) place. We shall call the number 
4(¢+7)(+j+1)+ (+1) the rank of the coefficient Q; and denote it by qi. 
3. Evaluation of coefficients. Suppose then that 


ila a's y) = Pers x’ (¢ = 1,2,---,§ 
(2) We,y) = Wy y = PP”. P™. vee , 


° Reustond October 4, 1927; in revised form, February 4, 1929. 

+A Generalization of Recurrents. Bull. Amer. Math. Soc., vol. 33 (1927), pp. 477-492. 
I shall refer to this paper as R. A correction is given p. 580 in the second footnote (f). 

j Annales de l’Ec. Norm., vol. 14 (1897), pp. 247-250. 

§ Journ. de Math., vol. 8, ser. 3 (1882), pp. 61-72. 

|| Messenger of Math., vol. 21, ser. 2 (1892), pp. 177-188. See vol. 4, chapter 8 of 
Muir’s History for other references. 

q| R, section 2. 
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Our object is to show how to express Wy in terms of the coefficients of 
the P series. We may assume first of all that 


P00 + 0 











(t = 1, 2,-->, t). 








Let 
(3) [Pr (a, y)]"* = exp Qr (x, y) (« = 1,2,---, #) 
so that 
(4) Qr (x, y) = Qr,rs 2” y? = mr log Pr (x, y). 
On substituting from (3) into (2) we obtain 
(5) W(x, y) = exp Q(@, y) 
where 
(6) Q(x, y) = Q (x, y+ Q , y)+-->- + Q(x, y); 

Qrs — Qi rs + Qe rs + iPass + Qt, rs. 













Our next step is to express Wy as a determinant* in the Q’s; but we 
shall explain the formation of this determinant more fully than in R. 
4, Fundamental determinants. Consider first of all the determinants 


































Qo ta 1 4 
Oa ok + a BO ee SOE Le 
A=1, &= be . », A = 2 Qeo Qio ° —2 ° ’ 
, : 2Q: Q: Qo - —2 
2 Qos - Qo1 “) : 5 
Qio Sergi: 1 g ° 
Qo1 ome 
2Q20 Qo . se 
2 Qi Qor Qo ° De 2 , 
A= 2 Qos ‘ Qo. ° : =@ . 
3 Qso 2 Qeo ” Qio = ° os 3 ? 
3 Qe1 2 Os 2 Qeo Qo1 Qio » ° ee 3 ° 
3 Qis 2 Qos 2 Qi e Qor Qio . . ate 3 
3 Qos : 2 Qos ‘ ‘ Qo1 : . a 
and so on. 
The dots indicate zeros and the subscripts 2,5,9,--- the orders of 
As, As, Aa, -+-. In general, A, is a determinant of order n(n+1)/2—1 





whose mode of formation is fairly apparent from the examples just given.t 
We next introduce a set of N numerical functionst somewhat analogous 
to Kronecker’s 6; symbol: 













*R, section 10, p. 489. S er 





+R, pp. 490-91; 481-82. | 






1 R, p. 480; p. 489. 
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¢ = 0,1,--.,é+j—1 
(qe—-ss; i +s—t,j—s) |s = 0,1,.---,¢ } 
N = 304+ 7) @+94+1)) = gtjo—1 


The relations defining these functions are as follows: 


| 


(qt-ss3 i+s—t,j—s) = 0 
if either i7-+s—t<0O or j—s<O0 and 
(qe—-ss; i-+s—t, j—s) = (i+j—t) Qi-t+5,j-s 


if neither 7+s—t<0O nor j—s<0. 
The general coefficient Wi in (5) is then given by* 








0 
0 
. (i + j) eo 12.92.34... : 
(@ 6 G+j—1)4 Wy = Ai+j : 
Etec ia eRe gee dg 9) 
|occeees (gt—ss; i+s— t,j—s) Pree 


The determinant on the right side of (7) consists of the determinant 
Ai+; bordered by 


(goo, a, 9); (q103 i—1, 9); (dor; é,§~~1), (d203 $—2, 9); 
(Qi; ¢—1,7—1), (Qo2; 7, 7 —2), vee, mu, 
see, tee, tes, veey 
we6 Tt (qt-s, 83 t-+e—t, j—8), Sw% 
ts, veey see, tee, 
ey Sey es (qoi+j—1; i, 1—+) 
in the last row, and by 
0, 0, 90, ae —(64-j—1), (qoi+j—1; 7, 1—?) 


in the last column.t 





*R, p. 491. 
tIn R, p. 491, the factor (+7) e~% was omitted from the left-hand side of (7), and 
the last row of the determinant on the right-hand side of (7) was given incorrectly as 
(qoo; 4,3), (Qio3 i—1, 7 +1), (Goi; i— 2, 7 +2), +--+ etc. instead of the correct expressions 
above. Similar corrections should be made on p. 483 (interpreting the numerical functions 
appearing there as in (9) p. 480), and in the procedure sketched in section 9R for log Q(x, y). 
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5. Illustrative example. To show the ease with which the general 
formula (7) may be applied, we shall evaluate the coefficient W,,. Here 
3-4 


i= 2,j=—1, i+; =3, Bin ra ee, so that we must border the 








determinant 4, with the row 


(goo; 2,1), (Qio3 1,1), (Gor; 2,9), (@2039,1), (ir; 1,9), (oe; 2, —1) 
and with the column 

0, 0, 0, 0, —2, (qos; 2, —1). 
That is, with the row 


3 Qai, 2Qu, 2 Qeo, Qo; Qio, 0 









and the column 
0, 0, 0, 0, —2, 0. 


















Thus * 
Qa. —1 0 0 0; 0 
Qo: o -—1 O 0: oO 
and 2 Qeo Qi0 0 —2 0 0 
Qoo ee ; 
Sa 1" Fe ae, Ga a Oe 
a 6. 3h G Os ON 












6. Final evaluation of coefficients. We have thus expressed the Wy 
as determinants in the Q,;. But we can express the Q,s as sums of deter- 
minants in the Pr.,s5; for since by (4) Q, (x, y) = mr log Pr (z, y) we can 
apply the method developed in R section 9 to expand a logarithm. We 
need only to substitute in R (17) p. 483 m, log Pro = Qr.oo for Zoo; 
1+) @. y tor y6+j>0); +7 Peg for Py; and Pg for Qy. Since Pr 


Mr 
vanishes, we obtain thust 























P10 Pr,oo 0 - 90 Pz,10 
Pr,o1 0 Pro + 0 Pro 
45 Pr,20 Pr, 10 0 - O 2 Pe, 20 
11 j ‘ a Thao ‘ 
(8) Proo'  Qay = | | wpe iataiaais cas | | 
Proitja . he Ta a . . 
| Pry, (2;¢—1,9), sata lie dic ah say. » (+9) Pry 








*This result may be readily checked from the equations at the foot of p. 490 in R. 
+ We have applied the correction mentioned in the footnote to section 4 to the last 
row of the determinant. 
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where N = 3(¢+y) (+7 +1)+1 and 1 << c<t. By combining (8), 
(6) and (7) we can finally express the coefficients of W(x, y) in terms of 
the coefficients of P,(x, y), P2(x, y),---, Pe(a, y). 

7. A special case. In case ¢— 1 we may proceed more simply. We 
have 


(9) W(z,y) = [P(x, y)\”, Poo + 0. 


Take the logarithms of both sides of (9) and then operate with 


C) 0 
We, y) Pla, ) erty zt: 
We obtain 
Prs x? yf (utv) Wu % y? = m(r+s) Prs 2” y® Wu x” y” 


or transposing and equating the coefficient of x” ¥% to zero, 


z 2 [m (r+ q)—(m+ 1) (6+ 2)] Py—-rq—o Wor = 0 (r,g,=0, 1, 2,---). 


These equations may be identified with the equations (8) on p. 479 of R 
on taking in R 
Pw = 0 u$0, v $0), Po = Po, 
Qu—c,v—-r = [m(r+q) —(m+1)(¢+2)] Pps, qo (wu $0, v $0), 
Qoo = 1, 
Wer = Zee: 


It follows that they may be solved in the same manner by introducing 
a properly defined numerical function. 

8. Conclusion. The method I have applied here for obtaining simple 
determinants for the expansions of various elementary functions of doubly 
infinite series by the introduction of suitably defined numerical functions 
can theoretically be extended to m-tuply infinite series.* The numerical 
functions which must be introduced are unfortunately of such complexity* as 
to reduce the results to a mere jumble of symbols. A successful application 
of the method to the problem of reverting two doubly infinite series would 
be of more interest and of some practical importance. It would seem, 
however, to be rather difficult.7 





*R, section 8, p. 487. 
+I have treated the problem for singly infinite series in a note which is to appear 
shortly in the Rendiconti del Circolo di Palermo. 


CALIFORNIA INSTITUTE, 
January 1929. 








NORMAL DIVISION ALGEBRAS IN 4p’* UNITS, 
p AN ODD PRIME.* 


By A. ADRIAN ALBERT.+ 


1. Introduction. We shall consider normal associative division algebras 
in 4p” units, over any non-modular field F, satisfying special assumptions. 
We shall utilize the definitions and theorems of a previous paper,t referring 
to the theorems by numbers 1 to 29 and shall number the theorems of 
this paper beginning with 30. 

In the paper above referred to we have defined “known algebras” and 
“the type of an irreducible equation, of an element of a normal division 
algebra, and of a normal division algebra”’. 

L. E. Dickson§ has found the structure of all normal division algebras 
in n® units over F, of type R,», that is, normal division algebras containing 
an element x whose minimum equation is of degree n and has the property 
that all of its scalar roots are rational functions, with coefficients in F, 
of one of them. He has also determined and constructed the algebras 
when the minimum equation of this x has a solvable group. These algebras 
are easily seen to be known algebras under our definition and the resulting 
criterion shall be utilized here. 

2. Algebras in 4p? units of type R,. These are algebras containing 
an element x whose minimum equation y(#) = 0 has degree 2p and the 
property that there exist py — 1 polynomials in x which are distinct and 
distinct from x satisfying y(w) 0. We shall use the following known 
Lemma. 

LemMA 1. Let x be of grade n and type Rn. Then the minimum equation 
of x has a regular group. 

For n = 2p, p an odd prime, the order of the group of y(m) = 0, the 
minimum equation of x of grade 2p and type Roy, is 2p. But any group 
of order 2p is solvable for p a prime greater than 2.) 

We consequently have: 

THEOREM 30. Every normal division algebra in 4p* units of type Rep is 
a known algebra. 

By the use of this theorem we may prove the next important result. 


* Received January 5, 1929. Presented to the American Mathematical Society, Decem- 
ber 27, 1928. 

+ National Research Fellow. 

t Annals of Math., vol. 30 (1929), pp. 322-338. 

§ Trans. Amer. Math. Soc., vol. 28, no. 2, pp. 207-234. 

|| Netto, Theory of Substitutions, p. 289. 
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THEOREM 31. Every normal division algebra in 4p* units, p an odd prime, 
of type Rs is known. 

Proof. Let the Algebra A contain x of type R, and grade2p. Then 
z is of type S, where k is greater than or equal to 3 and is a divisor of 
2p, so that k=—p or k=2p. If k = 2p then z is of type Roy and A 
is known by Theorem 30. Let k = p. Then by Theorem 24, A has a sub- 
algebra = which is a normal division algebra in p? units over a quadratic 
field. 2 is evidently a cyclic algebra in this theorem for the case p an 
odd prime, and hence is a known algebra. But all quadratic fields are 
cyclic and the postulates of Theorem 27 are satisfied and A is known. 

Corollary. Every normal division algebra in 36 units of type Rs; is 
a known algebra. 

3. Elements whose minimum equations have even powers only. 

THEOREM 32. Let A be a normal division algebra. Let x in A have 
the property that —<x satisfies the minimum equation of x. Then the 
minimum equation of x has even powers only. Let x* be of grade p with 
y(w) = 0 as its minimum equation. Then x has grade 2p and its minimum 
equation is y(w) = 0. 

Proof. Let the minimum equation of x be (mw) = 0 of degree n. Since 
— zx satisfies '(w) = 0, '(— w) = 0 is satisfied by 2. Hence z is a root 
of W(w) = I'(w)— I'(—o) = 0. This equation has degree less than or 
equal to m and has constant term zero. Therefore w(m) = w Q(w) where 
Q(m) has leading coefficient unity and degree less than mn. But w(z) 
=2z-Q(x)=0. Since A is a division algebra andz+0, Q(x) = 0 and 
xz is a root of Q(m) of degree less than m. But the minimum equation 
of x is of degree nm. Thus Q(w) = 0, and I’(w) = F(—o) and has even 
powers only. Since ['(@) = w?”+ a,0?™-)4...+a,, x* is of grade 
r<m. But, since z’ is a root of g(w) = 0, z is a root of y(w*) = 0 
and x is of grade < 27, 2m<2r and m<r. Hence n = m and ~ is 
of grade 27 and satisfies its minimum equation, y(w?) = 0. 

THEOREM 33. Let & be an ordinary scalar root of an irreducible equation 
y(w) = 0 of degree 2p, p an odd prime, and type S.. Then F(&) con- 
tains an element y satisfying 


(0) = w+ a, oY... fay = 0 


with coefficients in F, irreductble in F, and with even powers only. 
Proof. Since y(w) = 0 is of type S, there exists a polynomial 6(&) + & 
satisfying y(w) —0O and no other element of F(&) distinct from 6(§) and 
— is a root of this equation. But 6°(§) is a root of g(w) — 0 since 
y[6(w)] = 0 has a root in common with the irreducible y(w) = 0 and 
hence all of its roots. Hence 67(§) = & or 0°(§) = 0(&). If 6*(&) = 0(8), 
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since the group of y(m) = 0 is transitive and contains a substitution 
replacing 9(§) by §, we have 6(§) = §& contrary to hypothesis. Hence 
6*(§) = &. 

If 6(&)+& = O then 0(§) = —& and g(w) = 0 is satisfied by the 
negative of every root and has even powers only. In this case take 7 = &. 

If o(&)+& + O then it is the root of an irreducible equation of degree 
a divisor of 2p since F'(6(§)+ §) is contained in F(&) and hence has its 
order a divisor of 2p. Hence the degree of this equation is 2p, 1,2 or wv. 
If the degree of the equation is 2p then the order of F(§ + 6(&)) is equal 
to the order of F(§), whence the fields are equal and § is a polynomial 
in §+ 6(§). A substitution replacing § by 0(§) replaces 0(&) by 07(&) 
= §. Let 


(1) 


Any substitution of the Galois group of y(w) = 0 which replaces § by 
6(&) leaves the whole equation (1) unaltered. It leaves the right side 
unaltered in values since it merely interchanges § and 6(§). Hence 6(&) 
= § a contradiction. 

Hence §-+- 6(&) is the root of an irreducible equation of degree 1,2 or p. 
If §+ 0(&) is in F then §+0(&) = 24. Let §+4 = y obviously of 
rank 2p. Let q satisfy w(w)—9. Then w(y7)=0. Hence w(u) = 0 


§ = 4(0(§) +8). 





where » = 6(&)+4 = —y, and we have the desired element. Next 
let + 6(&) be not in F. 
Let o = § — 6(&).. The element @(&) — § = — o satisfies the irreducible 


equation satisfied by o. Since if this equation is y(c) — 0 it is unaltered 
by a substitution replacing § by 6(&) and consequently 6(&) by 0(&) and 
hence « by —o. If o is of grade 2p then it is the desired element. If 
not then, since F(c) is a proper sub-field of F(&), its order is 1,2 or p. 
Since the irreducible equation satisfied by o is satisfied by —o it has even 
powers only and is of degree 2. Hence o = ain F. If §+ 0(&) is of 
grade 2 then F(o, §+ 0(&)) is of order < 4 since every element in it is 
expressible as a linear combination with coefficients in F' of 1, §+ 6(6), 
o, + 6(&)o. Its order is not 4 since its order is a divisor of 2p and 
p>2. Hence its order is <4. But it is >2 and a divisor of 2p and 
hence is 2, Hence it is equal to F(§+ 6(§)). Hence o is a polynomial 
in §+ 6(&) and is unaltered by replacing § by @(&) contrary to its form. 
Hence § + 6(§&) is of grade p. Let 7 = §o-+ 06(&)o satisfying the irreducible 
wW(w) = 0. Hence w~(—y7) = O and wW(@) has even powers only. But 
7* is not in F since o? is in F and [§-+ 6(§)]? is not in F. Hence the 
degree of w(w) is >2. It is not 4 since F(§) has no quartic sub-field. 
Hence it is 2p. 
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Corollary 1. Let A be a normal division algebra in 4p* units, p a prime, 
containing an element gq of grade 2p and type S,. Then A contains an 
element 7 satisfying 

p(w) = w?+ ow? P-Y +... +a = 0 (a,---, ap in F), 
irreducible in F' and with even powers only. 

Corollary 2. Let A contain 7 as in Corollary 1. Then A contains elements 
i = i, t,+-+, t Such that 

9 (w) = (w — i) (w — tp) --- (@ — it). 


Proof. Let @=w*. Then the minimum equation of 7° is 
y (@) = Yo) = oP + a0? 4+ .-- + ap = 0. 
Hence, by Theorem 9, there exist elements 4, — 1, t, ---, t) such that 
W(o) = @—t? t*) (o— typ-1 0° tS? ,)---(@— t, a* e"). 


But te i? t;! = (tei t)*. Hence let ig = tei tz!(a = 1, ---, @) and replace 
e by its value w*® and we have the desired result. 

Let w (e) = 0 be of degree p, p a prime. Let w(e) = 0 be of type Re. 
Then it is of type R, and is cyclic. In this case we prove, in Theorem 34 
that A is of type Roy. . 

THEOREM 34. Let A be a normal division algebra in 4 p* units, p an odd 
prime. Let A contain x satisfying the irreducible 


y (o) = w?+ a, w??Y+...ta,= 0 (a@,---+, @in F), 


such that 9 (wm) = W (w*) and w(e) = 0 is cyclic. Then A is of type Rap 
and hence is known. 

Proof. Since x is evidently of type R, it is of type S:, Sp or Sop. Since 
the negative of each root is also a root it has an even number of roots 
which are polynomials in «x and hence is of type Sz or Sop. If x is of 
type Sx then A is of type Ro». Hence we need only consider x of type S,. 
Then A contains a sub-algebra = which is a generalized quaternion algebra 
of units (1, 2, y, xy), yx = —ay, over the p-ic cyclic field F (@*). Since 
F(z’) is cyclic there exists an element z in A such that za* = 0(z*)z. 
Let x? = qg. Then zg = 0(q)z, 27q = 67(q) 2’, ---, 2? 1.q = 0? (gq) 2?—, 
z?q = qz?. Since A is normal the only elements of A commutative with q 
are elements of =. Hence z? is in = and, since = is of rank 2 with respect 
to F(q), z is a root of 


wo*+ao+b = 0 (a, b in F(q)). 
Let a=2c, b=c?—b. Hence (e?+c)? = b. Let s=—z?+c. Lets he 
not in F(q). Then there exists an element y of = such that ys = —sy, 


If bis not in #' then b is of grade p and, by Theorem 33, s is of grade 2 p. 
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But then s is of type Repsince the 2p distinct elements s,zsz—, .--, z?—1s z'-?, 
and their negatives, are in F'(s) = F'(e”+-c) which contains s*= b generating 
F(q) and satisfy the minimum equation of s. If ) = 4 in F then let t = sq, 
t? = q*® 8 generating F'(g) hence ¢ is of grade 2p and type Rep. 

It remains to consider s in F(q). In this case z? is in F(g). Let z2?= « (q). 
Then zz? z~'= z?, Hence a (gq) = «(0 (q)) =--- = a (0? *(q)) = ain F. 
Hence the algebra S with units g‘ 2 (i, 7 = 0, 1,---, p) is a cyclic normal 
division algebra in p* units over F and hence A is the direct product of S 
by 7, a generalized quaternion normal algebra and is of type Rep by 
Theorem 22. 

The algebras of this theorem were considered by L. E. Dickson in his 
Bulletin note of September 1928. We have here shown them to be of 
type Ro, and, by Theorem 30, of the kind associated with an equation of 
solvable group. This Bulletin paper was at the printers before the author 
showed that this corresponding algebras in 16 units were of type Ry. We 
have now shown that these algebras are not new algebras. 

4. A necessary and sufficient condition that algebras in 4p? 
units be of type R,. In the work on the determination of algebras in 
nine and sixteen units it was necessary to show the algebras of type R, 
before proceeding further. It seems evident that this will have to be 
accomplished in all cases if the present known methods are utilized. We 
shall here give a criterion that algebras in 4 p? units be of type R, as an 
aid in any work on the determination of such algebras. 

THEOREM 35. Let A be a normal division algebra in 4 p* units, p an odd 
prime. Let A contain x of grade 2. Then A is of type Rs. 

Proof. Without loss of generality we may take the minimum equation 
of x to be reduced so that x? = &, in F. Since —=z satisfies the minimum 
equation of x there exists an element y of A such that yry! = —z. 
Hence y*x = xy’. 

Theorem 6’ states that the grade of any element of a normal division 
algebra of order n* is a divisor of nm. Hence the grade of y’ is 1, 2, p 
or 2p. If y’ is of grade 2p then x, being commutative with y*, is a poly- 
nomial in y*? and is commutative with y, contrary to hypothesis. If y? is 
of grade p, then since xyx~' = —y satisfies the minimum equation of y, 
y is of grade 2 p and type R,, by Theorem 33, and A is of type R,. If 
y’ is of grade 2 then y is of grade 4 by Theorem 33, which is impossible. 
Hence y? = 7, 7 inF. y is not in F' since yx = —zy. Therefore A con- 
tains the generalized quaternion algebra B with basal units 1, 2, y, ry 
and multiplication table yr = —xy, x* = §&, y= y over F and, by 
Corollary 4 of our Annals paper (loc. cit.), A is the direct product of B 
and a normal division algebra C of order p*. Since C has order p’ it 
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contains an element z of grade p which is commutative with every element 
of B. Let uaz. Then yuy—'=— —vw and wu has even grade. But the 
only sub-fields of F(z), of prime order p, are F and F(z) itself. Since 
p is odd and 2 is not in F, F(e*) = F(z). Hence u® = &z* and has 
grade p. By Theorem 33, uw has grade 2p and type R, and A has type Ry. 

THEOREM 36, Let x be an element of grade 2p, p an odd prime. Let 
F (ax) contain y of grade p. Then F(x) contains an element of type Re. 

Proof. The linear set a-+bx, where a and b range over all elements 
of F(y) is of order 2p since F'(y) has order p and ~ is not in F'(y), an 
algebra of order p. Hence every element of F(x) is expressible in the 
form a+bz. In particular z?=—a-+be. Let b = —2d, a=c—d’. 
Hence «* = a—d?—2dz and (a#+d)*=c. Letatd=u. Ifcisin F, 
then, if v= y(x+d), v?=y'c is not in F since F'(y) has prime order 
p>2 and hence F'(y*) = Fy) and cy*, where c is in F, generates F'(y). 
If c is not in F then F'(c) = F(y) for the same reason. Hence either v® 
has grade p or u® has grade p. But x is not in F'(y) and as a result 
neither y(x+d) nor «+d is in F(y). But F(u) > F(u’®), F(v) > F(v’). 
Let w = u or wv according as F(u?) = F(y) or F(v*?) = Fly). 
Then F'(w) > F(w*?) = F(y). But w is not in F(y) so that F(w) > Fy) 
and w has grade 2p. If the minimum equation of w*is gy (m) = 0 then w satis- 
fies y(w*) = 0 of degree 2p with leading coefficient unity. But w has grade 
2p and consequently » (w*) = 0 is its minimum equation and w has type R,. 

We shall prove a general theorem in the theory of normal division 
algebras for use in the application of Theorem 36. 

THEOREM 37. Let A be a normal division algebra in n* units over F, 
Let y be an element of A of grade q less than n. Then A contains an 
element x of grade n such that y is a polynomial in x with coefficients in F. 

Proof. Let the minimum equation of y be w(m) = 0 and ay, a, «++, ay 
be its q distinct scalar roots. Adjoin the quantities «,,---, a, and sufficient 
further quantities to F, so that the algebra A’ over the extended field F’ 
with the same basal elements as A is equivalent to the algebra. of all 
n-rowed square matrices with elements in F’ by a transformation of basal 
elements. This is possible with only a finite number of adjunctions to F 
and we may choose &,, &,---, §& as a basis of F’ relative to F. Then 
every element of A’ is expressible in the form 


a x= 2 §,+ 4 &+---+2,&, (a;,-+++, % in A), 


since we get all linear combinations with coefficients in F’ of the basal 
elements of A in this way, and thus all elements of A’. The elements 
§, &,---, & are linearly independent with respect to A by the definition 
of A’ and the linear independence of §,,---, §& with respect to F. 
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Consider the algebra F(y)= D. Let D’ be the algebra over F”’ with 
the same basal elements as D. The elements 
vg = YY = 4) +++ (Y= 0-9) (y= 43) +++ (Y=) 
(aj — a) (aj — ag) «+ - (0 — 4-1) (@ — 0441) +++ (aj — xg) 
Gi = 1,2,---, q) 
are idempotent elements of D’ as is shown in the following. 

If we replace y by a variable » of F’ the sum of the resulting fractions 
ui(m) is equal to 1 for » = aj, since then u%—=1, m=O (k4i). Since 
the sum is a polynomial of degree g—1 in », which is equal to 1 for 
the q values a; (i = 1,---, q) of w, it is identically equal to 1. Hence 


(2) Ut Ue -s++ ug = 1, 


Since uiuj for i+j has the factor w(y), it is zero. Multiplying (2) on 
the right by u; we have u? =u, and have 





(3) uu = 0, uz = U; (+); i,j =1,---, Q). 

The elements «; are linearly independent with respect to F’ and may 

be taken as a basis of D’ since, if not then > vim = 0 for 7; in F’ 
i=1 


and not all zero and thus > Vimy = yju=—0, 7, =0 (j = 1,---, Q), 
*=1 


a contradiction. Hence y is expressible as a linear combination of wu; with 
coefficients in F’. But the elements « are expressible as the sum of 
primitive idempotent elements whose products in pairs are zero. We may 
adjoin to the s primitive idempotent elements so obtained »—s further 
primitive idempotent elements and obtain » primitive idempotent elements, 
ex, Which may be taken to correspond to the matrices with elements 1 
in the 7th row and ith column and zero elsewhere. Hence y in this 
representation of A’ as a matric algebra, is a diagonal matrix. 

Every two diagonal matrices are commutative. The matrix z = e, 
+ 2és2-+ 3es3-+ --- + én, is a diagonal matrix and is commutative with y. 
Since every element of A’ is expressible in the form (1) we have 


(4) 2= 48 +28+--- ta & (21, 22, +++, 2y im A). 
Since zy = yZ, 
ey—ye = (ay—yadit---+e@y—ya)i = 0, 
so that zy = ya (¢ = 1,2,---,7) by the linear independence of 


&,,---, §& with respect to A. 
This shows that y is commutative with 


(5) Lo = AM +ee92t +++ ter Or 
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where 7;,+++, 9% are independent variables in F’. The rank equation of A 
for the element 2» becomes 


(6) T (3; 41,°°+, Yr) = o+f,e"'4+..-+f, = 0 




















where f,,°++,/n are polynomials in 4,,--+, 4, with coefficients in F. The 
discriminant of (6) is not identically zero since for the values 4; = &; 
(¢==1,---, r) it is different from zero. Hence there exist rational yalues 
of 7,,---, % for which the discriminant of (6) does not vanish.* Let 
these values be 71, %2,---, yr 80 that 


= 21 41+ 22 42+ <s% + er Or 





is in A and is commutative with y. The rank equation of A for any 
element x of A is a power of the minimum equation of x. But the rank 
equation of A for x is T'(w; 41, 42,---, 9r) = 0 an equation with non- 
vanishing discriminant, so that 7T'(w; 41,---, gr) = is irreducible and is 
the minimum equation of x and z is of grade n. But y is commutative 
with x, and the only elements of A commutative with any element a of 
grade m are polynomials in a, so that y is a polynomial in x and z is the 
desired element. 

THEOREM 38. Let A be a normal division algebra in 4p* units, p an 
odd prime. Then A has type Rz if and only if A contains an element of 
grade less than 2p. 

Proof. Tf A contains an element x of grade less than 2p the grade 
of x is 2 or p. If the grade is 2 then, by Theorem 35, A has type Ry. 
If the grade of x is p then there exists an element y of grade 2p in A 
such that x is a polynomial in y and, by Theorem 36, A has type Ry. 

Conversely let A have type R,. Then A contains x of grade 2 and 
type R,. If x has type S, then, by Corollary 1, A contains an element 7 
of grade 2p whose minimum equation has even powers only so that 7? 
has grade p. If x has type Sp or Soy then A contains a subalgebra = 
which is a cyclic algebra in p® units over a quadratic field and hence A 
contains an element of grade 2. But if x has type A, then it has only 
types S2, Sp or Sop and the theorem is proved. 
















* Fricke, “Lehrbuch der Algebra”, p. 96, for proof. 


Princeton, N. J. 
December 26, 1928. 
















DYNAMICAL TRAJECTORIES AND GEODESICS.* 


By LutHer PranLeR EISENHART. 


According to the general theory of relativity the motion of a material 
particle under the action only of inertia and gravitation is described by 
a geodesic of the four-dimensional space-time continuum of the gravitational 
field. Thus there is a correspondence between the spacial paths of particles 
and the geodesics of the space-time continuum. In this paper we show 
that the trajectories of a general holonomic conservative system in classical 
dynamics can be put into correspondence with the geodesics of a suitable 
Riemannian manifold. In § 2 we consider the general case when the time 
enters in the constraints and in the potential function, and in §§ 3, 4 the 
relation between the theory of geodesics and the Hamilton-Jacobi theory 
of dynamical trajectories. The relation between contact transformations 
of the Riemannian manifold and transformations of the Hamiltonian equations 
of the dynamical system is set forth in § 5; the result brings out the 
significance of the form of the latter transformations. In § 6 the restricted 
case when ¢ enters neither in the constraints nor potential function is 
treated not as a special case of the more general theory, but on an in- 
dependent basis. 

1, Equations of dynamics. Consider a conservative holonomic 
dynamical system of m degrees of freedom such that the restraints as well 
as the potential function V involve the time. If we denote by g‘(i = 1, ---, m) 
the independent variables determining the position of the system and put 
t= q”"*', the kinetic energy is of the formt }gesq*q*°, where @ and 8 
run from 1 to n+1 and the dot indicates differentiation with respect to 
the time as usual. Then the Lagrangian function LZ is given by 


1 aa 
(1.1) L= 9 9p Y" g? —V. 


When this expression is substituted in the equations of Lagrange, namely 





(1.2) d (sh) hae 


at \aq) og — 


we have as the differential equations of the trajectories of the motion 





* Received April, 1929. 

t Throughout this paper we use the convention that a repeated index indicates sum- 
mation, unless stated otherwise; also latin indices will be supposed to take the values 1 to n. 
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9 P +L, were 4 a ‘ee he 8 
1 


oe i 7 Gntinti —2V) = 
where |jk, 7] is the Christoffel symbol of the first kind, namely 


1 9 — 1 (99K ie EO) 
(1.4) jk, = raat agi)” 


_ ob 
Pi 9qi’ 


(1.3) 





If we put 
(1.5) 

we have 
(1.6) Pi = G5 + Gin. 

For a system of the kind under discussion the determinant of the quantities 
gy is different from zero. If then we define quantities g/ by the equations 
(1.7) g Gik = bk, 

where the 0’s are Kronecker deltas defined by 


(1.8) éf =1 or 0, as j = k or j tk, 

it follows from (1.6) that 

(1.9) @ = pig’ —g gin. 

The corresponding Hamiltonian function H is the function of gq’, p and ¢ 


which results from the substitution of the values (1.9) of q in 


(1.10) H = piqi—L. 
On substitution we obtain 


— , 1 
(1.11) H= a7 (pi pj — 2 pi ints + Gin+1 Gint+s) + V 9 Intint 


If we differentiate H in the form (1.10) for g/, we have 

ane) 2 

in consequence of (1.5). Hence (1.9) and (1.2) can be written in the 
Hamiltonian form 


(1.13) 


(1.12) 


df 0 ~  @2 
| age “ee * ees 
2. Dynamical trajectories as geodesics. Consider now any dynamical 


system of the type discussed in § 1 and in conjunction with it a Riemannian 
space of n+2 dimensions, say S,42, for which the metric is defined by 
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(2.1) ds? = gydgidg/+2gin41 dg dt+Ad?+2Badtdu, 


where gi and ginj1 are the functions of the g’s and ¢ for the given 
dynamical system, A is a function of g* and ¢, to be defined fully later, 
and B is a constant. For convenience we write (2.1) in the condensed form 


(2.2) ds* = gag dq“ dd, 
understanding that g”*1 = ¢, q’*? = u.* If g and g denote the deter- 
minants of gag and gy respectively, we have g = — Bg. 
By definition the integral curves of the system of differential equations 
d? gf dg’ dq 
(2.3) gap 7a + lBy, el a = 9: 


where [Sy, «] are defined as in (1.4) but with reference to (2.2), are the 
geodesicst of Syi2. These equations admit the quadratic first integral 
dg* dg? 
Jap dt dt 
When the constant is different from zero, the geodesic is said to be non- 
minimal; when it is equal to zero, the geodesic is minimal. In the former 
case there is no loss in generality in taking the arc s for the parameter r, 
in which case the constant in the above equation is unity, as follows from 
(2.2). We consider first the case of non-minimal geodesics. 
When e@ takes the values 1 to m, equations (2.3) are 


= const. 














da" dg , (@gy , O9intr _ *Yine | dq at 
on TE + tik, Se Ae 4 (2H + san? 
4) 4-( Perc i 24) (4¢) 4 @t 
at 2 SS naa * Seem, 
and when @ takes the values n-+-1 and n+ 2, the respective equations are 
d*t 
(2.5) B— = 0, 


ds* 
d? g/ d*t au 
Gintr +A qa tBG 
1 [Pease 4 2Gints _ 29m dq dg 


GF) to dq 0 g* dt/ ds ds 


0A dq dt 54 (ey= 
dqg¢ ds ds 2 ds 


° * ‘Throughout this section, and the next two, greek indices are understood to take the 
values 1 to n+2 and latin 1 to n. 

+ Cf. Eisenhart, Riemannian Geometry, p.50. Hereafter a reference to this book will be 
given as E., p. 50. 
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We consider in this section the case when B+0 and in all generality 
take it equal to unity. Then from (2.5) we have 

ae 
ds 
where a is a constant. Thus along any non-minimal geodesic for which 
a+0 the parameter s may be chosen so that 


(2.7) a, 


(2.8) {= @s, 
and consequently (2.4) become 


oe; P ee 0033 0a; 9d; ts 
959 +19k, lq a*+( fe + Ginti n=) g 








0q/ dq 
2.9 
@9) 4. Se. 0A — 
at 2 agi 


Comparing these equations with (1.3), we see that they are equivalent 
to the latter, if we take 


(2.10) A = Gnt+inti— 2V. 
From (2.1) and (2.7) it follows that along any geodesic 
du 173% are is 1 
2.11) = = x lyr— Y i! —2ginis it —gatantrt 27) = 2g 


On differentiating this equation with respect to ¢, we find that (2.6) is 
satisfied by any solution of (1.3). If such a solution is substituted in 
the right-hand member of (2.11), we have an integral of the form 


(2.12) u=+4—f Lact, 
where b is an arbitrary constant. Tbus for each set of finite values of 
a(+0) and b, we have a system of non-mininal geodesics of S,42, which 
are in one-to-one correspondence with the trajectories of the given dynamical 
system, such that the expressions for g* as functions of ¢ are the same as 
for the trajectories. Moreover, equation (2.12) reveals the relation of the 
variable « to Hamilton’s principle.* 

When the geodesics are minimal, we have d?t/dr® — 0, and consequently 
there is no loss in generality in taking = ¢. In this case the right-hand 
member of (2.1) is zero along any of these geodesics, and 


(2.13) nee —[Lat+o. 





* Cf. Whittaker, Analytical Dynamics, 3rd edition, Cambridge, 1927, p. 246. 
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3. Finite equations of geodesics and the theorem of Hamilton 
and Jacobi. If we define g/ by (1.7) and g* by 


(3.1) I? gar = OF, 
we obtain for the form (2.1) with B= 1 


POs lead 2 gut = —gets H, 
. grtint2 — 1, grrent? = gins Ginti GI —A. 








get use gutiati pa 0, 





From the theory of geodesics in a general Riemannian space with the 
fundamental form (2.2) we have* that, if g is a solution of the differ- 
ential equation 

—~g OY Oy 


nt Sis Se 
(3 3) g dq 8° ? 





the orthogonal trajectories of the hypersurfaces » = const. are non- 
minimal geodesics. Since @g/@g* are the covariant components of the 
normals to these hypersurfaces, it follows that along a normal geodesic 
dg*“/ds and g“® dg/aq® are proportional. From (2.2), (3.1) and (3.3) it 
follows that the square of this factor of proportionality is unity. Hence 
in all generality we may take 
dq — . d9 

(3.4) a. = g% Fy 

When we apply this general result to the case when g“? have the values 
(3.2), we have for e = n+1 

dt _— ow 


ds Ou” 


From this result and (2.7) it follows that the geodesics for a given value 
of a are the orthogonal trajectories of the hypersurfaces gy = const., when 
gy is of the form 


g =a(ut+y), 


where yw does not involve uw. Substituting in (3.3) and making use 
of (3.2) in which A has the value (2.10), we obtain 








7) 1 ../dyw 2 0 1 1 
“ +o 33 Br 2s oe + Gint1 ginss) +V—-> gntinti = oF: 


Thus yw involves a, but if we put 


(3.5) 9 = au+W)+5— 





*E, p.58. 
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then W, mete a solution of 


aW aW 
ag? ag 


1 
+V > 9ntint = 0 


ow 
— 29 int =z aq i + gins ints) 


(3.6) +59 (ee 


does not involve a. The terms of this equation after the first are of the 
same form as (1.11) with p; replaced by 9W/dq‘. Hence we write (3.6) 
in the form 

OW ow Ags 
(3.7) ar t# lo aq rt = 0, 
which is the Hamiltonian partial differential equation of the given dynamical 
system. 

If we have a complete solution of (3.7), that is a solution involving ¢, 
gq and m arbitrary constants a‘, none of which is additive, and this solution 
is substituted in (3.5), the resulting expression is a complete solution of (3.3). 
If we substitute it in (3.3) and differentiate with respect to a and each a’, 
we have 

2 2 
—~up OY 0" “a é gue 9 oe, ge 
agq* dag da dq* dgPdat 


Hence the hypersurfaces of each of the n+ 1 families 








r) ) 
te tame const f 


Da * 9 al = const. 


are orthogonal to the hypersurfaces y = const. From (3.5) it follows that 
the equations of the former hypersurfaces are 


t 
(3.8) Uu aa Ww+ oq? = § 
and 


(3.9) Aud 


_ 


where the 6’s are arbitrary constants. Consequently these are the equations 
of non-minimal geodesics of S,+2 in finite form; moreover, from the general 
theory of geodesics we know that all non-minimal geodesics are given by 
these equations.* 

Since equations (3.9) involve g‘ and ¢, they are the equations of the 
dynamical trajectories in finite form. Hence if in (3.8) we assign particular 
values to a and b, we have a set of geodesics in S,+2 corresponding to 





*E., p. 58. 
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the dynamical trajectories and these geodesics for each set of values of 
a‘ are orthogonal to the hypersurfaces 


a(u+Ww)+ 3: = const. 


in which a and the a; have these values. 

Incidentally we have proved the theorem of Hamilton and Jacobi: 

If W is a complete solution of equation (3.6) involving n arbitrary con- 
stants a‘, none of which is additive, equations (3.9) when solved for q in 
terms of t, at and b; define all the dynamical trajectories of the given system. 

Suppose that we have such a solution, that it is substituted in (3.6) and 
(3.9), and that the resulting identities are differentiated with respect to a‘ 
and ¢ respectively. This gives 














0? W {oaW 0? W 
pater +" (se — MH) Garagt — ° 
and : 
o> W oa x 
_ J —= = 
aatot + Y datogi — ° 


From the last two sets of equations we have 
aw f[.. (ow 

etadeaadees SS ETRE —_ = 

da‘ dq! q 9 a nen+s)| 0. 
The determinant of the quantities 0° W/da‘aq/ is not zero, otherwise there 
would be a functional relation between the quantities 0W/ da‘ not involving 
the qg’s which is impossible when the a’s do not enter additively. Con- 
sequently 





- » | aw 
(3.10) qg = og (Far — Sen 
are the expressions for the q’s arising from (3.9). If we put 
oW 
(3.11) eae Og’ 


equations (3.10) become (1.9) and consequently they are the first set of 
(1.13). If we differentiate (3.11) with respect to ¢ and make use of (3.10) 
and of the equation obtained on differentiating (3.7) with respect to ¢, 
we get the second set of (1.13). 

4. Dynamical trajectories as minimal geodesics. Since the 
determinant of gag for (2.1), when B=1, is —g, the form (2.1) is in- 
definite and consequently the differential equation 


—.» OP Od 
ap A pees 
(4.1) g 0g aq? 0 
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admits real solutions. Suppose that g is such a solution and consider 
the system of equations 
dq* nape BG 
m eest. 
(4.2) dt g f) q B ? 


where t is a parameter. Differentiating these equations with respect to 1, 


we have : 
. < aes =| —ap —gs 99 Ja\| dg7 
dv 9° ¥.pr—9 Og? ah at ae? 


where ¢,, is the second covariant derivative* of » with respect to the 
form (2.2) and at are the Christoffel symbols of the second kind formed 
with respect to (2.2); they are defined by 

ee \,\| = v8, Al. 
From (4.1) we have by covariant differentiation 

—ne OF 

g Boge er an 9. 
Since », sy = 9,78, the above equations reduce to 


d? pee: 4 if. 
(4.3) : dt* ¥ yO) dt dt “ihe. 


or in other form (2.3). From (4.1) and (4.2) we have 


dq* dg 
(4.4) gap —< = 0. 


Consequently the integral curves of the equations (4.2) are minimal geodesics 
of Snt2- 

When these results are applied to the space with the fundamental 
form (2.1), there is no loss of generality in taking st, as remarked 
in §2. Then from (4.2) for a = m-+1 and from (3.2) we have 


(4.5) yg = ut+W, 


where W does not involve «w. Substituting this expression in (4.1), we 
find that W is a solution of (3.6). Then equations (4.2) become 


dq oW 
(4.6) dt —— id ior — gins) 





*E., p. 29. 











and 
du aWw 


du OW 
OF: ae ee 





oW 


(4.8) Bat 


dynamical trajectories. 


damental form (2.2) we put 


(5.1) ‘ Pa = Jap 








it follows from (5.3) and (2.2) that C= 1. 
a non-minimal geodesic, in consequence of (2.3), 
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. OW 
a — aH gins | dq! — ginss) +2V— gutants- 


If we eliminate V from the last equation and (3.6), we obtain 


ow ___ aw 
~ ae dt ~ 


y (OW 
sar —~GJinti 


Suppose now that we have a complete solution of (3.6) involving n 
arbitrary constants a‘, none of which is additive. If we take the equations 


= b;, ut+W= b, 


where the b’s are constants, we show, as in § 3, that when the first n 
are solved for the q’s as functions of t, a‘ and }, equations (4.6) hold. 
From this result and (4.7), it follows that equations (4.8) define the 
minimal geodesics, and the first m of these equations are those of the 


5, Contact transformations. In this section we establish the relation 
between the transformations of the Hamiltonian equations (1.13) and the 
contact transformations of the space S,+2 with the fundamental form (2.1). 

When for any non-minimal curve in an Sy+42 with the general fun- 


dq? 
ds’ 





then in terms of the notation of (3.1) we have 


dg? aN 

= ge Pp, 
(5.2) : g?* Pa, 
and consequently v 

df df _, 

(5.3) Jap ds “ade = 7 B Pa P3. 
Moreover from (2.2) we have 
(5.4) ds = Pa dq. 
If we put 
(5.5) C= Vg? Pu P;, 


dPa _ 1 996 dg dg _ 1 





ds 2 ag* 


ds ds 




















* 















From (5.1) we have along 
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the last expression being a consequence of (5.2) and (3.1). Hence the 
non-minimal geodesics of S,+42 are defined by the equations 

dq aC i OU 

de OF,’ de oc te: 

If g* and We are functions of 2~+4 quantities g* and P. such that 


4 see os genes 
(5.7) Wa og ~ Ps, Wa OPs = 0, 
then the equations 
(5.8) q* — yg, « = Wa 





(5.6) 


define a homogeneous contact transformation, that is a transformation 
for which the condition 
(5.9) Py dqd* = Pz dg 


is satisfied for arbitrary values of the differentials dg* and dPa.* The 

conditions (5.7) are necessary as well as sufficient, and from them it follows 
«that the functions y* and Ww, are homogeneous in the P’s of degrees zero 

and one respectively. Furthermore, when the P’s are eliminated from 

the first set of equations (5.8), there result p(S1) independent equations 

of the form 

(5.10) Fe(q*, q°) = 0 tsa 


Moreover, we have the relations 


OF 0 Fs 
/— —je 
—, = 5g” 


where the 4’s are parameters. Conversely, if Fy are any functions such 
that on the elimination of the 2’s from (5.11) the resulting equations and 
(5.10) admit unique solutions for q’* and Pz as functions of g“ and Pa, 
the latter define a homogeneous contact transformation.t 

From the form of equations (5.6) in which C is homogeneous of degree 
one in the P’s it follows that the non-minimal geodesics are the trajectories 
of a continuous group G, of contact transformations. Moreover, when 
a transformation (5.8) is applied to (5.6), these equations are transformed 
into 


rT AR REESE itr Ain/ Via ey iene 


(5.11) Pa = 4 





Of CP Ee 
tin 3 he. Ome ee 


where C’ is the transform of C. 





*The proofs of the statements of this paragraph and the next are given by the author 
in the Annals of Mathematics, (2), vol. 30 (1929), pp. 211-249. 
+ For the analytical form of this condition see the paper referred to. 
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For the form (2.1), where B = 1 and A has the value (2.10), 
equations (5.1) are 





" dt 
R= (Gud + gints) Fs 





(5.13) ps 


‘e d 
Pata = (gins d' + gntinti— 2V) Pata+ =, Pre = ae’ 





In consequence of (3.2) and (5.5) we have 









(5.14) C? = g¥ (Pi Pj —2 gins Pj Pata t gints gins) + 2Pati Pats 
+2V— 9On+in+1- 





Also from (5.13) and (1.6) we have 










(5.15) = Di Pre, 
and consequently 


(5.16) C? = 2 Pai. H+2 Pris Pato. 












In this case, since C= 1, equations (5.6) are reducible in consequence 
of (5.15) to 


dq aie Riel at = Pris, du = 2PaieoH+ Pais, . 


















ds Opi’ ds ds 
(5.17) 
dpi cer —p 0H d Puss at — Pp? 0H d Pais a 2 
Pea RR peat Ti ee 











Because of the last of equations (5.13) the first equations of each row 
of (5.17) are equivalent to (1.13). 

We consider now homogeneous contact transformations such that the 
equation of the first set of (5.8) for a = +2 is of the form 


u=utf, 


where f and the functions of the other equations of both sets do not 
involve u. From the first of (5.7) for 8 = n+2 it follows that 
Prise = Pato. We have seen in § 2 that the dynamical trajectories are 
in one-to-one correspondence with the geodesics for each value of a 
in (2.7). If we take a1, then from (5.13) we have Paio—1 and 
equation (5.9) becomes, in consequence of (5.15), 


: TY a sete “ 
0 re nt ee on ne ee ee ~ ~ 







Wo Foe 






of 
on 


SS Pees 
3 7% 


(5.18) 









ee 


pty 
a 8 np 
. 








Sy eS ge See ea 






(5.19) pmdg+ Pruidt = Pi dq’'+Piuidt+df. 
Moreover from (5.16) we have 


Praia — 9 4. 









(5.20) 
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In this case the corresponding equations (5.10) are 


(5.21) 





w—u—F, = 0, h=..-=F=0, 








for r > 1, the functions F being independent of w and w. The first 
of (5.11) for « = n+2 becomes 1 = —A', and consequently equations (5.11) 











become - 
OF, OF, 0 F, re) 
n= +45, Pa = +45 —,7 
(6.22) ag aq at at 
arr ret ae OR gs a 
P= —- i oe Pris — at’ i a t’ (o = 2,---, r). 


A contact transformation is defined by (5.21), when the functions F are 
such that on the elimination of the 4’s from (5.22) the resulting equations 
and F, =-.- = F,=0 can be solved for gq’, t, p; and P41 as functions 
of q, ¢, Pi and Pj,1. Suppose that these expressions are substituted 
in (5.20) and this equation is solved for P,i:, the result being written 
in the form 

(5.23) Priit+ K(q", t', Pi) = 0. 








If, as in (5.12), we denote by C’ the transform of C, given by (5.5), 
we have C’ = 1. When the expression for P+: from (5.23) is substituted 
in this equation, we have an identity in q’, ¢ and P. Consequently we 
have 

cc 2. te | SSO BE ce 

if thus ss. .tfeuc tn 








By means of these identities the corresponding equations (5.12) are 
reducible to 





the Hamiltonian equations (1.13) into (5.24), and we have just seen the 
relation of these transformations to the general contact transformations 
of the space Sp4o. 

A sub-class of these transformations is obtained when we take for the 
equation for a@—n-+1 in the first set of (5.8) ¢ =¢. Then in place 
of (5.21) we have 


u —u—F, = 0, 


bi ae aPayr _ __ OC" 
ds = ss Bia” — ot’ ’ 
and ; 
1 dq 0K ! ; ee) 4 
| (5.24) dt’ ee a P; ? at ee 9 q’’ . 
b Equations (5.21), (5.22), (5.20) and (5.23) define the transformations of 







bole solttcmendn 
i Se ee 


oatmeal Se Ae 





’—t = 0, Fy, == -.. = F, = 0, 
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for r>1, the functions F not involving ¢,u and uw’. In this case the 
expressions (5.22) for » and Pj are the same as for the general case, 
but in place of the other two we have 


pe oFe)\ _ — (2% 
Pw = es Pnii +4? at — CF; 



















a ie aan) 
+H a t+ bt )° 










Hence the corresponding function K is obtained by substituting in the 
quantity in parenthesis the expressions for g‘, p; and 4° obtained from the 













equations F, = --. = F, = 0 and the first equations of (5.22). Then the 
transforms of equations (1.13) are* 

dq’ _ 0K aPi _—s ok 

a. tm’ | eine yaa 







6. Natural dynamical systems. When the constraints of the dyna- 
mical system and the potential energy V do not involve ¢, we have that 
Jintt = Jntin+i = O and that gj are independent of ¢. Then equations 













(1.3) are 
Sp ROT REE | 
(6.1) 95 Y + Mk, Ag g* + ~ Bg 0. 
These equations admit the first integral 
1 eee’ 
(6.2) gWwtYtV = E£, 





where E is the energy constant. 

The results of §§ 2 and 3 apply to this case directly, but in place of 
using these we consider a Riemannian space of »-+1 dimensions, S8,4:, 
for which the fundamental form is 


(6.3) ds* = gj dg dqi+Adu’, 








where it is assumed that A does not involve u. The equations of the 
non-minimal geodesics of this space are readily obtained by replacing ¢ by u 
in (2.4), (2.5) and (2.6), and putting « — B= 0 in the latter equations; 
















this gives 

_Y 1: dq’ dg 1 aA (a) 
(6.4) Gi ds? +[yk, d] ds ds 2 agi \ ds ay ’ 
(6.5) 4st me 





ds 











* Cf. Whittaker, 1. c., p. 309, 310. 
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where a is a constant. For every finite value of a different from zero 
a parameter ¢ for each non-minimal geodesic is defined by 


(6.6) t= ase. 


In terms of ¢ as independent variable equations (6.4) and (6.5) become 


ae ape 1 1 @0A 
a 2 eS, gee... eM 
(6.7) 95 Y = jk, i] q’q 2? A? PY = 0, 


du 1 
(6.8) “dt = a 
If the parameter ¢ is identified with the time and A is defined by 
1 
(6.9) cy is V+, 
where } is a constant, equations (6.7) are the same as (6.1). From (6.3), 
(6.6) and (6.8) we have 
1 ‘ia ed 1 
(6.10) ar = we +z = 2(E+d). 
When | Z| has an upper-bound, } can be chosen so that equation (6.10) 
is consistent; in this case it gives the relation between the constant a 
along a geodesic and the energy constant # for the corresponding trajectory. 


Then the non-minimal geodesics of S,4: are defined by 


(6.11) ¢@= f*(0, % == 2f vat+2ve, 


the first » of these equations being the solutions of (6.1). In consequence 
of (6.2) the last of equations (6.11) may be written in the form 


(6.12) all —2{raitoe+He, 


which reveals the relation between the codrdinate w and the action. 

The determinant of the form (6.3) is 4g, where g is the determinant 
of gij. Making use of the notation (3.1) as applied to (6.3), where now 
a and # take the values 1 to n+1, and g”**= u, we have in place 
of (3.2) ' 


(6.13) g¥= gp, git, gmint— — = 2(V+)). 


In this case equation (3.3) becomes 


. Op dy Og \? __ 
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For equations of the form (3.4) for « = +1 we have 






a .. $(F4 ») 2 

ds 

Comparing this result with (6.5), we have that the geodesics for a given 
value of a are the orthogonal trajectories of the hypersurfaces » = const., 
when 


(6.15) yg =a(ut+y), 



















where wy is independent of wu. On substituting this expression in (6.14), we 
find that w must be a solution of 









905 pa t2V+ = a. 


(6.16) ey 









Hence if we have a solution of this equation involving » —1 constants a’, 
other than a, none of which is additive, then (6.15) defines a complete 
integral of (6.14) and the geodesics of Sy41 are given by 


oy 


da?’ 














(6.17) utwyt+ar® =e, 


= Co; 










where the c’s are arbitrary constants. 
In consequence of (6.10) equation (6.16) may be written 











(6.18) ite ee aa = — 2(E—Y). 






Hence if we have a solution of this equation involving » —1 arbitrary 
constants a%, none of which is additive, the last set of equations (6.17) 
give in finite form the trajectories for the given value of the energy LZ. 

For an S,41 with the fundamental form (6.3) we have in place of (5.13), 
in consequence of (6.6) and (6.5), 








dq d ° 
i= Jij — = api, Pray = 4 = a, 






and in place of (5.16), because of (6.9) and (1.11) 






(6.19) 





C= W RB + > P?,, = 2a*(H+D). 








n reduce to (1.13) 





In view of these results equations (5.6) for a = 1,.---, 
and for a = n-+1 to (6.5). 

If we take any homogeneous contact transformation such that the equation 
of the first set of (5.8) for a —m-+1 is of the form (5.18), where / and 
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the other functions of both sets do not involve uw, it follows from the first 
of equations (5.7) for 8=n-+1 that Pri: Pait=— a. If then we 
replace Pi by api, equation (5.9) becomes 


(6.20) pdu= pidd'+df. 


In this case the corresponding equations (5.10) are of the form (5.2), 
in which the F’s do not involve uw, wu’, ¢ and ¢’, and in place of (5.22) we 
have 

OF, 


Fs joo is 5 9M 


aq 


(6.21) eo ee oe oe 


Equations (5.12) reduce to 
dq’ 0H’ ee du’ 1 


* pase ap’ EEN aq’*’ aac? 








(6.22) 


where H’ and 4’ are the transforms of H and A. Conversely, if we have 
a set of equations (5.21) of the type under consideration defining a contact 
transformation, then equations (1.13) are transfoymed into the first two sets 
of (6.22).* 





* Cf. Whittaker, 1. c., p. 305. 
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ON THE BRIOSCHI NORMAL QUINTIC.* 


By RayMonp GARVER. 


A number of transformations have been devisedt which serve to reduce 
a-sufficiently general quintic equation to the Brioschi normal form 


(1) y+10Cy®+ 45 C*y+k = 0, 


with the aid of no irrationalities other than two square roots. The most 
direct of these is the transformation given first by Gordan and improved 
subsequently by Weber and Dickson. For this to be effective, however, 
a number of restrictions have to be made in the course of the work, and 
the significance of these restrictions seems not to be considered in the 
literature. The purpose of the present paper is to discuss these restrictions 
and to investigate the nature of the quintics to which the Gordan-Weber- 
Dickson transformation cannot be applied. The following theorems will 
be proved: 

THEOREM 1. Any quintic without a double root can be reduced to (1) by 
a Tschirnhaus transformation involving at most two square roots and no 
Surther irrationality. 

THEOREM 2. Any quintic with a triple root can be reduced to (1) by 
a transformation involving a single square root and no further irrationality. 

Thus the only exceptional cases are quintics having a double root which 
is not a triple root. Theorem 1 does not, of course, state that such quintics 
cannot be reduced to the Brioschi form, but it seems quite improbable that 
they can by any transformation which involves only square roots, since if 
(1) has a double root, that root is also a triple root. 

To prove the theorems of this paper it will first be necessary to outline 
the transformation mentioned in the first paragraph. I shall follow Dickson’s 
presentation, omitting details which are not essential in the present work. 

Consider the general quintic in the form 
(2) S (a) = 2+ ¢32°+q2-+¢ = 0, 
to which it can be reduced by a Tschirnhaus transformation involving at 
most one square root. Assume s;,f and hence c;, different from zero. Then 
it is easily verified that the functions 

* Received October 8, 1928. 

Tt For references, see these Annals (2), vol. 29 (1928), p. 319-333. In particular, see Gordan, 
Math. Annalen, vol. 28 (1887), p. 152-166; Weber, Algebra, 2nd ed., vol. I (1898), chap. VI; 
Dickson, Modern Algebraic Theories (1926), chap. XII. 


t s means the sum of the kth powers of the roots of (2). 
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(3) g(a) = 2? — 4 x*/ 83 — 35/5, h(a) = at — 8; x*/s3— 8,/5 


have the properties Sg = Dh = DS xg = DS xh = 0, where >g means 
> 9g (xi), the 2; being the 5 roots of (2). The function 















(4) w(x) = zegt+wh 
i will have the property > y* = 0 if 
y (5) 2 > g@+2z2w D> ghtw* > ht = 0. 
F: If a g*? = 0, (5) may be satisfied by taking z= 1, w—0; otherwise, 
he w may be taken equal to 1, and z chosen as a root of the resulting quadratic. 


Then x and w have the properties 
(6) Le= Le= Dy=Dy= Ley =. 


It is now possible to prove the existence of constants p,q, 7, a, b (p and 
q not both zero) such that* 


(8) py+2qry+ra*—ay—be = f(x) P@), 





where P(x) is a polynomial in x. 
here. 
If F is used to represent py*+2qr2w-+ra’, the identityt 


(11) 
holds, where 
(12) m = pb?—2qab+ ra’, 


The details of the proof are not needed 






















mF = (dw+ex)*—c(aw-+ ba)? 


c=q'’—pr, d=bp—aq, e=bq—ar. 





The transformation which reduces the principal quintic (2) to form (1) 
can now be set up; it is 

_ d+ex 
(13) i ike 





The transformed equation is (1), with C= —c/3. The details of setting 
4 up the transformed equation are given by Dickson, and will not be repeated 
pa here. It is necesssary, however, to mention that the following equations 
are used: 












*The next few equations are numbered as in Dickson. 
T Dickson’s introduction of linear functions of y and z is unnecessary, since they cannot 
be made to serve the purpose desired. It is not difficult to show that the sum of the 
linear terms in his (10) is the same as in (8); hence his statement on page 216, lines 8-11, 
is incorrect. Certain other statements on page 216 must then be modified; what seem to 
be suitable modifications are incorporated in the paragraph to which this footnote refers. 


aa pm et in nearest i seenttn tantra mt nw are 

Ce = Neen cep gy A eR et le ge he stone odin Ral apes Ba ee ES par >. is 
Lae at eae eS ESS Pe wy nee ai 
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_ dw+ex+c? (aw + ba) 
(14) yt? Epa aod aw + bx , 
(15) m(aw+bx) = (dw+ex)*—c(ay + bx)?— mf (x) P(a), 
(16) oi ah = dwt+exr—o?(aw+bz)+ R(a), 


where R(x) vanishes for all the roots of (2). Equation (14) follows at 
once from (13); (15) comes from (8) and (11), while (16) is derived from 
(14) and (15). 

But now for equations (13)-(16) to be valid it is evident that certain 
conditions must be imposed; it is with these conditions and the quintics 
that they characterize that the present article deals. The reader will 
easily see that if any of the following cases should arise the above work 
would not be valid, at least not without modification. First, if m = 0, 
then bd—ae = 0 and (13) is not a valid transformation. Second, if 
aw-+bx vanishes for one or more roots of f(2) = 0, then (13) cannot 
be used. Equation (16) cannot be used if, third, the numerator of the 
right-hand side of (14) is identically zero, or, fourth, the same numerator 
vanishes for a root of f(z)=—0. Fifth, if a= b—O0, (13) can certainly 
not be used. Sixth, while c= 0* does not affect the truth of (14)-(16), 
it does affect the later work, since the transformed equation cannot be 
set up unless c’? has two values. The reader may consult Dickson, 
page 217, on this point. It may also be added here that while Weber 
and Dickson naturally recognize the existence of exceptional cases, they 
neither list them fully nor attempt to study them. 

Of the above six cases, the third implies the first, by (11), while the 
fourth reduces to either the first or second, by (15). These two will no 
longer be considered separately. The fifth obviously implies both the first 
and the second, but it seems desirable to keep it separate from them. 
In fact, since the fifth and sixth cases are easily handled it will be assumed 
for the moment that neither of them holds, and also that s,+0; this last 
restriction was imposed just before equation (3). There then remain for 
consideration the first two cases. 

That there is a close relation between the two appears from the fact 
that, if a is different from zero, (8) can be written in the form 


(17) ze yt (22-2) 2— 7 (ay+bz)+ "at = f(e) PQ). 


a 





* Finally, (13) would not be a valid transformation if d= e=0; this, however, implies 
either a= b=0 orc=0. 
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If m=0, aw+bez must vanish for at least one root of f(x) = 0, 
since the other factor on the left-hand side of (17) is of not higher than 
the fourth degree in x. On the other hand, if aw-+ bz vanishes for 
a root of f(x) =0, either m=O or f(x) =0 has a double root. To 
prove this, note that, if m +0, x must vanish for the same root as does 
aw-+ bz, that is, c,; in (2) must be zero. Then w itself must vanish for 
x=0. If w=g, this requires ss —0, which contradicts one of our 
present restrictions. If ~—zg-+h, its constant term (—zs;/5—~s,/5) 
must vanish, or z must equal —4c,/3cs. However, z is a root of (5), 
and this value satisfies (5) only if 27 cf c = 256, which is the condition 
that (2) with cs =O have a double root. To show this requires the 
computation of the coefficients of (5); these will be given here: 


D7 = 62/5+40¢, ¢,/3c,— 648/902, 
(18) Dgh= 3¢, ¢,/5— 80 ¢,/9. 2 + 252/3c,, 
Dh? = 42/5—2c, c,—100¢, 2/92. 


For the present purpose, c, is to be taken equal to zero. 

If a = 0, the work of the preceeding paragraph can be carried through 
with but slight modification. It is merely necessary to note that (8) can 
then be written in the form 


(19) (HA y+5-2—1) 62) + Fy = 002) Pe). 


It has now been established that, except for certain quintics with 
a double root which will be laid aside, the vanishing of m and the 
vanishing of aw-+bz for at least one root of f(a) 0 are equivalent. 
The exceptional cases being sought will then arise from the three following 
possibilities: 

I. m = 0; aw+ bz vanishes for only one root of f(z) = 0. 
II]. m = 0; aw+ bz vanishes for only two roots of f(z) = 0. 
Il. m = 0; aw-+ bz vanishes for more than two roots of f(x) = 0. 


It is not difficult to show that Case I cannot arise. For m = 0, 
a, b+0, the first factor on the left side of (17) can be written 
pw/a+ra/b—1, and it must vanish for four roots of /(z)=0. (If 
b = 0, we use instead pw/a+2q2/a—1; if a0, the first factor on 
the left side of (19).) Hence if we set y= pw/a+raz/b—1 the trans- 
formed equation must then be of the form y°+ky* = 0. However, directly 
from the transformation, } y= —5, Sy? = 5. This gives k = 5, but 
also gives a non-vanishing term in y*. Thus a contradiction is arrived at. 
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Case II gives a type of quintic to which the Gordan-Weber-Dickson 
transformation obviously does not apply. Such quintics can, however, 
be reduced to the Brioschi normal form by means of a simple transforma- 
tion which will be set up. First apply the transformation of the last 
paragraph, where pw/a+rz2/b—1 now vanishes for three roots of 
f(z) = 0. Using Dy = —5, Dy* = 5, we find the transformed equation 
to be y°+5y'+10y*=0. If we now make a second transformation 
v = (y—1)/(y+1), which is always permissible, the transformed equation 
in v is easily found to be v°’—10v°/3+5v+8/3 =—0, which is of 
form (1) with C= —1/3. That there actually exist quintics falling under 
Case II is shown by the numerical example 2° — 20 2?/9—5 2/3—34/27 = 0. 
For this quintic, w= g and (8) can be set up explicitly without a great 
deal of trouble. It is found that p=—1, 2g—=—1, r=—4/9, a=5/9, 
b = —20/27, and hence m = 0. The value of y for this case is 
9 (a —x2*+ 2/3—17/9)/5, and it is easily verified that this vanishes 
for three roots of the quintic. The details of the transformation can also 
be set up directly, since the other two roots of the quintic are the roots 
of z*-+2+2/3 —0, and since for these two roots the transformation 
reduces to y = 32—1. 

A method similar to the above can be used to prove Theorem 2 of the 
present paper. Any principal quintic with a triple root is of the form 
(x—k)* (x? +-3k2+6 k*) = 0, which can be reduced to y’+-5ky*+10/?y' = 0 
by setting y= a2—k. The transformation v = (y—k)/(y+k) then leads 
to (1) with C= -—1/3. The single square root mentioned in Theorem 2 
is that required (in general) to reduce the given quintic to form (2). 

If the conditions of Case II are satisfied the quintic must have a double 
root. To prove this, note that, if aw-+ba vanishes for at least three 
roots of f(x) = 0, it vanishes for all five roots, since > (aw+ bz) 
= Di(aw+ bx)? = 0, by (6). However, aw+ bz is of not higher than 
the fourth degree in x; accordingly, /(<) = 0 must have a double root. 
Transformation (13) does not apply to quintics coming under Case III, 
and as has been pointed out it is hardly to be expected that any trans- 
formation involving no irrationalities other than square roots will serve 
to reduce them to form (2). This does not mean that the reduction can- 
not be secured, since a quintic with a double root can be transformed 
into one with a triple root, and thence into the Brioschi form by Theorem 2. 
However, the first transformation will involve higher irrationalities than 
square roots. The present paper does not attempt to consider such trans- 
formations. 

The three restrictions made in the paragraph preceeding (17) remain 
to be treated. First, if c= 0, equation (8) says that 
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(20) (pw+qz)* = plaw+bz) 


for all five roots of f(x) 0. Hence, if the transformation y = pw+qz 
is applied, it is seen, using (6) and (20), that Sy=—0, > y*?= 0, Dy’= 0, 
>y'= 0. The transformed equation is then in the Brioschi normal form 
with C= 0, and c +0 is thus not an essential restriction. Incidentally, 
quintics for which c = 0 have the interesting property, just proved, that 
they can be reduced rationally to the binomial form y°+ k = 0. However, 
a further study of this property is not a part of this paper. 

Next, quintics for which a = b = O must have a double root. For, 
if p +0, equation (8) can be written (Wy —k, 2) (W—k, x) = f(x) P(a), 
and either wy —k,x or w—kzx must vanish for at least three roots of 
J (x)= 0. By the same argument that was used in connection with Case IIT 
above, it then vanishes for all five roots, and f(2) = 0 has a double root. 
If py = 0, a similar argument applies when the left side of (8) is factored 
differently. The proof that such quintics have a double root is sufficient 
from the standpoint of Theorem 1. Two further statements, however, may 
be of interest, the proof of which is too detailed to repeat. First, the con- 
ditions YY = g, a = b = 0 can be shown to characterize certain quintics 
with two double roots. Second, if ~ —zg+h and if (8) is set up by the 
method outlined by Dickson, a and 6} will both be zero if and only if 
Cy = Cs = O in (2). 

Finally the restriction s;+ 0 is rather obviously one of convenience, 
and not of necessity. If ss = 0, s,=— 0, the equation is already in 
form (1) with C=0. If s,+0, we may return to (3), take g = 2’, 
h = x*—s8, x*/s,—s,/5, and go through a discussion almost exactly like 
the one outlined in this paper. Again details will be omitted; it will merely 
be mentioned that the first case z= 1, w=O after equation (5) cannot 
arise in this discussion, and that, finally, the only cases which have to be 
excluded are quintics with a double root. This completes the proof of 
Theorem 1. 

















ON FIVE MUTUALLY ORTHOGONAL SPHERES.* 


By NATHAN ALTSHILLER-CouRT. 


Introduction. Five mutually orthogonai proper spheres are considered 
chiefly in their relation to the spheres and tetrahedrons determined by 
their centers. To abbreviate the statements of some of the results obtained 
the tetrahedron and the sphere determined by the centers of any four of 
the given spheres will be referred to, respectively, as the “central tetra- 
hedron” and the “central sphere” associated with the fifth given sphere. 

1. THEoREM. If three spheres are mutually orthogonal, the centers of any 
two of them are a pair of conjugate points with respect to the third sphere. 

The two given spheres (B), (C) being orthogonal to. each other the 
sphere (BC) described on their line of centers BC as diameter is coaxal 
with them. Now the third given sphere (A) is orthogonal to (B), (C), 
by assumption, it is therefore also orthogonal to (BC), hence the ends B, C, 
of diameter of the latter sphere are conjugate with respect to (A). 

2. (a). If four spheres are mutually orthogonal the centers of any three 
of them determine a triangle conjugate with respect to the fourth sphere. © 

(b). If five spheres are mutually orthogonal, each of them is the conjugate 
sphere of the tetrahedron determined by the centers of the remaining four 
spheres. ; 

These propositions follow immediately from the preceding theorem (1). 

3. (a). If a tetrahedron is conjugate with respect to a sphere, the 
tetrahedron is orthocentric, and the center of the sphere coincides with 
the orthocenter of the tetrahedron, hence (2a): The centers of five mutually 
orthogonal spheres form an orthocentric group of points.t 

(b) Consequence. A given group of orthocentric points are the centers 
of one and only one group of five mutually orthogonal spheres (2b, 3a). 

4. The converse of the last two propositions (2b and 3a) is true, namely: 
The five conjugate spheres of the five tetrahedrons determined by an ortho- 
centric group of five points are mutually orthogonal. 

Let A,, Ag, Ag, Ag, As be the points of the orthocentric group, and 
(As), (Ay) the conjugate spheres of the tetrahedrons A, A, As Ay, 
A, Ag As As, respectively. If a;, a, are the squares of the radii of 








* Received February 4, 1929. 
tJ. L. Coolidge, A treatise on the circle and the sphere, p. 257, theorem 5. Oxford, 

1916. 
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these two spheres and H,5 the trace of the line A,A,; in the plane 
A, A, As we have, both in magnitude and in sign, 


ly = As Ag+ As Ags, ay = Ay As- Ay Hi,4,5 
hence 
Qs+d, = Ay As (Ag Hy; — Az Hi4,5) = A, As. 


Thus the square of the line of centers of (A,), (A,) is equal to the sum 
of the squares of the radii of these two spheres, hence the two spheres 
are orthogonal. Now the above proof is valid whether a, and a; are 
both positive, or one these quantities is positive and the other negative. 
Hence the above considerations are applicable to any two of the five 
spheres conjugate to the five tetrahedrons determined by the five given 
points, and the proposition is proved. 

5. Lemma. The inverse of the square of the radius of the circle common 
to two orthogonal spheres is equal to the sum of the inverses of the squares 
of the radii of the two spheres. 

Let P, Q be the centers, p, q the squares of the radii of two orthogonal 
spheres (P), (Q), and H the trace of the radical plane of the two spheres 
on their line of centers PQ. The points H, Q are invere with respect 
to (P), and the points H, P are inverse with respect to (Q), hence we 
have, both in magnitude and in sign, 


p= PH-PQ, 4 =QH-QP 
and 
a See ee 1 1 
() atq —Pqlpa+ Hq) — PHA 





The power r of the point H with respect to each of the two spheres 
(P), (Q) is the same, hence we have, both in magnitude and in sign, 


(b) h = HP*—p = HQ —4@, pt+a = P?& 
and 


ae 5 P+ HE —(PH+ HQ] = —PH-HQ. 


Now h being the power of H with respect to (P) and (Q), it is also 
the power of H with respect to the circle (H) common to (P) and (Q), 
and since H is the center of (H), we have r = —h, (d), where r is the 
square of the radius of (H). The lemma follows from (a), (b), (c), (d). 

From the method of proof it follows that the lemma is valid whether 
p and gq are both positive, or one of these quantities is negative. 

6. Consider five mutually orthogonal spheres (A;) (¢ —1, 2, 3, 4, 5). The 
spheres (A,), (4s), (As) being orthogonal to the spheres (Ay), (A;), the 
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plane A, A, Ag determined by the centers of the first three spheres is the 
radical plane of the last two, hence the spheres (A,), (As) are cut by the 
plane A, A, As along the same circle (H,,5). 

The plane A, A, Ag cuts the three spheres (A,), (Ag), (As), along three 
great circles which are mutually orthogonal and which are also orthogonal 
to the circle of intersection (H,;) of the same plane with the sphere (A,). 
Now, according to the lemma (5), the square of the radius hy, of (Hs) 
is expressible in terms of the squares of the radii of the spheres (Ay), (As), 
hence from every relation among the squares of the radii of these four 
mutually orthogonal circles may be derived a relation among the squares 
of the radii of the five given spheres. Thus the relation* 
















1 1 1 1 
ss ‘dk eter ae coeeteuie talece: alk 
eT atk 


gives (5) 









1 1 1 1 1 
— $$ — 4 —4+—4+— = 0. 
peer Tee 





Thus: The sum of the inverses of the squares of the radii of five mutually 
orthogonal spheres is zero.t 

7. Let hy denote the square of the radius of the circle common to the 
two spheres (A;), (Aj) of the group of five mutually orthogonal spheres (6). 
We have (5 and 6): 


1 fe. 











I 





fae "Ig hu ss Um a H 

And again 
low 1egii, 1 1 i 

> —— = —+—} = 22,—=+0 fe 

y = j=1 hy 2 = ala + aj = ai { 

‘ 

Thus: (a) The sum of the inverses of the squares of the radii of the four } 





circles along which one of five mutually orthogonal spheres is cut by the 
other four spheres is equal to three times the inverse of the square of the Hi 
radius of the first sphere. (b) The sum of the inverses of the squares of : 
the radii of the ten circles along which five mutually orthogonal spheres cut 
each other is zero. i 

8. The tetrahedron A, A, As Ay is conjugate with respect to the 
sphere (A;) (2b), and a,, dz, dg, a are the powers of the vertices A,, Ag, 
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*) Nathan Altshiller-Court, On four mutually orthogonal circles. 
vol. 29 (1928), p. 871. 
t Coolidge, ibid., p. 257, theorem 8. 
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As, Ay with respect to (A;). If V; denotes the volume of this tetrahedron, 
we have* 
(d) Ay Mg Mg Oy = —36V¢G as. 


This formula may be interpreted as follows: The square of the radius of 
any one of five mutually orthogonal spheres is equal to the product, with 
the sign changed, of the squares of the radii of the remaining four spheres 
divided by thirty six times the square of the volume of the tetrahedron 
determined by the centers of these four spheres. 

9. The formula (d) of the preceding paragraph (8) may be put into 
the form 
(e) — A; dy tg 4 Os = 36V72 ai, 


hence: Given five mutually orthogonal spheres, the product of the fourth 
power of the radius of any one of them by the square of the volume of its 
associated central tetrahedron is constant. 

10. (a) Consider, for a while, four mutually orthogonal circles (Aj) 
(i = 1, 2, 3, 4); let a; be the square of the radius of (A;) and S; the area 
of the triangle determined by the centers of the remaining three circles. 
Then we havet 

Q; de dg = —4S; M4, OF Gy Ag ag & = —4thd 


and three analogous formulas which when multiplied together give 


(a, Ag Az a4)* = (— 1)* 4* (S, Sy Ss S,)*- (a, Ag As as)”, 


and this relation may be written 
4 a? 

— = (—1)* (2!)**2. 
11 3 (—1)* 2!) 
Thus: Given four mutually orthogonal circles, consider the ratio of the square 
of the radius of each circle to the area of the triangle determined by the 
centers of the remaining three circles. The product of the four ratios thus 
JSormed is a numerical constant independent of the group of circles considered. 
The constant is equal to sixteen. 

(b). Now returning to the consideration of the spheres, let V; denote 
the volume of the tetrahedron associated with the sphere (A;). The 
formula (e) of the preceding paragraph (9) gives 





* Nathan Altshiller-Court, Sur la sphére conjuguée & un tétraédre orthocentrique. 
Mathesis (1928), p. 340. 

+ Nathan Altshiller-Court, Sur le cercle conjugué par rapport 4 un triangle. Mathesis 
(1928), p. 307, § 12. Also Annals, ibid., p. 369. 
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(a, Gz Ag Ay As)* = —36°(V; Ve Vs Ve Vs)* 





and this relation may be written on the form 
TH = Kaan, 
imi Vi 

Thus: Given five mutually orthogonal spheres, consider the ratio of the sixth 
power of the radius of each sphere to the square of the volume of the tetra- 
hedron determined by the centers of the remaining four spheres. The pro- 
duct of the five ratios thus formed is a numerical constant independent of 
the group of spheres considered. This constant is equal to —6”. 

Remark. The form of the formula [| established in this paragraph for 
the two and the three dimensional spaces suggests an extension of it to 
spaces of higher dimensions. 

11. Let R; be the circumradius of the central tetrahedron associated with 
the sphere (Aj). We have* 


1 
Bs = as+ Z(t aot a+ a) 
and four analogous formulas. Hence 
5 5 
YH=2 Da. 
i=1 i=1 


Thus: The sum of the squares of the radii of five mutually orthogonal spheres 
is equal to half the sum of the squares of the radii of their five associated 
central spheres. 

12. Since (A;) is the conjugate sphere of the tetrahedron A, A, As A, (2b), 
we have a; = A; Ay- A; Hy;. Now the line A, A; Hy; is the altitude of 
the tetrahedon A; A, As A,, hence the segment A, Hy, is equal to one third 
of the segment determined by A, and the second point of intersection 
(besides A,) of A, Hy, with the circumsphere (O;) of A, A: As 4g. Thus if 
ps denotes the power of A; with respect to (O;), we have 


Ps = As Ag+ 3 As Has = 3 As Ag- As Has = 3 . 





Hence: The square of the radius of any one of five mutually orthogonal 

spheres is equal to one third of the power of the center of this sphere with 

respect to the sphere determined by the centers of the remaining four spheres. 
13. We have (12) 


pri = 3M, Ps = 3a, etc., 








* Mathesis, ibid., p. 342, formula L. 
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hence (6) 
5 5 1 
2i=f;2i- 
i=1 i=1 aT 


Thus: Given five mutually orthogonal spheres, the sum of the inverses of the 
squares of the radii of the five spheres concentric with the given spheres and 
orthogonal to their respective associated central spheres, is zero. 

14. The power of the centroid G; of the tetrahedron A, A, A; A, with respect 
to the circumsphere (O;) of this tetrahedron is equal to* -y(a,-+ a,+ as+ ay), 
hence we have 


x 3 
Pi 





















G; 4; = ast F5 (at a+ ag+ a4) 


and therefore 
5 


Sas=b Da. 


Thus: Given five mutually orthogonal spheres, the sum of the squares of the 
distances of their centers from the centers of gravity of their related central 
tetrahedrons is equal to five fourths of the sum of the squares of the radii of 
these spheres. 
15. If O; denotes the circumcenter of the tetrahedron A, A, As Ay, we 
havet O; A; == 2 G; As, hence (14) 
4, 5 5 


2 Osi = 5 Bai 
(= 


Thus: Given five mutually orthogonal spheres the sum of the squares of the 
distances of their centers to the centers of their associated central spheres is 
equal to 5 times the sum of the squares of the radii of the given spheres. 

16. If gs denotes the power of the center O, with respect to the 
sphere (As), we have gs = O;.4;—as, hence (15) 


5 5 
Sa-1de 


1=1 








Thus: Given five mutually orthogonal spheres, the sum of the powers, with 
respect to these spheres, of the centers of their respective associated central 
spheres is equal to four times the sum of the squares of the radii of the 
Jive given spheres. 

17. The center of gravity LD of the five points A,, A:, As, Ay, As, 
divides the segment G; A; into two parts such that 


* Mathesis, jbid., p. 341, formula F. 
TF Coolidge, ibid., p. 237. 
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G;L:LA,; = 1:4, hence LA,;:G;A, = 4:5, 


hence (14) 


Sra—-*’Fae-43, 
Mn SEO: Ca 
Thus: The sum of the squares of the distances of the centers of five mutually 
orthogonal spheres from the common center of gravity of these five points is 
equal to four fifths of the sum of the squares of the radii of these spheres. 

18. If 7; denotes the power of Z with respect to the sphere (A;), we 
have J; = L.As;—das, hence (17) 


5 
Zt => —i Da. 


Thus: Given five mutually orthogonal spheres, the sum of the powers, with 
respect to these spheres, of the center of gravity of their centers is equal to 
the arithmetic means of the squares of the radii of these spheres, with the 
sign changed. 

19. The four spheres (A,), (Ag), (4s), (Ay) taken in pairs have twelve 
centers of similitude which lie by sixes in twelve planes.* Four of those 
planes are those determined by the points A,, Az, As, Ay. The remaining 
eight planes may be referred to, by analogy with the case in the plane, 
as the “planes of similitude” of the four spheres considered. 

Let o; be one of these eight planes of similitude and M; its pole with 
respect to the tetrahedron A,, Ay, As, 4g. The trace My of the line Ay M; 
in the plane A, A, A, is the trilinear pole of the line sj = (o;, A; Ay As) 
with respect to the triangle A, A, As. But the line sj, contains three 
centers of similitude of the spheres (A,), (As), (As), hence this line is an 
axis of similitude of the three mutually orthogonal circles along which the 
plane A, Ag Ag cuts the spheres (A,;), (Az), (As), therefore the point My is 
the pole of the line sj with respect to the circle orthogonal to these three 
circles,t which orthogonal circle is the section of the sphere (A;) by the 
plane A, Az As. Consequently the polar plane of My with respect to (A;) 
passes through s4, and since sy lies in the polar plane A, A, As of A, 
with respect to (A;), the line sy is the conjugate line of Ay My with 
respect to (As). 

Thus the pole of the plane o; with respect to the sphere (A;) must lie 
on the line 44 My. Similarly for the analogous lines A; Mi, A2 Miz, As Mis. 
But the common point of these four lines is the point Mj, hence: Given 
Jive mutually orthogonal spheres, the pole of a plane of similitude of four 





* Coolidge, ibid., p. 230, theorem 23. 
+ Annals, ibid., p. 372. 
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of these spheres with respect to tetrahedron determined by their centers 
coincides with the pole of the same plane with respect to the fifth given sphere. 

20. Conversely: Given five mutually orthogonal spheres, if the pole of a plane 
with respect to one of these spheres coincides with the pole of the same plane 
with respect to the tetrahedron determined by the centers of the remaining 
Jour spheres, the plane is a plane of similitude of the last four spheres. 

For then the point My is the pole of the line s;,4 with respect to the 
circle of intersection of (A;) with the plane A, A, As, and also the pole of 
the same line with respect to the triangle A, A, As, hence sq is an axis 
of similitude of the three great circles along which the spheres (A,), (Ag), 
(As) are cut by the plane A, A, As,* and therefore of the spheres them- 
selves. Similarly for the lines sj, s2, siz. Hence the proposition. 

21. (a) The preceding propositions stated with reference to five mutually 
orthogonal spheres may, for the most part, be readily paraphrased so as 
to refer to (1) a group of orthocentric points; (2) an orthocentric group 
of tetrahedrons; (3) the conjugate spheres of an orthocentric group of 
tetrahedrons. For lack of space we shall limit ourselves just to one example 
(17,11). The sum of the squares of the distances of the five points of an 
orthocentric group from their common center of gravity is equal to two fifths 
of the sum of the squares of the radii of the five spheres determined by these 
points. 


(b) Furthermore some propositions which are of little interest when stated 
with reference to five mutually orthogonal spheres may deserve more 
attention in connection, say, with an orthocentric group of tetrahedrons. 
For instance, we have (12, 11) 


5 5 


i=i i=1 
Hence: The triple of the sum of the squares of the radii of the circumspheres 
of an orthocentric group of tetrahedrons is equal to the double of the sum 


of the squares of the radii of the five spheres respectively orthogonal to them 
and having for their centers the five vertices of the tetrahedrons. 





* Annals, ibid., p. 372. 
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THE STRUCTURE OF ANY ALGEBRA WHICH IS 
A DIRECT PRODUCT OF RATIONAL 
GENERALIZED QUATERNION 
DIVISION ALGEBRAS.* 


By A. ADRIAN ALBERT. 





1. Introduction. Before Cecioni’s discovery of normal division algebras 
in sixteen units which are non-cyclic in form attempts were made to con- 
struct such algebras by the construction of division algebras which were 
the direct products of two rational generalized quaternion algebras. Such 
attempts are here shown to have been futile as no such direct product 
is ever a division algebra. We also, in the nature of a corollary, give 
the structure of any algebra which is the direct product of m generalized 


quaternion division algebras. 
2. The direct products of two generalized quaternion division 


algebras over R. We shall consider rational linear associative algebras, , 

that is algebras over R, the field of all rational numbers. Let A= BxC 

be the direct product of the two division algebras 

1) B=(,ij,4i), ti =—At, =e, fi=—A, @ and sin R, 

(2) C= (1, te, Jay ts je), te Je = —Je te, is eT jp _ é, Y and d in R. 
The algebra A is an associative algebra of order sixteen. It has a sub- 

algebra = composed of all elements | 


(3) X = +2 ts, 
and the elementa 1, 2, are linearly independent with respect to B. Every 
element of A is expressible in form 

(4) E, +E, Ja E, and Ey in 2, 


x, and x, in B, 















and the elements 1, j, are left linearly independent with respect to =. 
If i? — w/» where pw and » are rational integers then, if 7 = vi, i’? = py 
a rational integer. Hence we may assume without loss of generality that 
a, 8,7, 9 are all rational integers. We shall prove the following general 
theorem: 7 

THEOREM 1. Let A= BC where B and C are given by (1) and (2) , 


and are rational division algebras. Then A is not a division algebra. 





* Received March 10, 1929. 
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We shall state without proof the known theorem of the theory of 
numbers* as Lemma 1. 
Lemma 1. Consider the form 


(5) q = a, 22+ a, 23-44, a2 +a, 28+ a, 22 





where a,,---, a5 are integers differeut from zero and not all having the 
same sign. Then there exist integers 2,,---, 2; not all zero for which 
q= 0. 

Lemma 2. Let «<0, 8<0, y>0, d9>0. Then there exist rational 
numbers £,, 42, 43, %4 such that 


(6) 6 = H—ayy3—bryzt+ aby yj. 


Proof. Let « = —a, 8 = —b, a and 6 greater than zero, c= «8. 
The form 


—dxi+a3+ayagt byajt crazy 


is a form of the type 5 with a, = —d<0, a, =1>0 and hence, by 
lemma 1, there exist integers 2, 22, 2%, 2%, 2%» not all zero so that 


— Oxi apt avast byait+cray = 0. 














If 2, = 0 then 
wet aya, t byai+cray = 0 





for x ,,---, 25 not all zero. But this is impossible since the sum of four 
positive or zero numbers not all zero is greater than zero. Hence x, + 0. 
Let & = 22/21, 42 = 23/2, 43 = 2%s/%1, Y4 = 25/2, and we have the 
expression 

6 = 8—ayy3—Bbryit+abyy? 


and the lemma is proved. 

Lemma 3. Let a<0, 8<0, y>0O, 6>0. Select rational numbers 
§,, 4%, 3s, 4%, aS in lemma 2. Then the product of the two non-zero 
elements 
(7) E+ je, F+j: 
where 


(8) 








E=—&,+fe, F=&tfin, f= wiatasitmutsa 





is zero and A is not a division algebra. 





* A theorem of A. Meyer, Vierteljahrschrift der Naturforschenden Gesellschaft in Ziirich, 
vol. 29 (1884), pp. 209-222; also cf. Bachmann, Zahlentheorie, vol. IV, p. 266. 
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Proof. We have 
(E+ j,) (F +3.) = EF+334+ Ej,t+i.F 
eer (— &, + fis) (§, + fis) +6-+ Ejs +j2F. 





But 
E js + jeF = (— §, +f is) js + js (§; + fis) — S ts Je +fije q = 0. 
Also 
= HAS IF, — ESS? Ee = — Str gt tt tu tiy 
= SHA LA ty Ug AVI VEG HUI Ts tag Astra Al- 





But 43 7? == 43 and 
Mot, (5 Jy Ng ty Jy) +g + 044) FH, Me ty 
= Nyt, (Ng 5, + My 4 Is) — 004, M3 +% 4) I, = 0. 





Finally 
(v5 + 4 ida; (%, + 4 i) nH saps (y+ "4 i,) (y4,— 4 i.) Fi m5 (2 ts 42 #2) jz 
= (4,— 4, @) 8. 






Hence 
(—§,+f%,) (+8, +f%,.) = —G—eargy—sbriyt+easbry) = —6, 
so that 





(E+j,) (F+j,) = 6—8 = 0. 








Consider next the case where not all of the hypotheses of Lemma 2 
hold. We have — 

Lemma 4. Let not all of the hypotheses on e«, 8, 7,6 of Lemma 2 
hold. Then there exist integers x,, 22, 7%, %, 2%; not all zero such that 












(9) —82?—yal+aa2+ f23—afa? = 0. 









Proof. If «>0O and £>0 then —a@8<0 and the hypotheses of Lemma 1 
are fulfilled and the lemma is proved. If @ and # have different signs 
then the hypotheses of Lemma 1 are fulfilled since « and 8 occur as co- 
efficients in (9) and the present lemma is true. It remains to consider 
a<0, 8<0O. If y<0 then the signs of —y and e@ are different and 
the lemma is again true. If y>0O then d<0 since otherwise all of the 
hypotheses of Lemma 2 hold and the signs of —y and «@ are different. 
This proves the lemma. 

Let first 2, =O in the set of integers determined in Lemma 4. Let 
also x20. Then not all of 2, 2, and 2, are zero. The element x — 237, 
+(a4+ 2% — 1%), is thus different from zero. But its square is 
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03 1S ay 8, (yy 0) JH (gH Hy ty) J, pty (yA Xp) J, (HH, 4) J, 
= @53 + Xi, (y+ Xi.) J: — %yt, (HA 1, t,) 9, + (yA Xt.) (G— Ht) 77 
= ax3+Bari—afxz = 0. 









Thus B contains an element x +0 whose square is zero, so that A contains 
an element which is a divisor of zero and A is not a division algebra. 

Let next 2, = 0, r2$0. Let & = 29/2, & = %4/a., &, = 25/2. 
Then y = «§,4+£8—af%. The element e = &,i,+(§,+§,7,)/, is in B. 
Hence the element e+ 7%, is not zero and the element —e-+2, is not zero. 
But 












(—e+i) +4) = —e4(—ete4,t+8 = —e#+y. 
But 
= [F446 +8, a4) F44+6 +8 i = rv. 


Hence —e?+y =O and the product of two non-zero elements of A is 
zero and A is not a division algebra. 

Next let 2,40. Let 4, = 22/a,, $= 2/x,, 5 = 24/2, & = 25/m. 
The elements EF = —/f-+ 9, i, and F= f+ 472 where f= §:4,+ (+ Sis 
are in =. Hence H+ Jj, and F+/j, are both not zero. But d = —yy7? 
+ a@&2-+ 8&2—a BE by our assumption that 7,+0 and by Lemma 4 so that 
























(E+ j2)(F+je.) = EF+6+ Ep tie, 
Ejst+j2F = (—S + te) jo +je(S+ 1 @2) = Eft+f+ [(1 —%1) is] je = 0. 


Moreover 
EF = (—f+m tt) (ft) = —f* + "1 to + (m1 f—S11) % 


= —f*+yyi = yyi—la+h 2-H af] = —3d, 
so that 


ee PO ee ee Ce we a ee 


(E+je) (F+j2) = —rt+r = 0. 





In all cases we have shown that A is not a division algebra. 
Corollary. Let A be any normal division algebras in sixteen units 
over R. Then A contains no rational generalized quaternion sub-algebra. 

For if A were to contain a generalized quaternion sub-algebra, B over RF, 
then A would be the direct product of B and another generalized quater- 
nion algebra C, contrary to the hypothesis that A is a division algebra. 

3. The structure of A = B, x B,x<...=<B,. We shall now consider 
briefly the possible structure of the algebras A of the preceding section. 
Let A' be the algebra with the same basis and multiplication table as A 
but over R(Va, Vy). Then A’ is a total four rowed matric algebra 
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and is a simple algebra. Consequently A is semi-simple.* If A were not 
simple then A would be reducible and A = A,@®A,. Then A’ = Aj@ A} 
over R(Va, Vy) contrary to the hypothesis that A' is simple. Thus 
we may write immediately 

THEOREM 2. Let A be the direct product of n rational generalized quater- 
nion algebras. Then, if n is odd, A is the direct product of a generalized 
quaternion algebra and a total matric algebra of order (2"—")?. However, 
if n is even, then A has either the above structure as for n odd or is 
a total matric algebra of order (2"). 

For A is evidently a normal algebra and the direct product of two 
generalized quaternion rational algebras has been seen to be either a total 
matric algebra of order sixteen or the direct product of a generalized 
quaternion algebra and a two rowed matric algebra, the only possible 
simple normal algebras in sixteen units. 


* Of. L. E. Dickson “ Algebren und ihre Zahlentheorie”, p. 110. 


Princeton, NEw JERSEY, 
March 9, 1929. 








# 
e 
ba 
i. 3 
4% 
= 
# 
rg M 
} b 
; ie 
/ cA 
j “e 
/ : 
H re. 
’ > 
a 
; 
: i 
229 
gaa? 
oid 
i 
; my 
cm 
f 
4 
’ 
| 
: 





NOTE ON THE EXISTENCE OF ANALYTIC SOLUTIONS 
OF NON-HOMOGENEOUS LINEAR q-DIFFERENCE 
EQUATIONS, ORDINARY AND PARTIAL. 


By C. R. ApAms.* 


We wish to take this opportunity to correct a small error in a paper 
published in these Annals, vol. 27 (1925), pp. 73-83, and at the same time 
slightly extend its results. In the treatment of the case y= 0 on p. 78 
the statements are made as though arg [y — ex] were zero. If this is not 
the case, the procedure depends on the value of 


D = (log | q |) Rlex— y] — arg q arg [ex— 7). 


It is always possible to define arg q so that Dis positive; then the evaluation 
of > given by (12) can be used. If arg gq is defined as indicated by the 
footnote on p. 77 and D<0, it is necessary to divide (17) into parts and 
proceed as before. If Dis a negative integer, three parts should be used, 
the middle one of the form 


Ow x”, 
W being real; for this part the evaluation 


: Ow xt 
> 9 2t¥ = Wo 


should be used. Similar remarks apply to the proof of Theorem III, especially 
with reference to the first footnote on p. 82. Clearly the R may now be 
removed from the statements of Theorems I and III. 





* Received March 26, 1929. 











